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Abstract— We presenta simple algorithm for completemotion
planning using deterministic sampling. Our approach relies
on computing a star-shapedroadmap of the fr ee space. We
partition the fr ee space into star-shaped regions such that a
single point called the guard can see every point in the star-
shaped region. The resulting set of guards capture the intra-
region connectivity. We capture the inter-region connectivity
by computing connectors that link guards of adjacent regions.
We use the guards and connectors to construct a star-shaped
roadmap of the fr ee space.We present an ef�cient algorithm
to compute the roadmap in a deterministic manner without
computing an explicit representationof the fr eespace.We show
that the star-shaped roadmap captures the connectivity of the
fr ee space while providing suf�cient information to perform
complete motion planning. Our approach is relatively simple to
implement for robots with translational and rotational degrees
of fr eedom(dof). We highlight the performanceof our algorithm
on challenging scenarioswith narr ow passagesor when there is
no collision-free path for low-dof robots.

I . INTRODUCTION

Motion planning is a fundamentalproblem in robotics
and has been extensively researchedfor more than three
decades.We addressthe problem of planning the path of a
robot navigating through a static environment. At a broad
level, prior motion planningalgorithmscanbe classi�ed into
exactcriticality-basedalgorithmsandapproximateapproaches
[7]. Someof the early work on criticality-basedalgorithms
includesexact free-spacecomputation,roadmapmethods,and
exact cell decompositionmethods.Theseapproachesperform
completeplanning – they �nd a collision-free path if one
exists, or guaranteethat there is no collision-freepath from
theinitial to thegoalcon�guration.However, thesealgorithms
have a high theoreticalcomplexity andaredif�cult to imple-
mentin practicefor generalrobots.As a result,mostpractical
algorithmsfor completeplanninghave beenrestrictedto rigid
planar objects,3D convex polytopesor specialobjects(e.g.
ladders,discsor spheres).Given theunderlyingcomplexity of
exact motion planning,a numberof approximateapproaches
have been have been proposed.Theseinclude approximate
cell decomposition,potential-�eld methodsand randomized
samplingbasedmethods.Theapproximatecell decomposition
methodscanbemaderesolutioncomplete, providedtheresolu-
tion parametersarechosenappropriately. Many of the current
plannerscomputea probabilistic roadmapusing techniques
basedon randomizedsampling[5]. Thesemethodsaresimple
to implementandhave beensuccessfullyappliedto high-dof
motion planningproblemsin differentapplications.However,
the approximatealgorithmsmay not guaranteecompleteness,

especiallywhenthereis no collision-freepath.

Main Results: We presenta new motion planning algo-
rithm for robotswith translationalandrotationaldof. Ourwork
combinesthe simplicity of sampling-basedapproacheswith
thecompletenessof exactalgorithms.We computea sampling
of the free spacein a deterministicmannerusingan adaptive
volumetricgrid. We generatesuf�cient numberof samplesto
capturethe connectivity of the free space,as long as thereis
no tangentialcontacton the boundaryof the free space.As a
result, we are guaranteedto �nd a collision-freepath if one
exists or detectnon-existenceof any collision-freepath.

Our approachis basedon the notion of star-shapedness. A
region R is star-shapedif thereexists a point o 2 R, called
a guard, that can seeevery point p in the region, i.e., the
straight line segment op doesnot intersectthe boundaryof
R. We show thatstar-shapednessprovidesa compactencoding
of the connectivity of a region. We decomposethe free space
into star-shapedregionswithout computingan explicit repre-
sentationof the freespace.Theresultingsetof guardscapture
the intra-region connectivity for eachregion. Furthermore,we
capturethe inter-region connectivity by computingconnectors
that connectguardsof adjacentregions.We usetheseguards
andconnectorsto constructa star-shapedroadmapof the free
space.

The underlying computation in our planner is the star-
shapedtest.We presenta simple and ef�cient algorithm that
useslinear programmingand interval arithmetic to perform
this test. Unlike prior criticality-basedmethods,we are able
to avoid exact computationof roots of algebraicequations
and are able to perform conservative star-shapedtests for
early termination. As a result, our algorithm is relatively
simple to implement. In the worst case,the complexity of
our algorithm can increaseexponentially with the number
of dof. We also compare some featuresof our approach
with approximatecell-baseddecompositionand randomized
samplingbasedalgorithms.We have implementedour planner
and demonstratedits performanceto computecollision free
pathsfor low dof robotsin challengingscenarios:whenthere
arenarrow-passagesin free spaceor no collision-freepaths.

Organization: The rest of the paper is organized in the
following manner. We give an overview of relatedwork in
motion planningin SectionII. In SectionIII, we give a brief
overview of con�guration spaceformulation and presentthe
notationusedin the restof the paper. We presentstar-shaped
roadmapsin SectionIV. We presentour deterministicsam-



pling algorithmin SectionV anddescribeits implementation
in SectionVI. Wecompareourapproachwith prior approaches
in SectionVII anddiscussa few limitations.

I I . PREVIOUS WORK

Motion planninghasbeenextensively studiedin the litera-
ture for morethanthreedecades.A comprehensive survey of
motion planningresultsis presentedin [6], [7].

