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Abstract— Synthesis of robots may be decomposedinto two
processes:structural synthesis(determine the general arrange-
ment of the mechanical structur e such as the type and number
of joints and the way they will be connected)and dimensional
synthesig(determine the length of the links, the axis and location
of the joints, the necessarymaximal joint forces/tolques;::). The
performancesthat may be obtained for a robot are drastically
dependenton both synthesis.Although for serial robots general
trends may be derived only from the structure a realistic
comparison betweentwo differ ent structures may only be made
after a careful dimensional synthesisand this is even more so for
closed-looprobot (such as parallel robots).

Wewill presenta dimensionalsynthesisapproachbasedon the
designrequirementsthat allows one to obtain almost all feasible
designsolutions that are guaranteedto satisfy the requirements,
even taking into account manufacturing tolerances. Practical
examplesof 6-DOF robot designwill be presented.

|. INTRODUCTION

Although robots are usually designedto perform a large
variety of tasksit is not realistic to believe that a single
robot will be e xible and performingenoughto manageary
task. On the other hand an end-usermay wish to perform
a a set of speci ¢ taskswith stringentrequirementsHence
a fundamentalquestionin roboticsis to determinewhat is
the mostappropriatemechanicaktructureof the robot, being
giventasksrequirementgsuchasdesiredvorkspaceaccurag,
load, stiffness,:::). Indeedit is not realistic to believe that
sophisticatectontrol algorithmscoupledwith a large number
of sensorsnay be ableto correctthe behaior of a poorly de-
signedrobot. Furthermoreon-boardcomputempower shouldbe
moreappropriatelyusedfor high-level tasks(suchasplanning,
task managementinteraction)insteadof basic-leels control
tasks that can be simplied by an appropriatemechanical
design.

Designsynthesiss a two-stepsprocess:

structure synthesisdeterminethe generalarrangemenof
the mechanicaktructuresuchasthe type and numberof
joints and the way they will be connected
dimensionalsynthesisdeterminethe length of the links,
the axis and location of the joints, :::. In this paper
the word dimensionwill have the broad senseof ary
parameterthat will in uence the robot behaior and is
neededor the manufcturingof the robot

In somecasegyeneraltrendsfor the robot performancesnay
be deducedrom the structure.For examplewe may compare
the reachableworkspaceof serial 3 d.o.f. robot of type PPP
andRRR:assuminga stroke of L for thelinearactuatoranda

length L for the links the PPPworkspacevolumewill be L3
while it will be  40L2 for the RRR robot. Henceif alarge
workspacds requiredthe RRR structuremay seemto bemore
appropriate But usually suchtrendswill not be sufcient to
fully determinethe optimal robot: indeedmary performances
have to be taken into accountfor de ning an optimal robot,
someof thembeinghighly dependentiponthe dimensionsof
the robot (for examplethe load capacity).Furthermoresuch
trendscannotbe as easily derived for closed-chairrobots.

Hence optimal design for a robot implies both type of
synthesisOur experiencen the designof closed-chairrobots
has led us to the following rule of a thumb: a robot with
an a-priori more appropriate medanical structue but whose
dimension$avebeenpoorly chosenwill exhibit largely lower
performanceshan a well dimensionallydesignedrobot with
an a-priori lessappropriate structue.

We are not claiming that structural synthesisis not an
importantareabut thatit cannotbe disconnectedrom dimen-
sionalsynthesisThe pointis thatstructuralsynthesisalthough
still in progresshasstrongtheoreticalbackgroundgsuchas
scrav and group theories)while, aswe will see,dimensional
synthesidack of suchbackgroundHencethis paperwill focus
on dimensionalsynthesis.

Il. DIMENSIONAL SYNTHESIS. STATE OF THE ART

Dimensionakynthesiss a problemthathasattractedalot of
attentionbut mostof the works focus on designfor a speci c
robot's featuresuchasworkspace1], [5], [10], [13], [14] or
accurag [7], [21], [22] (this list is far from exhaustve and
focuson closed-chairrobots).

