StarshapedRoadmaps A DeterministicSampling
Approachfor CompleteMotion Planning

Gokul Varadhan

DineshManocha

University of North Carolinaat ChapelHill
http://gamma.cs.unc.edu/motion/
Email: f varadhan,dm@cs.unc.edu

Abstract—We presenta simple algorithm for complete motion
planning using deterministic sampling. Our approach relies
on computing a star-shapedroadmap of the free space. We
partition the free space into star-shaped regions such that a
single point called the guard can seeevery point in the star-
shaped region. The resulting set of guards capture the intra-
region connectvity. We capture the inter-region connectvity
by computing connectorsthat link guards of adjacent regions.
We use the guards and connectorsto construct a star-shaped
roadmap of the free space.We presentan ef cient algorithm
to compute the roadmap in a deterministic manner without
computing an explicit representationof the free space.We show
that the star-shaped roadmap captures the connectiity of the
free space while providing sufcient information to perform
complete motion planning. Our approach is relatively simple to
implement for robots with translational and rotational degrees
of freedom(dof). We highlight the performance of our algorithm
on challenging scenarioswith narrow passager when there is
no collision-free path for low-dof robots.

I. INTRODUCTION

Motion planning is a fundamentalproblem in robotics
and has been extensiely researchedfor more than three
decadesWe addressthe problem of planningthe path of a
robot navigating through a static ervironment. At a broad
level, prior motion planningalgorithmscan be classi ed into
exactcriticality-basedalgorithmsandapproximateapproaches
[7]. Someof the early work on criticality-basedalgorithms
includesexact free-space&eomputationroadmapmethodsand
exact cell decompositiormethods.Theseapproacheperform
completeplanning — they nd a collision-free path if one
exists, or guaranteehat thereis no collision-free path from
theinitial to the goalcon guration. However, thesealgorithms
have a high theoreticalcompleity and are dif cult to imple-
mentin practicefor generalrobots.As a result,mostpractical
algorithmsfor completeplanninghave beenrestrictedto rigid
planar objects,3D corvex polytopesor specialobjects(e.qg.
laddersdiscsor spheres)Giventhe underlyingcompleity of
exact motion planning,a numberof approximateapproaches
have been have been proposed.Theseinclude approximate
cell decomposition,potential- eld methodsand randomized
samplingbasednethodsThe approximatecell decomposition
methodscanbemaderesolutioncompleteprovidedtheresolu-
tion parametersre chosenappropriatelyMany of the current
plannerscomputea probabilistic roadmapusing techniques
basedon randomizedsampling[5]. Thesemethodsaresimple
to implementand have beensuccessfullyappliedto high-dof
motion planningproblemsin differentapplicationsHowever,
the approximatealgorithmsmay not guaranteecompleteness,

especiallywhenthereis no collision-freepath.

Main Results: We presenta nev motion planning algo-
rithm for robotswith translationabndrotationaldof. Ourwork
combinesthe simplicity of sampling-basedpproachewith
the completenesef exactalgorithms.We computea sampling
of the free spacein a deterministicmannerusing an adaptve
volumetricgrid. We generatesufcient numberof samplego
capturethe connecwity of the free spaceaslong asthereis
no tangentialcontacton the boundaryof the free space As a
result, we are guaranteedo nd a collision-free pathif one
exists or detectnon-«istenceof ary collision-freepath.

Our approachs basedon the notion of starshapednessA
region R is starshapedif thereexists a pointo 2 R, called
a guard, that can seeevery point p in the region, i.e., the
straightline sggmentop doesnot intersectthe boundaryof
R. We shaw thatstarshapednegsrovidesa compactencoding
of the connectiity of a region. We decomposehe free space
into starshapedregions without computingan explicit repre-
sentationof the free space Theresultingsetof guardscapture
theintra-region connecwity for eachregion. Furthermorewe
capturethe interregion connectvity by computingconnectos
that connectguardsof adjacentregions. We usetheseguards
andconnectorgo constructa starshapedroadmapof the free
space.

The underlying computationin our planneris the star
shapedtest. We presenta simple and ef cient algorithm that
useslinear programmingand interval arithmeticto perform
this test. Unlike prior criticality-basedmethods,we are able
to avoid exact computationof roots of algebraicequations
and are able to perform conserative starshapedtests for
early termination. As a result, our algorithm is relatively
simple to implement.In the worst case,the compleity of
our algorithm can increaseexponentially with the number
of dof. We also compare some featuresof our approach
with approximatecell-baseddecompositionand randomized
samplingbasedalgorithms.We have implementecbur planner
and demonstratedts performanceto computecollision free
pathsfor low dof robotsin challengingscenarioswhenthere
are narrov-passagefn free spaceor no collision-freepaths.