A. ExactApproaches

There are two main approachesfor exact or complete
motion planning. These approachesare basedon roadmap
computationandcell decomposition.Examplesof a roadmap-
basedapproachincludethe visibility graphmethod,retraction
approach[6], andthesilhouettemethod[3]. Exactcell decom-
position methodshave been extensively studied for motion
planning and the �rst completealgorithm was proposedby
Schwartz and Sharir [10]. The detailsof the above methods
arequiteinvolvedandarenot easyto implement.A numberof
completealgorithmshave beenproposedfor restrictedcasesof
motionplanningproblem– includingrigid planarobjectswith
3dof, 3D convex polytopes,3D polyhedralobjectswith only
translationaldof, and specialobjectsin 3D such as ladders,
discs,or balls [6].

B. ApproximateCell DecompositionandSamplingBasedAp-
proaches

A numberof algorithmsbasedon approximatecell decom-
positionhave alsobeenproposed[8]. Thesemethodspartition
thecon�gurationspaceinto a collectionof cells.They classify
thecellsinto threetypes:emptycellsthatlie completelyin free
space,full cells that are completely within C-obstacle,and
mixedcells that containthe boundaryof the free space.The
setof emptycellsprovide a conservative approximationof the
freespaceandareusedfor pathcomputation.Theapproximate
cell decompositionmethodsareresolutioncomplete, i.e., they
can�nd a pathif oneexistsprovidedtheresolutionparameters
are selectedsmall enough[6]. They have beenusedfor low
dof robots.

The probabilistic roadmapmethod (PRM) [5] is perhaps
the most widely usedpath planning algorithm for different
applications.It is relatively simpleto implementandhasbeen
successfullyused for motion planning of high dof robots.
SincePRM-basedalgorithmssamplethe freespacerandomly,
they may fail to �nd paths– especiallythosepassingthrough
narrow passages.A numberof extensionshave beenproposed
to improve thesamplingin termsof handlingnarrow passages
[1], [16] or using visibility-basedtechniques[11]. All these
methodsare probabilistically complete. Someextensionsof
PRMs have beenproposedthat may be able to detectnon-
existenceof a path [2].

I I I . PRELIMINARIES

A. Con�guration Spaceand ContactSurfaces

WeassumethattherobotA is a rigid or anarticulatedobject
moving amongstationaryrigid obstaclesB. We also assume
that the geometryof both A andB is accuratelyknown. The
free spaceF is the setof con�gurationsat which A doesnot
collide with B. The boundaryof F , denotedas @F , consists
of thosecon�gurationsof A at which A makes contactwith
B, but doesnot penetrateinto the interior of B. Therefore,@F

canbe expressedin termsof a collectionof contactsurfaces
(C-surfaces),eachbeing the locus of con�gurations of A at
which a speci�c featureof A is in contactwith a featureof
B. We refer the readerto [6] for a detailedexplanationof the
con�guration spaceformulationandC-surfaces.

We usetwo importantpropertiesof C-surfacesfor generat-
ing star-shapedroadmaps:
Supersetproperty: The set � of C-surfacesis a supersetof
the boundary@F of free space,i.e., @F �

S
f 
 i 2 � g. �

de�nes an arrangementand F is a subsetof the cells in this
arrangement.Eachcell de�nes one connectedcomponentof
F .
Orientation property: We can assignan orientationto each
C-surface.We explain this with an intuitive argument.Con-
sidera C-surface
 generatedby the contactbetweena robot
featuref 1 andan obstaclefeaturef 2. Pointson onesideof 

correspondto the casewheref 1 haspenetratedf 2 andpoints
on theothersidecorrespondto no overlapor contactbetween
f 1 andf 2. We orient 
 by assigninga normalat p to point in
the directionof no overlap.
B. Notation

We usethe following notationin the restof the paper. We
uselowercasebold letterssuchasp; q to referto pointsin Rd.
We usethe symbol pq to refer to the line segmentbetween
the pointsp andq.

C denotesthecon�guration space.F denotesthe freespace
and @F denotesits boundary. The letter R � C denotesa
region in the con�guration space.� denotesthe set of C-
surfacesthat contribute to the boundaryof the C-obstacle.

A restrictionof a setS w.r.t anothersetT is denotedasST
and is de�ned S \ T. We assumeST is a closedset.

A surface 
 de�ned in Rd is star-shapedif thereexists a
point o 2 Rd (calledtheorigin) suchthatop \ 
 = f pg 8 p 2

 . Given a star-shapedregion R, let R? = o. Similarly, if a
point p 2 R, then let p? = o

Given a set S, two points p; q 2 S are connectedif there
exists a path betweenp and q that lies in S. We use the
shorthandnotationp S ! q to meanp and q are connected
in S. Theconnectivity relationis symmetric.Givena roadmap
(anundirectedgraph)R = (V; E) andtwo verticesv; w 2 V ,
v R ! w meansthat v andw areconnectedin R, i.e., there
exists a path betweenv and w consistingof a sequenceof
edgesin E .