The usual way to solve the optimal design problem is
to de ne a real-walued function C as a weighted sum of
performancendices P; [4]. Theseindicesare real functions
thatde ne a "distance”betweena requiremenandthe perfor
manceof a givenrobotwith avaluein therange[0,1]. A value
equalto 0 indicatesthat the requirementis fully satis ed, a
valuelargerthanO indicatesto which extentthe requirements
violatedwhile a value 1 is usedwhenthe requirements fully
violated. The performancendicesare clearly functionsof the
designparametersetP . The costfunctionis thende ned as

X
C =

w; P (P)

wherew; are weights. It is assumedhat the optimal design
solution is obtainedfor the value of the parametersn P
that minimize C and a numerical procedureis usedto nd



the valuesof P which minimize C, usually startingwith an
initial guessPy (notethat alreadythat the procedureusedfor
the minimizationshouldbe ableto nd a global minimum of
the costfunction otherwisewe may end up with only a local
minimum).

But this methodhas mary drawbacks.First it is assumed
thatthe requiremenindicescanbe de ned, canbe calculated
efciently (the numerical optimization procedurerequiresa
large numberof evaluation of theseindices) and should be
differentiablefunctions of the design parametergotherwise
nding the minimum of the cost-functionmay be quite dif -
cult). All theseassumptionsre dif cult to realizein practice
for robots:for examplewhatcouldbethede nition of anindex
that indicatesthat a cube of given volume must be included
in the robot's workspace? Evaluation of someindices may
alsobe a quite dif cult problem:for examplewe may de ne
asindex the worst positioningerror alonga given axis for ary
poseof therobotwithin a prescribedvorkspaceandevaluating
thisindex is by itself a dif cult constrainedptimizationprob-
lem. Furthermorendex evaluationis complex aswe look for
guaranteedresults(for examplefor the worstpositioningerror
we wantto be sureto have calculatedhe globalmaximumand
not a local one). But calculatingguaranteedesultsdoesnot
automaticallyimply that we needexact results.For example
assumethat we want to comparetwo different robots with
respectto a given performanceindex and that we have an
algorithmthat providesa value V, suchthatthe real valueV
of the performancandex satis esV 2 V, + [0; v] where v
is auserde ned upperboundfor thealgorithmerror: although
we will not computethe exactvalueof the performancendex
aguaranteed¢omparisorbetweerthe 2 robotswill be possible
assoonaswe areableto de ne avaluefor y suchthatthe
rangesV, + [0; v] for the 2 robotshave no intersection.

We will see later on that we may indeed design such
algorithms and that interestingly their computationtime is
largely dependentupon . Such way to get a guaranteed
result is consideredas a strong alternatve to calculating
exact result that may be quite dif cult to obtain because
of compl«ity reasonsor numerical round-of errorsin the
calculation.

Another drawvback of the cost-function approachis the
dif culty in the determinationof the weights. Theseweights
arepresentin the function not only to indicatethe priority of
the requirementsut alsoto tackle with the units problemin
the performancendices.For examplefor a 3-dof translational
robotif the usedperformancendicesare the workspacevol-
ume and positioningaccurag we are dealingwith quantities
whoseunits differ by a ratio of 10°: hencethe weights must
be usedto normalizethe indices.

The choiceof the weightsis thereforeessentialvhile there
is not intuitive rulesfor determiningtheir values.Furthermore
a small changein the weights may lead to very different
optimal designs.

Evenif the cost-functionis effective it may leadto incon-
clusive result. This was exempli ed by Stoughton[23] who

was wanting to determinespecial kind of Gough platform
with improved dexterity and a reasonablavorkspacevolume.
Hence Stoughton has consideredtwo criteria in his cost-
function: the dexterity and the workspacevolume. He nd
out that these criteria were varying in opposite ways: the
dexterity was decreasingwhen the workspacevolume was
increasing.Hencethere was no optimal designsolution per
se and the problemwas in fact to determinean acceptable
compromisebetweerthetwo requirementsThis adwocateghe
point that in optimal designwe should not try to maximize
one performancewithout imposingconstrainton the minimal
valuesof otherperformancegfor exampleGosselin[6] shavs
that the Gough platform having the largestworkspacefor a
given stroke of the actuatorwill have a geometrysuchthat it
cannotbe controlled).lt may alsobe consideredhatin some
casessomerequirementsare imperative i.e. they must never
be violated while someothersmay be someavhat relaxed. But
imposing an imperative requirementsn the cost-functionis
dif cult withoutviolating the differentiability constraintand/or
allowing large violation on the other constraints.