Organization: The rest of the paperis organizedin the
following manner We give an overview of relatedwork in
motion planningin Sectionll. In Sectionlll, we give a brief
overviev of con guration spaceformulation and presentthe
notationusedin the restof the paper We presentstarshaped
roadmapsin SectionlV. We presentour deterministicsam-



pling algorithmin SectionV anddescribeits implementation
in SectionVI. We compareour approactwith prior approaches
in SectionVIl anddiscussa few limitations.

Il. PREVIOUS WORK

Motion planninghasbeenextensively studiedin the litera-
ture for morethanthreedecadesA comprehenske suney of
motion planningresultsis presentedn [6], [7].

A. ExactApproades

There are two main approachesfor exact or complete
motion planning. These approachesare basedon roadmap
computationandcell decompositionExamplesof a roadmap-
basedapproachncludethe visibility graphmethod,retraction
approaclti6], andthessilhouettemethod[3]. Exactcell decom-
position methodshave been extensiely studied for motion
planning and the rst completealgorithm was proposedby
Schwartz and Sharir [10]. The details of the abore methods
arequiteinvolved andarenot easyto implement. A numberof
completealgorithmshave beenproposedor restrictedcasesf
motion planningproblem— includingrigid planarobjectswith
3dof, 3D corvex polytopes,3D polyhedralobjectswith only
translationaldof, and specialobjectsin 3D suchas ladders,
discs,or balls [6].

B. ApproximateCell Decompositiorand SamplingBasedAp-
proaches

A numberof algorithmsbasedon approximatecell decom-
positionhave alsobeenproposed8]. Thesemethodspartition
the con guration spaceinto a collectionof cells. They classify
thecellsinto threetypes:emptycellsthatlie completelyin free
space,full cells that are completely within C-obstacle,and
mixed cells that containthe boundaryof the free space.The
setof emptycells provide a conserative approximatiorof the
free spaceandareusedfor pathcomputationTheapproximate
cell decompositiormethodsareresolutioncompletei.e., they
can nd apathif oneexistsprovidedtheresolutionparameters
are selectedsmall enough[6]. They have beenusedfor low
dof robots.

The probabilistic roadmapmethod (PRM) [5] is perhaps
the most widely used path planning algorithm for different
applicationslt is relatively simpleto implementandhasbeen
successfullyused for motion planning of high dof robots.
SincePRM-basedlgorithmssamplethe free spacerandomly
they mayfail to nd paths— especiallythosepassingthrough
narrav passagesh numberof extensionshave beenproposed
to improve the samplingin termsof handlingnarrov passages
[1], [16] or using visibility-basedtechniqueq11]. All these
methodsare probabilistically complete Some extensionsof
PRMs have been proposedthat may be able to detectnon-
existenceof a path[2].

[11. PRELIMINARIES
A. Con guration Spaceand ContactSurfaces

We assuméhattherobotA is arigid or anarticulatedobject
moving amongstationaryrigid obstaclesB. We also assume
that the geometryof both A andB is accuratelyknown. The
free spaceF is the setof con gurationsat which A doesnot
collide with B. The boundaryof F, denotedas @, consists
of thosecon gurationsof A at which A malkes contactwith
B, but doesnot penetratento theinterior of B. Therefore @

canbe expressedn termsof a collection of contactsurfaces
(C-surfaces),eachbeing the locus of con gurationsof A at
which a speci ¢ featureof A is in contactwith a featureof
B. We referthe readerto [6] for a detailedexplanationof the
con guration spaceformulation and C-surfaces.

We usetwo importantpropertiesof C-surfacesfor generat-
ing starshapedroadmaps:
Supersetproperty: The set  of C-surfacesig a supersebf
the boundary@ of free space,i.e., @ fi2 o0
de nes an arrangemenand F is a subsetof the cellsin this
arrangementEach cell de nes one connectedcomponentof
F.
Orientation property: We can assignan orientationto each
C-surface.We explain this with an intuitive algument.Con-
sidera C-surface generatedy the contactbetweena robot
featuref ; andan obstaclefeaturef ,. Pointson one side of
correspondo the casewheref ; haspenetrated , and points
on the other side correspondo no overlapor contactbetween
f, andf,. We orient by assigninga normalat p to pointin
the direction of no overlap.

B. Notation

We usethe following notationin the restof the paper We
uselower casebold letterssuchasp; g to referto pointsin R¢.
We usethe symbol pq to refer to the line sggmentbetween
the pointsp andg.

C denoteghe con guration spaceF denoteghefree space
and @ denotesits boundary The letter R C denotesa
region in the con guration space. denotesthe set of C-
surfacesthat contribute to the boundaryof the C-obstacle.

A restrictionof asetS w.r.t anothersetT is denotedas St
andis de ned S\ T. We assumeSy is a closedset.