IV. STAR-SHAPED ROADMAPS

In this section, we presentthe conceptof a star-shaped
roadmapandshow that it capturestheconnectivity of the free
spacefor completemotion planning.We usetheseproperties
of star-shapedroadmapsto designa deterministicsampling
algorithmin Sec.V.
A. Star-shapedness

Our approachis basedon the notion of star-shapedness.A
regionR is star-shapedif thereexistsapointo 2 R, anorigin,
that canseeevery point p in the region, i.e., the straightline
segmentop doesnot intersectthe boundaryof R. The origin
is commonlyreferredto asa guard. It is easyto show that a
star-shapedregion is alwaysconnected.Moreover, every point
in the region is connectedto the guardalong a straight line
segment.Star-shapednessis thusa compactway of encoding



(a) Star-shapedness (b) Star-shapedTest
Fig. 1. Left : This �gur e showsa star-shapedregion (in white). It
containsa guard o that canseeeverypoint within theregion. A path
betweenany two points p 2 R and q 2 R is given by po :: oq.
Right: If in a regionR, all C-surfacesarestar-shapedw.r.t a common
point o, thenF \ R is star-shapedw.r.t o.

the connectivity of a region. It providesa pathbetweenevery
point in the region and the guard. We exploit this property
for motion planning. A path betweenany two points p 2
R and q 2 R is given by po :: oq where :: denotespath
concatenation(seeFig. 1(a)).We extendthis ideato compute
a pathbetweentwo arbitrarycon�gurationsin free space.

B. Overall Approach

At a conceptuallevel, our approachcomputesa star-shaped
decompositionof the free space,i.e., it partitionsF into a set
of star-shapedregions.We presentour algorithm to compute
the star-shapeddecompositionin Sec. V. Based on star-
shapedness,wecapturetheintra-regionconnectivity. However,
we alsoneedto take into accounttheinter-region connectivity,
i.e. connectivity betweenpointsbelongingto separateregions.
We achieve this by computing connectors 1. Our approach
consistsof the following steps:

1) Compute a star-shapeddecomposition� of the free
spaceinto star-shapedregionsR.

2) For everypairof adjacentregions(R i ,Rj ) in � , compute
a point c on the commonboundarysharedby R i and
Rj . We referto c asa connector– it connectstheguards
of Ri andRj .

3) Constructa star-shapedroadmapR usingtheguardsand
connectorscomputedin Steps1 and2.

We illustrate thesestepsin Fig. 2.

C. Star-shapedDecompositionand Guard Computation

Step 1 computesa star-shapeddecompositionof the free
space.The resulting set of guardsconstitutesa samplingof
the free spaceandwe refer to it asa star-shapedsamplingof
the free space.The star-shapedsamplingprovidesan implicit
descriptionof the free space.

p 2 F ( ) p is visible to at leastoneof the guards.

The conceptof star-shapeddecompositionis related to the
famousart gallery problem [9]. The art gallery problem is
concernedwith �nding the minimum numberof guardsthat
can cover a region. In our context, computing a minimum
numberof guardswould be desirable,but not necessary.

1We borrow the termsguard and connectorfrom [11] becausetheseare
similar concepts.However, our de®nitionsaredifferentfrom theonesusedin
[11].

D. ConnectorComputation

In Step2, wecapturetheinter-regionconnectivity. It suf�ces
to only considerpathsbetweenadjacentregions R i and Rj
that crosstheir commonboundaryR ij . We computea point c
belongingto Rij . c is a connector. Sincethe regions R i and
Rj are star-shaped,c is visible to the guardsof R i and Rj .
Hence,c connectstheguardsof two adjacentregions(seeFig.
2(b)).

E. RoadmapComputation

In Step3, we combinethe guardsand connectorsto con-
struct a star-shapedroadmapR of the free space(seeFig.
2(b)).R is anundirectedgraph.Let G andC denotethesetof
guardsandconnectors.Thesetof graphverticesis V = G[ C.
Eachconnectorc connectstwo guardsg1 2 G and g2 2 G
of two adjacentregions.This de�nes two graphedges(c; g1 )
and (c; g2 ). Let GUARDS(c) denotethe set f g1 ; g2g. The
setof graphedgesE is de�ned as:

E = f (c; g) j c 2 C; g 2 GUARDS(c)g

R is theundirectedgraph(V; E ; w) wheretheweightfunction
w : E ! R is de�ned asa distancebetweenthe edgevertices
usinga suitablemetric (e.g.Euclidean).

F. CompletePath Planning

Given the star-shapeddecomposition� and the roadmap
R , path planningbecomesstraightforward. Let p and q re-
spectively denotethestartandgoalcon�guration respectively.
Assumethey are connected.The star-shapednesspropertyof
eachregion in � implieswe canconnectp andq to theguards
p? and q? respectively by straight line paths.We computea
path betweenp? and q? in the roadmapR basedon graph
search.Thefollowing theoremstatesthatour motionplanning
algorithmis complete.

THEOREM 1 A path exists betweentwo points p and q if
and only if p and p? are connectedin F , p? and q? are
connectedin R, and q? and q are connectedin F , i.e.,

p F ! p?

p F ! q ( ) p? R ! q?

q? F ! q

Due to spacelimitations,we omit the proof. A detailedproof
is given in [15].

An important consequenceof the above theorem is the
following corollary which enablesus to �nd a collision-free
path.