A nal drawback of the cost-functionapproachis that it
providesonly one solution. This causeghreemain problems:

manufacturingoleranceswill be suchthatthe real robot
will differ from the theoreticalone.Hencewith only one
theoreticaldesignsolution we cannotguarantedhat the
real robotwill fullls the requirements

providing only one solution doesnot allow to consider
secondaryrequirementghat may have not beenusedin
the cost-functionbut may be a decisionfactor if two
robotssatisfyin a similar way the main requirements
for providing only one solutionwe have to assumethat
the designermastersall the criterion that will lead the
end-useto a solution.Thisis seldomthe casein practice:
for exampleeconomicconsiderationsvill usuallyplay a
role althoughthe designercannotbe fully aware of their
level of implication

We will proposenow anotherdesignmethodology

I1l. ANOTHER DESIGN METHODOLOGY: THE PARAMETERS
SPACE APPROACH

We will rst de ne the parametes spaceS" as a n-
dimensionalspacein which each dimensioncorrespondgo
oneof the n designparameter®f the robot. Hencea pointin
that spacecorrespondo one uniquedesignof the robot.

de ne minimal or maximal allowed values of somerobot's
performancdgsuchasaccurag, stiffness,: : :) or somerequired
propertieqfor examplethata setof pre-de nedtrajectoriedie
within the robot's workspaceandassumehatwe areablefor
eachrequirementR; to designan algorithm that is able to
calculatetheregion Z; de ned astheregion of the parameter
spaceS" thatincludesall the robot's designthat satis esthe
requiremenR;. Thentheintersectionof all the Z; de nesall
the robot's designthat satis esall the requirementsWith this
approachwe will have founda completeanswetto the optimal



designproblemsaswe will have determinedall possibledesign
solutions.

To malke this approachpracticalwe are confrontedto two
dif culties:

1) calculatingthe region Z;

2) computingthe intersectionof the regions
The calculation of the region is indeed quite dif cult as
we have basically to determineregions whose bordersare
determinedby a set of complex highly non-linearrelations
(but in some casesthis may be possibleif the number of
designparameterss not too high, see[16], [19]). But a good
point is that it is not necessaryto determinetheseregions
exactly. Indeeddeterminingpoints of the region closeto the
borderdoesnot make senseasif they are chosenasnominal
parametervalue, then the real robot, whose parameterare
affected by manufcturing tolerances,may in fact have a
representatie point in the parametersspacethat is outside
the Z; regions. Hence computing an approximation of the
regionswhoseborderis sufciently closeto the realborderis
sufcient.

The secondpoint may alsobe dif cult ascomputingthe in-
tersectionof highly non-linearvarietiesmay be quite dif cult.
To solve the intersectionproblemthereare two non mutually
exclusive approaches:

describegor approximatespheregion by a setof geomet-
rical objectswhoseintersectioncan be easily computed
use the descriptionof a region Z; as an input for the
calculation of the region Zi.; i.e. determineonly the
points of Z;.; that are also points of Z;. Using this
approachthere is no needto calculatethe intersection
of the regions as the output of the algorithm for region

The following parts of this paperdescribespreliminary al-
gorithms that can be usedfor this design approach.These
algorithms are basedon interval analysis,a topics that we
will now describesuccinctly