A surface de ned in RY is starshapedif thereexists a
pointo 2 RY (calledthe origin) suchthatop\ = fpg8p 2

. Given a starshapedregion R, let R? = o. Similarly, if a
pointp 2 R, thenlet p” = o

Given a setS, two pointsp;q 2 S are connectedf there

exists a path betweenp and q that lies in S. We use the

shorthandnotationp g to meanp andq are connected
in S. Theconnectiity relationis symmetric.Givenaroadmap
(anundirectedgraph)R = (V; E) andtwo verticesv;w 2 V,

Y w meansthatv andw areconnectedn R, i.e., there
exists a path betweenv andw consistingof a sequenceof
edgesin E.

IV. STAR-SHAPED ROADMAPS

In this section,we presentthe conceptof a starshaped
roadmapandshav thatit captureghe connectwity of the free
spacefor completemotion planning.We usetheseproperties
of starshapedroadmapsto designa deterministicsampling
algorithmin Sec.V.

A. Starshapedness

Our approachis basedon the notion of starshapednes#
regionR is star-shapedf thereexistsapointo 2 R, anorigin,
that canseeevery point p in the region, i.e., the straightline
sgmentop doesnot intersectthe boundaryof R. The origin
is commonlyreferredto asa guard. It is easyto shav thata
starshapedegion is alwaysconnectedMoreover, every point
in the region is connectedo the guardalong a straightline
segment. Starshapednesss thusa compactway of encoding



(a) Starshapedness (b) StarshapedTest

Fig. 1. Left: This gure showsa star-shapedregion (in white). It
containsa guard o that can seeevery point within the region. A path
betweenany two pointsp 2 R andqg 2 R is givenby po :: oq.
Right: If in aregion R, all C-surfacesare star-shapedw.r.t a common
point o, thenF \ R is starshapedw.r.t 0.

the connectity of a region. It providesa path betweenevery
point in the region and the guard. We exploit this property
for motion planning. A path betweenary two pointsp 2

R andqg 2 R is given by po :: oq where:: denotespath
concatenatiorfseeFig. 1(a)). We extendthis ideato compute
a pathbetweentwo arbitrary con gurationsin free space.

B. Overll Appmach

At a conceptualevel, our approactcomputesa star-shaped
decompositiorof the free spacej.e., it partitionsF into a set
of starshapedregions. We presentour algorithmto compute
the starshapeddecompositionin Sec. V. Based on star
shapednessye capturetheintra-region connectiity. However,
we alsoneedto take into accountthe inter-region connectvity,
i.e. connectity betweernpointsbelongingto separateegions.
We achieve this by computing connectos 1. Our approach
consistsof the following steps:

1) Compute a starshapeddecomposition
spaceinto starshapedregionsR.

2) For every pairof adjacentegions(R;,R;) in , compute
a point ¢ on the commonboundarysharedby R; and
R; . Wereferto ¢ asa connector-it connectsheguards
of R;j and Rj .

3) ConstructastarshapedoadmapR usingtheguardsand
connectorcomputedin Stepsl and 2.

We illustrate thesestepsin Fig. 2.

of the free

C. StarshapedDecompositiorand Guard Computation

Step 1 computesa starshapeddecompositionof the free
space.The resulting set of guardsconstitutesa samplingof
the free spaceandwe referto it asa starshapedsamplingof
the free space.The starshapedsamplingprovides an implicit
descriptionof the free space.

p2F () pisvisibleto atleastoneof the guards.

The conceptof starshapeddecompositionis relatedto the
famousart gallery problem [9]. The art gallery problemis
concernedwith nding the minimum numberof guardsthat
can cover a region. In our contet, computinga minimum
numberof guardswould be desirable but not necessary

1We borrav the terms guard and connectorfrom [11] becausetheseare
similar conceptsHowever, our de®nitionsare differentfrom the onesusedin
[11].

D. ConnectorComputation

In Step2, we capturetheinterregion connectwity. It sufces
to only considerpathsbetweenadjacentregions R; and R;
that crosstheir commonboundaryR;; . We computea point ¢
belongingto R; . ¢ is a connectar Sincethe regions R; and
R; arestarshapedg is visible to the guardsof R; andR;.
Hence,c connectghe guardsof two adjacentegions(seeFig.
2(b)).

E. RoadmapComputation

In Step 3, we combinethe guardsand connectorgo con-
struct a starshapedroadmapR of the free space(seeFig.
2(b)).R is anundirectedgraph.Let G andC denotethe setof
guardsandconnectorsThe setof graphverticesisV = G[ C.
Eachconnectorc connectstwo guardsg; 2 G andg, 2 G
of two adjacentregions. This de nes two graphedges(c; gi1)
and(c;g,). Let GUARD S(c) denotethe setfg:;g.g. The
setof graphedgesE is de ned as:

E=f(c;0)jc2C; g2 GUARDS(c)g

R is theundirectedgraph(V; E ; w) wheretheweightfunction
w:E ! Risdenedasadistancebetweenthe edgevertices
using a suitablemetric (e.g. Euclidean).