COROLLAR Y 1 Path Planning: if p F ! q, then
1) There exists a straight line path � betweenp and p?.

Similarly, there exists a straight line path � betweenq
and q?.

2) There existsa path� betweenp? andq? in theroadmap
R.

3) A path betweenp and q is givenby � :: � :: � where ::
denotespath concatenation.



(a) Star-ShapedDecomposition (b) Star-ShapedRoadmap (c) Path Planning

Fig. 2. Star-shapedRoadmap:This�gur e showshowto constructa star-shapedroadmapandits applicationto pathplanning. TheC-obstacle
is shownin gray while the free spaceis shownin white. We �r st computea star-shapeddecompositionof the free space(Fig. (a)). Each
region in the decompositioncontainsa guard (greenstar) that can seeevery point in the region. We connectguards of adjacentregionsby
computingconnectors (blue circles) on the commonboundarybetweenthe two regions.The guards and connectors are usedto createthe
star-shapedroadmapas shownin Fig. (b). Fig (c) showshow a path is computedbetweentwo points p and q by connectingthemto the
roadmapand �nding a path along the roadmap.

We usethe following corollary of Theorem1 as a test for
non-existenceof any collision-freepath for completemotion
planning.

COROLLAR Y 2 Path Non-Existence: If there is no path
betweenp? and q? in the roadmap R, then there is no
collision-freepath betweenp and q

V. A DETERMINISTIC SAMPLING ALGORITHM

In this section,we presentan algorithmto computea star-
shapedroadmapby samplingthe free spacein a deterministic
manner.
A. Con�guration SpaceSubdivision

The approachpresentedin Sec.IV relied on a star-shaped
decompositionof the free space.In practice,we do not have
an explicit representationof F andhenceit is not possibleto
computesucha decompositionexplicitly. In fact, an explicit
decompositionof the free spaceis not even required.Instead,
we computea subdivision of the con�guration spaceC into
regions R such that FR = F \ R is star-shaped.Such a
subdivision is suf�cient for completemotion planning.

In Sec.V-C, we presenta simple algorithm for computing
such a subdivision adaptively. Our algorithm relies on the
ability to performtwo queries:

1) FreeSpaceExistencequery: Given a region R, deter-
mine if R containsa part of free space,i.e. F R 6= ; .

2) Star-shapedquery: Givena region R, determineif F R
is star-shaped.

Our goal is to perform thesequerieswithout computingan
explicit representationof thefreespace.Insteadof performing
exact tests,we presenta suf�cient conditionon R anduseit
to answerthesequeries.
B. Star-shapedTest

Considerall theC-surfaces
 i that intersectR andcompute
their restriction
 i \ R to region R. Let � R denotetheresulting
setof surfaces.We cananswertheabove queriesif R satis�es
the following condition:

Star-shapedTest: Are all thesurfacesin � R star-shapedw.r.t
a commonpoint o?

SeeFig. 1(b). If R satis�es the above test, then we can
answerboth the queries.R containsa part of F if andonly if
o 2 F . Moreover, if this is true, thenF R is star-shapedw.r.t
o. Formally, we have the following lemma:

LEMMA 1 If there exists a point o 2 R such that every

 2 � R is star-shapedw.r.t. o, then

1) Free SpaceExistencequery: F R 6= ; ( ) o 2 F
2) Star-shaped query: If o 2 F then F R is star-shaped

w.r.t o.

A detailedproof of the lemmais given in [15].
We presenta simple techniquefor performing the star-

shapedtest in Sec.V-E andto compute� R in Sec.V-F.

C. AdaptiveSubdivisionand Guard Computation

We generatean adaptive subdivision of C. Our algorithm
startswith aregionR thatboundstheboundaryof F . It applies
thestar-shapedtestto R. If this testis satis�ed,our algorithm
setsthe guardfor the region R to be the origin with respect
to which FR is star-shaped.Otherwise,if the star-shapedtest
fails, the algorithm subdivides R into a set of sub-regions.
Then the algorithm is recursively appliedto the sub-regions.
Fig. 3(a) illustratesthe subdivision algorithmin 2D.

D. ConnectorComputation

The objective of connectorcomputationis to determine
if the free spaceof two adjacentregions, R i and Rj , are
connectedthrough a point on their commonboundaryR ij .
In other words, we wish to test if R ij has a point in F .
This problem is almost identical to the free spaceexistence
problemdiscussedin the previous sectionwith onedifference
– the dimensionof Rij is one lessthan the dimensionof the
con�guration space– hencewe can use the sameapproach
presentedin the previous sectionto solve this problem.We
subdivide Rij into subregions that satisfy the star-shapedtest
and then check if any of the origins of any sub-region lies



(a) Adaptive Subdivision (b) Star-ShapedRoadmap (c) Path Planning
Fig. 3. Star-ShapedRoadmapConstruction:This �gur e showshow we computea star-shapedroadmapusing adaptivesubdivisionof the
con�guration space. We subdividethe con�guration spaceinto regionsR such that the freespacecontainedwithin R, givenby F \ R, is
star-shaped.Fig. (b) showsthe star-shapedroadmapthat was obtainedfrom the resultingsubdivision.Fig. (c) showshow the roadmapis
usedfor path computation.