IV. INTERVAL ANALYSIS
A. Interval arithmetics

Interval arithmetics[18] is a simple method that allows
to determinelower and upper boundsfor a function being
givenrangesfor the unknovns appearingn the function. The
interval evaluation of a function for given rangesfor the
unknowns is a methodthat allows to determinean interval
thatis guaranteedo includethe exactlower andupperbounds
of the function over the possiblevaluesof the unknavns in

unknowvns x; which arerestrictedto lie in therangeX;, then
theinterval evaluationof f givestwo numbersA; B suchthat:

A f(xg;iixn) B 8x 2 Xj;i2[1;n]

The simplestinterval evaluationmethodis the natural eval-
uationin which eachmathematicabperator of the function
is replacedby an interval equivalent ° returningan interval
[[% 9 suchthat for all x in arangeX 9X) (x)

qX). Interval equivalentexist for all classicalmathematical
functionsand henceinterval arithmeticsmay be usedin most
cases:in particular all functions (algebraic, trigonometric,
exponential) that occur in robotics can be evaluated with
interval arithmetics.
Considerfor examplethe function

f(x) = x?

for x in [2,3]. The interval equivalent of the squarefunction
is de ned by

[a;b]? = [0if 02 [a;b]; Min(a?; b?) otherwise Max(a?; b?)]

Hence when x lie in the range [2,3], then x? lie in the
range[4,16]. Using the property of the trigonometricfunc-
tion the interval evaluation of sin([2;3]) is approximately
[0:1411;,0:9092] Intervals may also be multiplied and added
and nally the internval evaluation of f is approximately
[ 1:43589:2623]

Note that the interval evaluationof a function dependson
the analyticalform usedto de ne the function. For example
f (x) may also be written as (x  sin(x))?> whoseinterval
evaluationfor x in [2,3] is [1.1896,8.1731]Note that O is not
includedin this evaluation:this implies thatf cannotcancel
for x in [2,3].

As it may be noticedin the previous examplethe interval
evaluationmay not give the exact lower and upperboundsof
thefunction (seethe rst interval evaluation):theremaybe an
underestimatiorof the lower boundand an overestimatiorof
the upperbound (but note that the secondinterval evaluation
is exact for the given range:provided that we computewith
an in nite accurag the boundsof the evaluationare exactly
the minimum and maximumof f ).

A pointis thatthe differencedbetweerthe boundsof thein-
terval evaluationandthe exactminimum/maximumarestrictly
decreasingvith the width of the rangefor the unknowns (i.e.
the difference betweenthe upper and lower bound of the
ranges).

From a computerview point a very important propertyis
that interval arithmeticsmay be implementedto take into
account computer round-of errors. Any calculation using
interval arithmeticsis then guaranteedo includesthe real
value of the result. Computererrorsare mostoften not taken
into accountin robotics but may play an important role.
Considerthe following example due to Rump: computethe
value of f (X; y):

2x sin(x) + sin?(x)

33375y% + x2(11x%y? y® 121y* 2)+ 55y8+ —
for x = 77617y = 33096 With Scilab or Matlab the
computedvalue is about 1 10?3, in C we get 1.1726,the
interval evaluationis [ 0:5661(3; 0:5551%3] while the real
valueis -0.8273960599Henceeven for a simple function
computererrorsmay be quite large. Freely available packages
implementsinterval arithmetics:for our testswe usethe C++

packageBIAS/Profil !

http://wwwti3.tu-hartirg.de/Softvere/PROFILEnglischhtml



B. Notationfor interval analysis

Thelower andupperboundof aninterval X will bedenoted
X ;X andthe width of this interval is w(X) = X  X. The
midpoint of anintenal X is de ned as:

X + X
2
A n-dimensionalnterval setis called a box

mid (X ) =

@)

The width of n-dimensionalinterval set X is the maximal
width of its interval components.