F. CompletePath Planning

Given the starshapeddecomposition and the roadmap
R , path planningbecomesstraightforvard. Let p andq re-
spectvely denotethe startandgoal con guration respectiely.
Assumethey are connectedThe starshapednesproperty of
eachregionin  implieswe canconnectp andq to theguards
p’? andq’ respectiely by straightline paths.We computea
path betweenp? and g’ in the roadmapR basedon graph
searchThefollowing theoremstateshat our motion planning
algorithmis complete.

THEOREM 1 A path exists betweentwo pointsp and q if
and only if p and p? are connectedin F, p? and g° are
connectedn R, and g” and g are connectedn F, i.e.,

R ?

P
() p? 1

?
q
2 R

a ! q

p
F
p 1 q

Due to spacelimitations, we omit the proof. A detailedproof
is givenin [15].

An important consequencedf the above theoremis the
following corollary which enablesus to nd a collision-free
path.

COROLLARY 1 Path Planning: if p f g, then

1) Thee exists a straight line path  betweenp and p°.
Similarly, there exists a straight line path betweenq
andq’.

2) Theerexistsa path betweerp? andq’ in theroadmap
R.

3) A path betweerp andq is givenby
denotespath concatenation.

wheee ::



(a) StarShapedDecomposition

(b) StarShapedRroadmap

(c) Path Planning

Fig.2. StarshapedRoadmapThis gure showshowto constructa starshapedoadmapandits applicationto pathplanning TheC-obstacle
is shownin gray while the free spaceis shownin white We r st computea starshapeddecompositiorof the free space(Fig. (a)). Each
region in the decompositiorcontainsa guard (greenstar) that can seeevery point in the region. e connectguards of adjacentregions by
computingconnectos (blue circles) on the commonboundarybetweenthe two regions. The guards and connectos are usedto createthe
starshapedroadmapas shownin Fig. (b). Fig (c) showshow a path is computedbetweentwo pointsp and g by connectingthemto the

roadmapand nding a path along the roadmap.

We usethe following corollary of Theorem1l as a testfor
non-«istenceof ary collision-free path for completemotion
planning.

COROLLARY 2 Path Non-Existence If ther is no path
betweenp’ and g” in the roadmapR, then ther is no
collision-free path betweernp and g

V. A DETERMINISTIC SAMPLING ALGORITHM

In this section,we presentan algorithmto computea star
shapedoadmapby samplingthe free spacein a deterministic
manner

A. Con guration SpaceSubdivision

The approachpresentedn Sec.IV relied on a starshaped
decompositiorof the free space.In practice,we do not have
an explicit representatioof F andhenceit is not possibleto
computesucha decompositionexplicitly. In fact, an explicit
decompositiorof the free spaceis not even required.Instead,
we computea subdvision of the con guration spaceC into
regions R suchthat Fg = F \ R is starshaped.Sucha
subdvision is sufcient for completemotion planning.

In Sec.V-C, we presenta simple algorithm for computing
such a subdvision adaptvely. Our algorithm relies on the
ability to performtwo queries:

1) Free SpaceExistencequery: Givenaregion R, deter
mineif R containsa part of free spacej.e. Fr 6 ;.
2) Star-shapedquery: Givenaregion R, determinef Fg
is starshaped.
Our goal is to perform thesequerieswithout computingan
explicit representationf the free spacelnsteadof performing
exact tests,we presenta sufcient conditionon R anduseit
to answerthesequeries.

B. StarshapedTest

Considerall the C-surfaces ; thatintersectR andcompute
theirrestriction ;\ R toregionR. Let g denotetheresulting
setof surfaces We cananswerthe above queriesif R satis es
the following condition:

Star-shapedTest Are all thesurfacesin g starshapedw.r.t
a commonpoint 0?

SeeFig. 1(b). If R satis es the above test, then we can
answerboththe queries.R containsa partof F if andonly if
o0 2 F. Moreover, if thisis true,thenFg is starshapedw.r.t
0. Formally, we have the following lemma:

LEMMA 1 If there exists a point 0 2 R sud that every
2 R is starshapedw.r.t. o, then

1) Free SpaceExistencequery: Fr 6 ; () 02 F
2) Star-shapedquery: If 0 2 F thenFg is starshaped
w.r.t o.

A detailedproof of the lemmais givenin [15].
We presenta simple techniquefor performing the star
shapedestin Sec.V-E andto compute g in Sec.V-F.

C. AdaptiveSubdivisionand Guard Computation

We generatean adaptve subdvision of C. Our algorithm
startswith aregion R thatboundsheboundaryof F . It applies
the starshapedestto R. If this testis satis ed, our algorithm
setsthe guardfor the region R to be the origin with respect
to which Fg is starshapedOtherwise,if the starshapedest
fails, the algorithm subdvides R into a set of sub-rejions.
Thenthe algorithmis recursvely appliedto the sub-reions.
Fig. 3(a) illustratesthe subdvision algorithmin 2D.