in the free space.We merely needto computejust one point
in F (rather than captureall of them). As soon as we �nd
onesuchpoint, we stopthe subdivision process.This point is
classi�ed asa connector. If R ij containsno point in F , then
the subdivision processwill continueuntil all the sub-regions
satisfy the star-shapedtest and none of the corresponding
origins lie in the free space.In this case,the free spaceof
Ri and Rj belong to two separatecomponentsof the free
space.
E. Ef�cient Implementationof the Star-shapedTest

Given a region R, we needto determineif all the surfaces
in � R arestar-shapedw.r.t a commonpoint. Herewe present
an algorithm to test if a single C-surface
 is star-shapedor
not. This techniqueextendsdirectly to the caseof multiple
C-surfaces.In general,theC-surfaceis a non-linearalgebraic
surfacede�ned in a high dimensionalcon�gurationspace.The
exacttestis asfollows: is thereapointo suchthatn �(o� x ) >
0; x 2 
 wheren is the normalat point x . This test reduces
to solvinga systemof high degreealgebraicequations.Instead
of computing an exact solution to the algebraicequations,
we use a simple and ef�cient techniqueto perform the test
conservatively.

In general,the origin is not a unique point. Given a C-
surface 
 de�ned in Rd, there exists a set K er(
 ) � Rd

of points that can be usedas an origin. The set K er(
 ) is
called the kernel of 
 . 
 is star-shapedif and only if it has
a non-emptykernel.The centralideabehindour techniqueis
to guessa candidatepoint for the origin and then verify that
the candidatepoint indeed lies within the kernel. Verifying
whethera surface is star-shapedw.r.t a �x ed point is much
easierthan performing the exact test. The methodproceeds
by estimatinga candidatepoint that lies in the interior of an
approximatekernel of a sampledversionof the surface.The
candidatepoint is computedby linear programming.We then
verify if it belongsto the kernel of the surface by interval
arithmetic.A detailedexplanationof this techniqueis given
in [14]. We provide a summaryhere.

We take advantageof a parametrizationof the C-surfaces
[6]. Using the parametricrepresentation,we enumeratea set
of points on 
 . By the orientation property of C-surfaces

(Sec. III), each point x has a well de�ned normal n . The
star-shapednesspropertyrequiresthat the origin o shouldsee
point x ; this de�nes the constraint n � (o � x ) > 0. In
this manner, eachpoint de�nes a linear constrainton o. We
use linear programmingto check if the resultingconstraints
admit a feasiblesolution.The feasibleregion correspondsto
an approximatekernelof the C-surface.If the feasibleregion
is non-empty, then we can choosethe centerof the feasible
region to be the candidatepoint (see[14]).

If a candidatepoint o is computed,it is likely to be a valid
origin provided we enumerateda suf�cient numberof points
on 
 . In general,we do not know how many suchpointsare
needed;so we choosea �x ed numberof points. To ensure
correctness,wecheckfor thevalidity of theresultingcandidate
point by testingif 
 is indeedstar-shapedw.r.t o. We check
if n � (o � x ) > 0 8x 2 
 . Since
 is an algebraicsurface,it
is representedas f (x; y; z) = 0. Therefore,the expression
reducesto 5 f T (o � x) > 0 8x 2 
 . We computea set
of intervals around 
 and verify that the above expression
is positive within each interval. We use interval arithmetic
[12] to perform this test. Using interval arithmetic, we can
conservatively check if this propertyholds for all the points
on 
 . If a candidatepoint is computedand veri�ed by the
interval arithmetictest,thenR is saidto have passedthe star-
shapedtest,otherwiseR hasfailed the star-shapedtest.

As notedearlier, thetestis conservative– asurface
 maybe
star-shaped,but asper our techniqueR may fail the test.If R
fails the test,we thensubdivide R into sub-regionsandrepeat
the test on the sub-regions. Thus, the conservative test may
result in someadditionalsubdivisions.However, computation
of additional subdivisions doesnot affect the correctnessof
the algorithm. This is becauseif 
 is star-shapedw.r.t R, at
somelevel of the subdivision of R, all the subregions of R
will satisfy the star-shapedtest.This holdsbecauseasa sub-
region Q shrinks,theapproximatekernelof 
 \ Q approaches
theexactkernel.As a result,thecandidatepoint ultimatelylies
within the kernel as the sub-regions shrink. This is provided
thereare no degeneraciessuchas tangentialcontactson the
boundaryof the free space.A tangentialcontactoccurswhen
two C-surfacestouch eachother at a point thus forming a



(a) Gears1 (b) Con�guration Space (c) Narrow Passage (d) Gears2 (No path)

Fig. 4. 3-DOF Planning with 2T and 1R: This �gur e highlightsapplicationof our algorithmto planar motionplanningwith both translational
as well as rotational dof. Fig. (a) showsa gear-shapedrobot navigatingamongsttwo gear-shapedobstacles(B1 & B2) (shownin gray).
The initial and �nal locationsof the robot are shownin red and greenrespectively(A i & A f resp.).The robot is allowed to move only
within a boundedworkspace(shownas a black rectangle).The�gur e also showsa numberof positionsof the robot during its motionalong
the path. Fig. (b) showsthe path in the con�guration space(drawn translucently).Fig. (c) showsa zommedview of the narrow passage.
Fig. (d) showsa similar environmentwhere the two obstaclesare movedcloser to each other and as a result,no collision-freepath exists.

narrow passageof width zeroin the freespace.Our algorithm
cannothandlethembecausethe free spacein a neighborhood
of a tangentialcontactis never star-shaped– for any arbitrary
neighborhoodof nonzerovolume.