Bisection is one of the most basic operationof interval
analysis.For an n-dimensionalinterval set X the result of
a bisectionalong the variablex; is the two new interval set
L(X);R(X) de ned by:

LX) = flxpixals 5[5 + Xi)=2],  ;[Xq;%nlg
R(X) = flx;ixas Sl + Xi)=2 %] [Xq:Xnlg
C. An application exampleof interval analysis

We will illustratethe principle of interval-basedalgorithms
on a realisticapplication:the singularity detectionfor parallel
robots (a detailedpresentatiorof the algorithm can be found
in [17]). Singularity is de ned as the pose of the robot at
which the determinanjJ 1j of theinversejacobianmatrix of
the robot vanishes A practicalconsequencef coming close
to a singularity is that the forcesin the legs may become
very large as these forces are obtained as a ratio whose
denominatoiis jJ 1j. It is hencequiteimportantto determine
if a pre-de nedworkspacencludesoneor moresingularities.
As usually singularitiesmust be avoided a designermay be
interestedin a fast algorithm that gives a straight yes-no
answeraboutthe presenceof singularitiesin the prescribed
workspace.

)
®3)

To designsuch an algorithm we note rst that we may
assumethat we know a poseM in the workspace(that is
supposedo have a singlecomponentandthat we areableto
computethe sign of the determinantat this pose(eventually
usinginterval arithmeticsto guaranteehe sign): this hypoth-
esisis not necessaryput will simplify the presentatiorof the
algorithmandwe will assumewithout lack of generality that
the sign is positive. The main point is that if we are able
to nd a pose(or a setof poses)M; in the workspaceat
which the determinantis negative, then ary path connecting
M 1; M 2 mustcrossa singularityandconsequentlyat leastone
singularity exists in the workspace.On the other handif we
canprove thatfor ary posein the workspacethe determinant
is positive, thenthe workspaces singularity-free.

For the sale of simplicity we will assumehattheworkspace
is de ned asa setof rangesfor the m parametershat de ne
a poseof therobot. In term of interval analysisthe workspace
is a box Bg.

In view of the abore remark interval analysisseemsan
appropriatetool to solve this problem.Indeedasan analytical

expressiorof the determinants availablewe may computean
interval evaluationof the determinanfor a given box for the
poseparameterdf the lower boundof this interval evaluation
is strictly positive thenwe aresurethatfor all posesn the box
the determinants positive andconsequentlyhatthe box does
notincludea singularity On the otherhandif the upperbound
of theinterval evaluationis negative, thenthe determinanfor

ary posein the box will be negative: consequenthary pose
in this box is a poseof type M, andthe workspacencludes
a singularity The only casein which we cannotconcludeis

obtainedwhen the lower boundis negative while the upper
boundis positive. For this type of box we will proceedwith

a bisectionthat will produce2 new boxesthat will be stored
for further processing.

Formally the algorithm usesa list of boxesL that initially
hasoneelementB,. The boxesin this list will be proceededn
sequenceand during this processbhoxes may be addedto the
list. The k-th box in the list will be denotedby By, the index
k is usedto denotewhich box s currentlyprocessea@andny is
the total numberof boxesin the list whenthe algorithmstarts
processingbox By . We denoteby Ji the interval evaluation
of the determinantor the box By, with lower boundJy and
upperbound Ji. If at a given posewe cannotsafely assert
the sign of the determinant(becauseof computerround-of
errors)a ag F will be raised.We startwith k = 0 andthe
algorithm proceedsalongthe following steps:

1) if k > ng return UNCERTAIN if F hasbeenraised,
otherwisereturnNO SINGULARITY

if Jy > Othenk=k+ 1,goto1l

if Jx < O returnSINGULARITY

if J OandJc 0 andthe width of By is 0, then
raiseF, k= k+ 1,goto 1

bisectBy atthevariablehaving therangewith thelargest
width, storethe 2 resultingboxesat positionng + 1; ng +
2,Nks1 =N+ 2,k=k+ 1, goto 1

Althoughnaivein termof ef ciency (aswe will seein the next
section)theabove algorithmis typical of interval analysis.Two
main featuresare typical:

the result is guaranteedif the result is SINGULAR-
ITY or NO SINGULARITY . If the algorithm returns
UNCERTAIN this meansthat the current computer
arithmeticsdoesnot allow to determinethe sign of the
determinaniat someposesin that caseit is necessaryo
performa local analysiswith an extendedarithmetics
the algorithmis appropriatefor a distributed implemen-
tation: as the processingof one box is independent
from the processingof the other boxes we may use
a mastercomputerto managethe list L and to send
boxesin this list to slave computersthat perform a few
iterationsof the algorithm and returnsthe resultto the
master If thereis no singularity in the workspacethe
decreasan computationtime comparedto a sequential
implementationis a little bit less than the number of
slavesasthereis a smalloverheador the communication
betweerthe masterandthe slaves.On the otherhandif a