D. ConnectorComputation

The objective of connectorcomputationis to determine
if the free spaceof two adjacentregions, R; and R;, are
connectedthrough a point on their commonboundaryR;; .
In other words, we wish to testif R; hasa pointin F.
This problemis almostidentical to the free spaceexistence
problemdiscussedn the previous sectionwith onedifference
— the dimensionof R;; is onelessthanthe dimensionof the
con guration space— hencewe can use the sameapproach
presentedn the previous sectionto solve this problem. We
subdvide R; into subrgionsthat satisfy the starshapedest
and then checkif ary of the origins of ary sub-rgion lies



(a) Adaptive Subdvision

(b) StarShapedRroadmap

(c) Path Planning

Fig. 3. StarShapedRoadmapConstruction:This gur e showshow we computea starshapedroadmapusing adaptivesubdivisionof the
con guration space We subdividethe con guration spaceinto regionsR sud that the free spacecontainedwithin R, givenby F \ R, is
starshaped Fig. (b) showsthe star-shapedroadmapthat was obtainedfrom the resultingsubdivision.Fig. (c) showshow the roadmapis

usedfor path computation.

in the free space We merely needto computejust one point
in F (ratherthan captureall of them). As soonaswe nd
one suchpoint, we stopthe subdvision processThis point is
classi ed asa connectarlf R;; containsno pointin F, then
the subdvision processwill continueuntil all the sub-rgions
satisfy the starshapedtest and none of the corresponding
origins lie in the free space.In this case,the free spaceof
R; and R; belongto two separatecomponentsof the free
space.

E. Efcient Implementatiorof the StarshapedTest

Given aregion R, we needto determineif all the surfaces
in g arestarshapedw.r.t a commonpoint. Here we present
an algorithmto testif a single C-surface is starshapedor
not. This techniqueextendsdirectly to the caseof multiple
C-surfaces.In generalthe C-surfaceis a non-linearalgebraic
surfacede ned in a high dimensionaton gurationspaceThe
exacttestis asfollows: is thereapointo suchthatn (o x) >
0; x 2 wheren is the normalat point x. This testreduces
to solvinga systemof high degreealgebraicequationsinstead
of computing an exact solution to the algebraicequations,
we use a simple and efcient techniqueto perform the test
conseratively.

In general,the origin is not a unique point. Given a C-
surface dened in RY, there exists a setKer( ) R
of points that can be usedas an origin. The setKer( ) is
called the kernel of is starshapedif andonly if it has
a non-emptykernel. The centralidea behindour techniqueis
to guessa candidatepoint for the origin and then verify that
the candidatepoint indeed lies within the kernel. Verifying
whethera surfaceis starshapedw.rt a x ed point is much
easierthan performing the exact test. The method proceeds
by estimatinga candidatepoint that lies in the interior of an
approximatekernel of a sampledversionof the surface.The
candidatepoint is computedby linear programmingWe then
verify if it belongsto the kernel of the surface by interval
arithmetic. A detailedexplanationof this techniqueis given
in [14]. We provide a summaryhere.

We take adwantageof a parametrizatiorof the C-surfaces
[6]. Using the parametricrepresentationywe enumeratea set
of points on . By the orientation property of C-surfaces

(Sec.Ill), eachpoint x hasa well de ned normaln. The

starshapednespropertyrequiresthat the origin o shouldsee
point x; this de nes the constraintn (o x) > 0. In

this manney eachpoint de nes a linear constrainton 0. We

uselinear programmingto checkif the resulting constraints
admit a feasiblesolution. The feasibleregion correspondgo

an approximatekernel of the C-surface.If the feasibleregion

is non-empty then we can choosethe centerof the feasible
region to be the candidatepoint (see[14]).

If a candidatepoint o is computedit is likely to be a valid
origin provided we enumeratedh sufcient numberof points
on . In generalwe do not know how mary suchpointsare
needed;so we choosea x ed numberof points. To ensure
correctnessye checkfor thevalidity of theresultingcandidate
point by testingif is indeedstarshapedw.r.t 0. We check
ifn (0 x)>08x2 .Since isanalgebraicsurface,it
is representedas f (x;y;z) = 0. Therefore,the expression
reducesto 5fT(o x) > 08x 2 . We computea set
of intenals around and verify that the abore expression
is positive within eachinterval. We use intenval arithmetic
[12] to perform this test. Using interval arithmetic, we can
conseratively checkif this property holds for all the points
on . If a candidatepoint is computedand veri ed by the
interval arithmetictest,thenR is saidto have passedhe star
shapedest, otherwiseR hasfailed the starshapedest.