In this manner, we are able to usea conservative test and
still guaranteecompletepathplanningaslong asthereareno
tangentialcontacts.Moreover, we don't use any exact non-
linear equationsolver.
F. IntersectionComputation

The above approachrelies on determiningwhether a C-
surface 
 i intersectsa boundedd� dimensionalregion R; if
they do intersect,the part of the surfacecontainedwithin R
is computed.We note that R is axis aligned and 
 i has a
parametricrepresentation.We determineif 
 i intersectsR by
performing interval arithmetic. Interval arithmetic is cheap,
conservative, andsuf�ces for our purpose.

To obtain 
 i \ R, we take advantageof two facts:1) The
C-surfaces
 i areparameterizedin termsof thecoordinatesof
the con�guration spaceand2) R is an axis alignedregion in
con�guration space.Hencewe obtain 
 i \ R by considering
a restrictedparametricdomainD \ R whereD is the entire
parametricdomain.

VI . IMPLEMENTATION & RESULTS

In this section, we describe the implementationof our
algorithmanddemonstrateits performanceon several motion
planningscenarios.We usedC++ programminglanguagewith
the GNU g++ compiler underLinux operatingsystem.Table
I reportstheperformanceof our algorithm.All timingsareon
a 2 GHz PentiumIV PC with a GeForce4 graphicscardand
512MB RAM. Our currentimplementationis unoptimized.

Fig. 4 highlights application of our algorithm to planar
motion planningwith both translationalas well as rotational
degrees of freedom. The robot must pass through a very
narrow passageto reachits goal. Moreover, it must undergo
both translationas well as rotation. Our algorithm took 111
secsto constructa star-shapedroadmap.Using this roadmap,
it took only 0:22 secsto computea path (shown as a blue
curve). Fig. 4 (d) highlightstheuseof our algorithmto detect

(a) Assembly (b) Con�guration Space

Fig. 5. 3D Translational motion planning: Thisexampleshowsapplica-
tion of our algorithmto motionplanningof a three-dimensionalrobot
with translational degrees of freedom.It consistsof two identical
parts each with pegs and holes. The goal is to assemblethe two
parts so that the pegs of onepart �t into the holesof the other. The
left image showsa path that the robot can take so that the two parts
couldbeassembled.Theright image showsthepath in con�guration
space(drawn transluscently).

nonexistenceof a collision-free path. The two obstaclesare
too close to eachother and consequently, the robot cannot
passbetweenthem.Our algorithmtook 90 secsto computea
roadmapfor this environmentanddetectednon-existenceof a
path in 0:18 secs.

Fig. 5 shows application of our algorithm to a three-
dimensionalassemblyplanning scenario.The goal is to as-
sembletwo parts such that the pegs of one part �t into the
holes of the other. Our algorithm took 16 secsto construct
a roadmapand was able to �nd a path (shown in blue) in
0:22 secs.This is a challengingexample becausethe goal
con�guration, wherin the pegs �t into the holes, is lodged
within a very narrow passagein the con�guration space.

Fig. 6 shows applicationof our algorithm to a 3R planar
articulatedrobotwith 3 revolute joints. Our algorithmtook 17
secsto constructa star-shapedroadmap.Using this roadmap,
it took only 0:43 secsto computea path. The robot must
pass through a narrow passageto reach its goal. We also
experimentedwith a modi�ed environmentwheretheobstacle



Fig. 6. 3R Articulated Robot: This example showsapplication of
our algorithm to motionplanningof a planar articulatedrobot with
3 revolute joints. The �gur e showsa start con�guration, a goal
con�guration and two intermediatecon�gurations.

is closerto the robot. As a result,no pathexists betweenthe
initial andgoal con�gurations.Our algorithmtook 16 secsto
computea roadmapfor themodi�ed environmentanddetected
non-existenceof a path in 0:14 secs.

Table I provides the timings of our algorithm on these
models.It alsoprovidesstatisticssuchasthenumberof guards
andconnectorsin the roadmapfor eachmodel.

Approx. Cell Decomposition Star-ShapedRoadmaps
Decompositionof C into Decompositionof C into regions
empty, full andmixedcells satisfyingstar-shapedproperty
Conservative approximationof F Completeconnectivity of F ;

every point in F is capturedimplicitly
Needto subdivide mixed cells Not necessaryto subdivide mixed regions

that satisfy the star-shapedproperty
Large storageandsearchrequirements; Storageandsearchvariesbasedon free
function of resolutionparameter spacecomplexity; Lower requirements
Checkfor pathsthroughempty Checkfor pathsthroughempty regions
cells andnot mixed cells. aswell asmixed regions that

satisfy the star-shapedproperty

TABLE II
Comparison:This table comparesa numberof aspectsof our

approach with approximatecell decomposition.