2)
3)
4)

5)



singularityoccurs,thenthe decreasén computatiortime
may be larger thanthe numberof slavesasa box with a
negative determinantnay be foundearly by a slave while
it may have beenprocessedjuite late in the sequential
version

the algorithm may take into accountthe uncertaintiesn
the modeling of the robot. Insteadof using x ed values
for the geometricparameterén the interval evaluationof
the determinantwe may use interval whose width will
be the manufcturingtoleranceslin practicethis means
thatwe aretestingfor singularitiesa family of robotsthat
includesthe real manufcturedrobot

The above algorithm has beenimplementedin a generic
way for 6-dof robot: Maple is usedto computesymbolically
the determinant(which is the only part of the algorithm
that is robot's dependentand write the resultin a le that
is parsedfor computing the interval evaluation. With the
improvementsproposedn the next sectionthis algorithmrun
ratheref ciently: in the worst obsened practicalcaseswve get
the answerin lessthan 30 secondson a 1.2GHzlaptop.

The proposedalgorithm may be extendedin variousways.
We may managefor example more complex workspaceas
soonasit can be enclosedin a boundingbox and that we
have a testto determineif a box is fully inside,fully outside
or only partly inside the workspace.ln that casethe above
algorithmis modi ed to discardary box thatis fully outside
the workspaceor thatis partly inside but for which the lower
boundof theinterval evaluationof the determinants positive.
Mechanicalconstraintson the passie joints of the robot may
be incorporatedby usingthe sameprinciple.

D. Interval analysisis not a black box!

Basically the worst case compleity of interval-analysis
basedalgorithmsis exponential becauseof the use of the
bisectionprocesq12]. In the above algorithmthis worst case
compleity may be obtainedif we have exactly one singular
pose within the workspacebut such casewill very rarely
occursin practice.

But the naive implementationof the above algorithm will
not be very efcient if someimprovementsare not added[8],
[11]:

improvemenbf theinterval evaluation theinterval evalu-
ationof thederivativesf  of the determinantvith respect
to the poseparameterxy may also be computed.If for
oneof theseinterval evaluationthe lower boundis strictly
positive or the upperboundis strictly negative, thenthe
determinanis monotonicwith respectto the variablein
the box. We may hencesubstitutethe interval value of
the variable by the lower or upperboundof its rangeto
computethe lower and upperboundsof the determinant
which is the purposeof an interval evaluation. This
calculationmustbe donerecursvely: indeedassumehat
theinterval evaluationof the derivativesf for | from 1 to
i 1 hasled to intervals with negative lower boundand
positive upperboundwhile theinterval for the derivative

fi hasa positive lower bound. To computethe lower
boundof the determinantwe will usethe value x; for
X; insteadof the rangeX; = [x;;Xj]. But during the
calculationof thederivativesf| with | uptoi 1 we have
usedX; asvaluefor x;: now that x; hasa x ed value
the interval for somederivatives may changeto have a
constantsign, therebyallowing to x anothervariable
Itering : someheuristicsallows oneto decreas¢hewidth
of a box "in place”, i.e. without using bisection [2].
Considerfor examplethat we must determinewhat are
the valuesof x;y suchthatx + y 2 whenx lie in
[0,4] andy in [-1,1]. We may write the above inequality
asx 2 y. If we computethe interval evaluationof
theright termwe get[1,3] which impliesthatx  3: the
rangefor x may thus be substitutedby [0,3]

Numerousothermethods somewith parametersmay be used
to improve the computationtime of interval-basedalgorithms
andthusa high level of expertisemay be neededo make the
algorithmworks in practice.To concludememory storageis
often mentionedasa limitation of interval analysisbut in our
experiencea careful storagemanagemendllows oneto solve
mostproblemwith a numberof storageboxesthat hasnot to
exceed100.