As notedearlier thetestis conserative—asurface maybe
starshapedhut asperour techniqueR may fail thetest.If R
fails the test,we thensubdvide R into sub-rgionsandrepeat
the test on the sub-rgions. Thus, the conserative test may
resultin someadditionalsubdvisions. However, computation
of additional subdvisions doesnot affect the correctnesf
the algorithm. This is becausdf is starshapedw.rt R, at
somelevel of the subdvision of R, all the subrgjions of R
will satisfythe starshapedest. This holds becauses a sub-
region Q shrinks,the approximatekernelof \ Q approaches
theexactkernel.As aresult,the candidatgoint ultimatelylies
within the kernel as the sub-regjions shrink. This is provided
there are no deggeneraciesuch as tangentialcontactson the
boundaryof the free space A tangentialcontactoccurswhen
two C-surfacestouch eachother at a point thus forming a



(a) Gearsl (b) Con guration Space (c) Narrov Passage (d) Gears2 (No path)

Fig. 4. 3-DOF Planning with 2T and 1R: This gur e highlightsapplicationof our algorithmto planar motionplanningwith both translational
as well as rotational dof. Fig. (a) showsa gear-shapedrobot navigatingamongsttwo gear-shapedobstacles(B; & B2) (shownin gray).
Theinitial and nal locationsof the robot are shownin red and greenrespectivelAi & A: resp.).Therobotis allowedto move only
within a boundedworkspacgshownas a bladk rectangle).The gure also showsa nhumberof Eositionsof therobotduring its motionalong
the path. Fig. (b) showsthe pathin the con guration space(drawn translucently).Fig. (c) showsa zommedview of the narrow passae.
Fig. (d) showsa similar environmentwhete the two obstaclesare moved closerto eat other and as a result, no collision-free path exists.

narrav passag®f width zeroin the free space Our algorithm
cannothandlethem becausehe free spacein a neighborhood

of a tangentialcontactis never starshaped- for ary arbitrary
neighborhoodf nonzerovolume.

In this manney we are ableto usea conserative testand
still guaranteecompletepathplanningaslong asthereareno
tangentialcontacts.Moreover, we don't use ary exact non-
linear equationsolver.

F. IntersectionComputation

The above approachrelies on determiningwhethera C-
surface ; intersectsa boundedd dimensionalregion R; if
they do intersect,the part of the surface containedwithin R
is computed.We note that R is axis alignedand ; hasa
parametricrepresentationWe determineif ; intersectsR by
performing intenal arithmetic. Interval arithmetic is cheap,
conserative, and sufces for our purpose.

To obtain ; \ R, we take adwantageof two facts:1) The
C-surfaces ; areparameterizeth termsof the coordinatef
the con guration spaceand2) R is an axis alignedregion in
con guration space.Hencewe obtain ; \ R by considering
a restrictedparametricdomainD \ R whereD is the entire
parametricdomain.

VI. IMPLEMENTATION & RESULTS

In this section, we describethe implementationof our
algorithmand demonstratéts performanceon several motion
planningscenariosWe usedC++ programminganguagewith
the GNU g++ compilerunderLinux operatingsystem.Table
| reportsthe performanceof our algorithm.All timingsareon
a 2 GHz PentiumlV PC with a GeForce4 graphicscardand
512MB RAM. Our currentimplementations unoptimized.

Fig. 4 highlights applicationof our algorithm to planar
motion planningwith both translationalas well as rotational
degrees of freedom. The robot must passthrough a very
narrov passagdo reachits goal. Moreover, it mustundego
both translationas well as rotation. Our algorithm took 111
secsto constructa starshapedroadmap.Using this roadmap,
it took only 0:22 secsto computea path (shavn as a blue
cune). Fig. 4 (d) highlightsthe useof our algorithmto detect

(a) Assembly (b) Con guration Space

Fig.5. 3D Translational motion planning: Thisexampleshowsapplica-
tion of our algorithmto motionplanningof a three-dimensionaiobot
with translational degrees of freedom.It consistsof two identical
parts eadh with pegs and holes. The goal is to assemblethe two

arts so that the pegs of onepart t into the holesof the other The
eft image showsa path that the robot can take so that the two parts
could be assembledTheright image showsthe pathin con guration
space(drawn transluscently).

noneistenceof a collision-free path. The two obstaclesare
too close to eachother and consequentlythe robot cannot
passbetweenthem. Our algorithmtook 90 secsto computea
roadmapfor this ervironmentand detectechon-«istenceof a
pathin 0:18 secs.

Fig. 5 shawvs application of our algorithm to a three-
dimensionalassemblyplanning scenario.The goal is to as-
sembletwo parts suchthat the pegs of one part t into the
holes of the other Our algorithm took 16 secsto construct
a roadmapand was able to nd a path (shovn in blue) in
0:22 secs.This is a challengingexample becausethe goal
con guration, wherin the pegs t into the holes, is lodged
within a very narrov passagen the con guration space.