VII . COMPARISON AND DISCUSSION

In this section,we compareour approachwith someprior
approaches.We also discusscertain aspectsof our motion
planningalgorithm.
A. Comparisonwith Prior Approaches

Our algorithmperformsadaptive subdivision similar to cell
decompositionalgorithms [6]. However, there is one major
difference;unlike exact cell decompositionmethods,we do
not compute an explicit decompositionof the free space.
Instead,we computea subdivision of the entirecon�guration
space,which representsthe free spaceimplicitly. The main
advantageof our approachis that we are able to perform
the subdivision without an explicit representationof the free
space.Mostpracticalalgorithmsarebasedonapproximatecell
decompositionalgorithms,which try to �nd a path through
empty cells in the con�guration space.By de�nition, the
empty cells lie in the free spaceand result in a conserva-
tive approximationof the free space.We perform a detailed
comparisonwith approximatecell decompositionalgorithmin
TableII. While approximatecell-decompositionalgorithmsare
resolutioncomplete, our algorithmis ableto performcomplete
motion planning. One important bene�t of our approachis
that we do not alwayshave to subdivide the mixed regions.If
a mixed region satis�es the star-shapedtest, then we do not
subdivide it. We canplanpathsthroughmixedcellsdirectlyby
exploiting thestar-shapednessproperty– this reducesthetotal

number of subdivisions considerablymaking our approach
practicalfor high-dofrobots.Mostapplicationsof approximate
cell decompositionhave beenlimited to robotswith threeor
four dof.

We generatesamplesin the free spacethat are represented
by guardsand connectors.Table III comparesour determin-
istic samplingapproachwith randomizedsamplingapproach
by showing the different stepsof the two approaches.Our
approachdoes not need to perform explicit local planning
to connectnearbysamples.The star-shapedpropertyensures
that the connectorslink guardsbelongingto adjacentregions
thus providing local planningimplicitly. The main bene�t of
PRM-basedmethodsis thatthey easilyextendto very high dof
robots,whereasour approachhasadditionaloverheadin terms
of adaptive subdivision andconservative star-shapedtests.

Our approachsharessome similarities with the visibility
basedprobabilistic roadmapmethod (Visibility-PRM) [11].
Visibility-PRM methodtakes inter-samplevisibility into ac-
countduringtherandomizedsamplingprocess.While thestar-
shapedpropertyis relatedto visibility, it is different from the
type of visibility computedby [11]. While the star-shaped
propertyimplicitly determinesthevisibility of anentireregion,
the visibility-PRM methodcomputesthe visibility of a new
randomly computedsamplewith respectto the current set
of samples.Finally, the goals of the two methodsare very
different: The objective of the visibility-PRM method is to
generatea probabilistic roadmapwith fewer nodes,whereas
our goal is to do completepathplanning.

Randomized Sampling Our Algorithm: Deterministic Sampling
Computesamplesrandomly Computeguards& connectorsdeterministically
Checkwhethersamplesare in The guardsandconnectorsare in free space
free space by construction
Performlocal planningbetween No explicit local planning; star-shaped
nearbysamples propertyguaranteeslocal collision-freepaths
Easily extendsto high-dof robots Storagecomplexity andcostof star-shaped

testsincreaseswith numberof dof
May not terminatewith narrow Guaranteedto terminateif thereareno
passagesor no collision-freepath tangentialcontactsin free space

TABLE III
Comparison:This table compares the stepsof our approach with

thoseof the randomizedsamplingapproach.
Our current work builds on our prior work on isosurface

extraction and translationalmotion planning [14], [13]. Our
previous motion planning algorithm was limited to transla-
tional dof and usedcomplex cell and star-shapedtests.Our
new approachis relatively simpler and usesonly the star-
shapedtest.Overall, the star-shapedroadmapbasedsampling
is less conservative, easily extensible to higher dimensional
con�guration spaceswith translationsand rotationaldof and
lessproneto degeneracy.

Our currentwork sharessomesimilarities with the recent
work of Delanoueet al. [4], which was developedindepen-
dently. Their work is aimedat proving topologicalproperties
suchas connectednessof sets.Their approachusesthe star-
shapedproperty to check if a set de�ned by a collection
of non-linearinequalitiesis path-connected.Delanoueet al's
currentresultsare for two-dimensionalsetsde�ned by a few
non-linearconstraints.It is not clear whethertheir approach
has been applied to path planning. The focus of our work
is different – to use the star-shapedproperty to perform
deterministicsamplingfor completemotion planning.



Complexity Performance Statistics
Model Robot Obstacle # Surf Subdivision & Guard Connector Planning # Guards # Connectors

(s) (s) (s)
Gears1 36 72 3,929 62 49 0.22 6,764 11362

Gears2 (No path) 36 72 3,929 58 32 0.18 3,412 5,348
Assembly 224 224 256 10.1 5.8 0.22 6137 15,399

3R 1 3 32 140 12.3 4.9 0.43 11,349 30,566
3R 2 (No path) 3 32 176 12.2 4.4 0.14 10,062 25,270

TABLE I
Performance: This table highlights the performanceof our algorithm on different models.Themodelcomplexity is provided in termsof

the sizeof the robot and the obstacleas well as the numberof contactsurfaces.Thesizeof an object refers to the numberof verticesfor
the planar Gearsexampleand the numberof triangles for the 3D Assemblyexample. Theperformanceis measured in termsof the

roadmapconstructiontime and the time to answera singleplanningquery. Theroadmapconstructiontime is the sumof the time taken to
computean adaptivesubdivision(includesguard computation)and the time to computethe connectors. The table also providesstatistics

on the numberof guards and connectors in the roadmap.