V. OPTIMAL DESIGN

We have seenthat our optimal design approachrequires
the calculationof the regions Z and then their intersection.
Interval analysisseemsto be quite appropriatefor the second
part.Indeedif we assumehatwe areableto obtaintheregions
Z as a set of boxes, then calculating their intersectionis
a classicalproblemin computationalgeometrythat can be
solved easily

We are now confrontedto the problem of calculatingthe
region Z using interval analysis.As mentionedpreviously
thereis no needto calculateexactly theseregionsaspointson
the bordercannotbe consideredas nominal designparameter
valuesbecausehe effect of manuficturingtolerancesnay put
thevalueof therealrobotparameteputsidetheregionZ . This
point may be usedasan advantagefor interval analysis-based
methodby using the following rule:

the result of the algorithm should be a set of boxessut
that for eat box the range for eacth designparameterhasa
width which is at least equalto the manufacturingtolerance
for this parameter

The rationalbehindthis rule may beillustratedon an exam-
ple. Assumethat for a given parametemvhosemanufcturing
toleranceis [ ; ] the algorithm provides the result range
[a;b. If b a 2 thenwe may chooseas nominal value
for the parameteiary valuein therange[a+ ;b ]: indeed
to any such value we may add an arbitrary manufcturing
tolerancein the range[ ; ] with a resultstill in [a;b]. In
other words the parametervalue for the real robot will still
be suchthat its representatie pointsin the parameterspace
will belongto Z.



Interval analysis-basethethodmay be thoughtasa method
to computean approximation of the region Z in which the
partsof Z thataretoo closeto the borderare eliminated.We
will commentlater on on this statement.

We have now to explain how we may designan algorithm
to calculatethe region Z . For that purposewe will illustrate
the principle on the singularity detectionproblem.

A. CalculatingZ : the singularity example

Considernow that the inversejacobianmatrix is a function
not only of the pose parameters< but also of a setof m

lie in somerangeshencethe setof designparametersnustbe
includedin abox Py. Eachparameter®; hasa manufcturing
tolerance[ =2; ;=2]. The problemis now to nd possible
valuesfor the designparametersuchthat the corresponding
robotsare singularity-freeover the workspaceW.
The algorithm describedn sectionlV-C, denotedA 1, will
be usedwith two modi cations:
only alimited numberN of bisectionwill beallowedand
thealgorithmwill returnFAIL if thisnumberis exceeded.
the value of the designparametersare now intervals. A
directconsequencis thatat a given posethe determinant
may not have a constantsign: henceit may be dif cult
to nd aposeM; atwhich the signis constantBut the
algorithmmay startwithout this knowledgeandattributes
a signfor the determinantaissoonasit nds aboxin the
list of A; for which the determinanhasa constantsign.
The algorithm usesa list of boxesLp that initially hasone
elementPq. Thek-th boxin thelist will be denotedby Py, the
index k is usedto denotewhich boxis currentlyprocesseand
Nk is the total numberof boxesin the list whenthe algorithm
startsprocessingox Py . We will denoteA ;(Py) acall to the
algorithm A; when the design parametershave as possible
valuesthe rangedescribedin the box Py. The outputof the
algorithmis a le, calledtheresult le that describesall the
parameterdoxes de ning the geometriesof singularity-free
robots.We startwith k = 0 andthe algorithmproceedsalong
the following steps:
1) if k> nyg EXIT
2) if A1(Px)=SINGULARITY thenk=k+ 1,goto1
3) if A1(Px)=NO SINGULARITY then storePy in the
result le, k=k+ 1, goto1
if A;(Px)=FAIL or UNCERTAIN then
a) if w(P;) < j forallj in [1,m], thenk = k + 1,
goto 1
b) bisectPy at the variablel having the rangewith
the largestwidth and verifying w(P;) 2,
c) storethe?2 resultingboxesat positionng+ 1; n+ 2,
N+ =N+ 2, k=k+ 1 gotol
The efciency of this algorithmis in uenced by the com-
plexity of the determinantformulation but also by the pa-
rameterN. In generalfor boxes Py having a large width
it is uselessto have a large N. On the oppositeN may
be large as soon as the width of the box come close to

4)

the manufcturing tolerances Hencethe value of N should
be an increasingfunction of the boxes width that is usually
empirically determined.