Fig. 6 shaws applicationof our algorithmto a 3R planar
articulatedrobotwith 3 revolute joints. Our algorithmtook 17
secsto constructa starshapedroadmap.Using this roadmap,
it took only 0:43 secsto computea path. The robot must
passthrough a narrov passageto reachits goal. We also
experimentedvith a modi ed ervironmentwherethe obstacle



Fig. 6. 3R Articulated Robot: This example showsapplication of
our algorithm to motion planning of a planar articulated robot with
3 revolute joints. The gure showsa start con guration, a goal
con guration and two intermediatecon gurations.

is closerto the robot. As a result, no path exists betweenthe
initial and goal con gurations.Our algorithmtook 16 secsto
computearoadmagfor themodi ed ervironmentanddetected
non-«istenceof a pathin 0:14 secs.

Table | provides the timings of our algorithm on these
models It alsoprovidesstatisticssuchasthe numberof guards
and connectordn the roadmapfor eachmodel.

Approx. Cell Decomposition Star-ShapedRoadmaps

Decompositionof C into
empty full and mixedcells

Decompositionof C into regions
satisfyingstarshapedoproperty

Conserative approximationof F Completeconnectiity of F ;

every pointin F is capturedimplicitly

Needto subdvide mixed cells Not necessaryo subdvide mixed regions

that satisfy the starshapedproperty

Large storageand searchrequirements;
function of resolutionparameter

Storageand searchvariesbasedon free
spacecomplexity; Lower requirements

Checkfor pathsthroughempty
cells and not mixed cells.

Checkfor pathsthroughempty regions
aswell asmixed regionsthat
satisfy the starshapedproperty

number of subdvisions considerablymaking our approach
practicalfor high-dofrobots.Most applicationsof approximate
cell decompositiorhave beenlimited to robotswith threeor
four dof.

We generatesamplesin the free spacethat are represented
by guardsand connectorsTable lll comparesour determin-
istic samplingapproachwith randomizedsamplingapproach
by shaving the different stepsof the two approachesOur
approachdoes not needto perform explicit local planning
to connectnearbysamples.The starshapedproperty ensures
that the connectordink guardsbelongingto adjacentregions
thus providing local planningimplicitly. The main bene t of
PRM-basednethodss thatthey easilyextendto very high dof
robots,whereaur approachasadditionaloverheadn terms
of adaptve subdvision and conserative starshapedests.

Our approachsharessome similarities with the visibility
basedprobabilistic roadmapmethod (Visibility-PRM) [11].
Visibility-PRM methodtakes intersamplevisibility into ac-
countduringtherandomizedsamplingprocessWhile the star
shapedpropertyis relatedto visibility, it is differentfrom the
type of visibility computedby [11]. While the starshaped
propertyimplicitly determineshevisibility of anentireregion,
the visibility-PRM method computesthe visibility of a new
randomly computedsamplewith respectto the current set
of samples.Finally, the goals of the two methodsare very
different: The objective of the visibility-PRM methodis to
generatea probabilisticroadmapwith fewer nodes,whereas
our goal is to do completepath planning.

TABLE ||
Comparison:This table compaesa numberof aspectsof our
approad with approximatecell decomposition.

VII. COMPARISON AND DISCUSSION

In this section,we compareour approachwith someprior
approachesWe also discusscertain aspectsof our motion
planningalgorithm.

A. Comparisonwith Prior Approaches

Our algorithmperformsadaptve subdvision similar to cell
decompositionalgorithms [6]. However, there is one major
difference;unlike exact cell decompositionmethods,we do
not compute an explicit decompositionof the free space.
Instead,we computea subdvision of the entire con guration
space,which representghe free spaceimplicitly. The main
adwantageof our approachis that we are able to perform
the subdvision without an explicit representatiorof the free
spaceMost practicalalgorithmsarebasedn approximatecell
decompositionalgorithms, which try to nd a path through
empty cells in the con guration space.By de nition, the
empty cells lie in the free spaceand result in a consera-
tive approximationof the free space.We perform a detailed
comparisorwith approximatecell decompositioralgorithmin
Tablell. While approximatecell-decompositiomlgorithmsare
resolutioncompleteour algorithmis ableto performcomplete
motion planning. One important bene t of our approachis
thatwe do not alwayshave to subdvide the mixed regions.If
a mixed region satis es the starshapedtest, then we do not
subdvide it. We canplanpathsthroughmixedcellsdirectly by
exploiting the starshapednesgroperty— this reduceghe total

Randomized Sampling

Computesamplesandomly
Checkwhethersamplesarein
free space

Performlocal planningbetween
nearbysamples

Easily extendsto high-dofrobots

Our Algorithm: Deterministic Sampling

Computeguards& connectorsleterministically
The guardsand connectorsarein free space
by construction

No explicit local planning starshaped
propertyguaranteesocal collision-freepaths
Storagecompleity and costof starshaped
testsincreasewith numberof dof
Guaranteedo terminateif thereareno
tangentialcontactsin free space

|

May not terminatewith narrav
passagesr no collision-free path

TABLE 1lI
Comparison:This table compaesthe stepsof our approac with
thoseof the randomizedsamplingapproac.