B. Discussion

The deterministicsamplingalgorithm presentedin Sec.V
performsanadaptivesubdivisionof thecon�gurationspace.At
eachstep,we subdivide a region into sub-regionsanddifferent
typesof subdivision strategies could be employed. We could
subdivide a region into d2 equal sized regions where d is
the dimensionof the con�guration space.Anotheralternative
would be to performa d-dimensionaltetrahedralor simplicial
subdivision of the region. We could also randomly selecta
point in the interior of the region and subdivide the region
into tetrahedralregionswith the point asan apex.

Our adaptive subdivision algorithmautomaticallyperforms
additionalsubdivisions in the vicinity of the narrow passages
in the free space.The numberof subdivisionsdependson the
width of the narrow passages.Asymptotically speaking,the
numberof subdivisionsis proportionalto the log of thewidth.
Our star-shapedroadmapalgorithm capturesthe connectivity
throughthe narrow passagesandconsequently, we areableto
�nd a pathwithout generatinga very largenumberof samples
or subdivisions. At the sametime, our algorithm is able to
terminateearly if thereis no collision free path.
C. Limitations

Our algorithm assumesthat the free spacedoesnot have
any tangentialcontacts.Henceit cannothandlecaseswhere
the robot must touch an obstaclein order to passthrough
a narrow passageto get to the goal con�guration. A related
limitation of our approachis that it doesnot supportmotion
in the contactspace– the robot is not allowed to touch any
of the obstaclesduring its motion.

Our star-shapedtest based on linear programming and
interval arithmetic is conservative – the free spacewithin a
region may be star-shaped,but the region may not satisfyour
testandhencemay be subdivided unnecessarily.

VI I I . CONCLUSIONS AND FUTURE WORK

We have presenteda simpleapproachfor completemotion
planning that relies on computinga star-shapedroadmapof
the free space.We constructthis roadmapusingdeterministic
sampling.We show that the star-shapedroadmapgenerated
by our algorithm capturesthe connectivity of the free space
enablingus to performcompletepathplanning.Our approach
is simple to implementand primarily relies on a star-shaped
testwhich caneasilybe implemented.We have demonstrated
theperformanceof our plannerin complex scenarioswith low
dof robots.Our preliminary resultsareencouraging.

Therearemany avenuesfor future work. We areinterested
in the application of our algorithm to higher DOF motion
planning.Our approachuseslinear programmingandinterval
arithmetic. Both these techniquesare extensible to higher
dimensionalspaces.We would like to combineour approaches
with randomizedsampling techniquesin order to generate
better subdivisions for high-dof robots. We would also like
to handlecases,where the robot is allowed to be in contact
with the boundaryof the obstacle.
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[8] T. Lozano-Ṕerezand M. Wesley. An algorithm for planningcollision-
free pathsamongpolyhedralobstacles.Comm.ACM, 22(10):560±570,
1979.

[9] J. O'Rourke. Art Gallery Theoremsand Algorithms. The International
Seriesof Monographson ComputerScience.Oxford University Press,
New York, NY, 1987.

[10] J. T. Schwartz and M. Sharir. On the piano movers probelem ii,
generaltechniquesfor computingtopologicalpropertiesof realalgebraic
manifolds. Advancesof AppliedMaths, 4:298±351,1983.

[11] T. Simeon,J.P. Laumond,andC. Nissoux.Visibility basedprobabilistic
roadmapsfor motionplanning.AdvancedRoboticsJournal, 14(6),2000.

[12] J. M. Snyder. Interval analysisfor computergraphics.In E. E. Catmull,
editor, ComputerGraphics(SIGGRAPH'92 Proceedings), volume 26,
pages121±130,July 1992.

[13] G. Varadhan,S. Krishnan,T. V. N. Sriram,andD. Manocha.A simple
algorithmfor completemotionplanningof translatingpolyhedralrobots.
In Workshopon Algorithmic Foundationsof Robotics, 2004.

[14] G. Varadhan,S. Krishnan,T. V. N. Sriram,andD. Manocha.Topology
preservingsurfaceextractionusingadaptive subdivision. In Eurograph-
ics Symposiumon GeometryProcessing, 2004.

[15] G. Varadhanand D. Manocha.Star-shapedroadmaps- a deterministic
sampling approachfor complete motion planning. UNC Technical
ReportTR05-001, URL: http://gamma.cs.unc.edu/motion/,2005.

[16] S. A. Wilmarth, N. M. Amato,andP. F. Stiller. Maprm: A probabilistic
roadmapplannerwith samplingon the medial axis of the free space.
IEEE Conferenceon RoboticsandAutomation, pages1024±1031,1999.