Our currentwork builds on our prior work on isosurfice
extraction and translationalmotion planning [14], [13]. Our
previous motion planning algorithm was limited to transla-
tional dof and usedcomple cell and starshapedtests.Our
new approachis relatively simpler and usesonly the star
shapedest. Overall, the starshapedoadmapbasedsampling
is less conserative, easily extensibleto higher dimensional
con guration spaceswith translationsand rotational dof and
lessproneto degeneray.

Our currentwork sharessomesimilarities with the recent
work of Delanoueet al. [4], which was developedindepen-
dently. Their work is aimedat proving topological properties
such as connectednesef sets.Their approachusesthe star
shapedproperty to check if a set de ned by a collection
of non-linearinequalitiesis path-connectedDelanoueet al's
currentresultsare for two-dimensionaketsde ned by a few
non-linearconstraints It is not clear whethertheir approach
has beenapplied to path planning. The focus of our work
is different — to use the starshapedproperty to perform
deterministicsamplingfor completemotion planning.



Compleity Performance Statistics |
Model Robot | Obstacle | # Surf | Subdvision & Guard | Connector [ Planning | # Guards | # Connectors
(s) (s) (s) |
Gearsl 36 72 3,929 62 49 0.22 6,764 11362
Gears2 (No path) 36 72 3,929 58 32 0.18 3,412 5,348
Assembly 224 224 256 10.1 5.8 0.22 6137 15,399
3R1 3 32 140 12.3 4.9 0.43 11,349 30,566
3R 2 (No path) 3 32 176 12.2 4.4 0.14 10,062 25,270
TABLE |

Performance This table highlights the performanceof our algorithm on different models.The modelcompleity is providedin termsof
the sizeof the robot and the obstacleas well as the numberof contactsurfaces.The size of an objectrefers to the numberof verticesfor
the planar Gearsexampleand the numberof trianglesfor the 3D Assemblyexample The performances measued in termsof the
roadmapconstructiontime and the time to answera single planning query The roadmapconstructiontime is the sumof the time taken to
computean adaptivesubdivision(includesguard computation)and the time to computethe connectos. The table also providesstatistics
on the numberof guards and connectos in the roadmap.

B. Discussion

The deterministicsamplingalgorithm presentedn Sec.V
performsanadaptve subdvision of thecon gurationspaceAt
eachstep,we subdvide aregion into sub-rgionsanddifferent
typesof subdvision stratgies could be employed. We could
subdvide a region into d? equal sized regions where d is
the dimensionof the con guration space Another alternative
would beto performa d-dimensionatetrahedrabr simplicial
subdvision of the region. We could also randomly selecta
point in the interior of the region and subdvide the region
into tetrahedrakegionswith the point asan ap«.

Our adaptve subdvision algorithm automaticallyperforms
additionalsubdvisionsin the vicinity of the narrov passages
in the free space.The numberof subdvisionsdependsn the
width of the narrav passagesAsymptotically speaking,the
numberof subdvisionsis proportionalto the log of the width.
Our starshapedroadmapalgorithm capturesthe connectvity
throughthe narrov passageandconsequentlywe areableto
nd apathwithout generatinga very large numberof samples
or subdvisions. At the sametime, our algorithm is able to
terminateearly if thereis no collision free path.

C. Limitations

Our algorithm assumesghat the free spacedoesnot have
ary tangentialcontacts.Henceit cannothandlecaseswhere
the robot must touch an obstaclein order to passthrough
a narrav passagedo get to the goal con guration. A related
limitation of our approachis that it doesnot supportmotion
in the contactspace— the robot is not allowed to touch ary
of the obstaclegduring its motion.

Our starshapedtest basedon linear programming and
interval arithmeticis conserative — the free spacewithin a
region may be starshapedput the region may not satisfy our
testand hencemay be subdvided unnecessarily

VIIl. CONCLUSIONS AND FUTURE WORK

We have presentedh simple approachfor completemotion
planning that relies on computinga starshapedroadmapof
the free space We constructthis roadmapusing deterministic
sampling.We shav that the starshapedroadmapgenerated
by our algorithm capturesthe connectity of the free space
enablingusto performcompletepath planning.Our approach
is simple to implementand primarily relies on a starshaped
testwhich caneasily be implementedWe have demonstrated
the performanceof our plannerin comple scenariosvith low
dof robots.Our preliminary resultsare encouraging.

Thereare mary avenuesfor future work. We areinterested
in the application of our algorithm to higher DOF motion
planning.Our approachuseslinear programmingand interval
arithmetic. Both these techniquesare extensible to higher
dimensionakpacesWe would like to combineour approaches
with randomizedsampling techniquesin order to generate
better subdvisions for high-dof robots. We would also like
to handlecaseswherethe robot is allowed to be in contact
with the boundaryof the obstacle.
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