B. CalculatingZ : other examples

Apart from the singularity detection algorithm we have
implementedanother algorithm that deals with workspace
constraints[9]. This algorithm allows one to determinethe
designparametersuchthat a given workspace(that may be
speci ed asa setof posesof sggmentsin the 3D spaceor as
a setof 6D boxes) mustbe includedin the workspaceof the
robot.

Up to now we have assumedhat the performanceequire-
ment has a closed-formthat can be interval evaluated.This
is not always the casein robotics. For example assumethat
we considerthe positioningaccurag X of the robot with
respectto the joint measuremengrrors . Both quantities
arelinearly relatedby

X =J(X)

whereJ is the Jacobianmatrix of the robot, whoseelements
arefunctionsof the poseX andof the designparameters.
The following requirements classical:being given bounds
M on the joint errors determinethe design parameters
suchthat the robot's positioning errors are lower than given
thresholds X M, whatever is the pose of the robot in a
given workspaceW . Unfortunately for closed-chainrobots
the matrix J may be quite comple (or even may not be
available) while its inverseJ ! may have a simple form.
But it is possibleto statethe problemusingonly J 1: nd
the design parameterd? suchthat for all X in W all the
solutionsin X  of thelinearsystemJ (X;P)X =
with M areincludedin X

We have thus to solve a classical problem of interval
analysis:being given an interval matrix A and an interval
vector b determinean enclosureof all the solutionsof the
linear interval systemA x = b i.e. a region that includesthe
solutionof Ax = bfor all A; bincludedin A;b [18], [20]. It
canbe shawn that classicaimethodof linear algebra(suchas
the Gaus=liminationalgorithm)maybe extendedo dealwith
this problem.We may directly usethesemethodsto compute
anenclosureof X andstoreasresultthe parameterdoxes
such that this enclosureis includedin X M. But we may
improve their ef ciency: indeed these methodsassumeno
dependengbetweerthe elementof A i.e. theelementof the
matricesA that are consideredmnay have ary arbitrary value
within their rangesin A. In our casethereare dependencies
betweenthe elementsof J ! and not all possiblevaluesare
allowed.

Our basic method is the Gausselimination scheme.We
computean intenval evaluation A© of A and an interval
evaluationb® of b (usingthe derivatives of the components
of A;b to improve theseinterval evaluations). The Gauss



elimination schememay be written as[20]
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The enclosureof the variable X; canthenbe obtainedfrom
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We have improved the interval evaluationof the quantities
appearingn the schemeby takinginto accountthe derivatives
of the elementsof A ;: b with respectto the poseand de-
sign parameterandpropagatinghemby usingthe derivatives
of the elementsof AU 1) to calculatethe derivatives of the
elementsof AU) andusethemfor the interval evaluation.Our
experimentshave shawvn that this leadto a drasticincreasen
term of the tightnessof the enclosure.

Note alsothat this methodmay be usedto determinewhat
should be the design parametersso that ary wrenchin a
set may be producedat ary pose of W while the joint
forces/torquesare bounded.By duality the method can also
solve the velocity problems(for boundedjoint velocities nd
the design parameterssuch that ary end-efector twist in a
given setmay be realizedat any posein W).

C. A critical analysisof the zonecalculation

We have presentedn the previous sectionvariousmethods
to computean approximationof the region Z . However it is
notpossibleto claim thatwe guarante¢o getanapproximation
of the region that includesall possiblevaluesof the design
parametersup to the manufcturingtolerancesthat will sat-
isfy the performanceandex. Indeedfor complex performances
index the overestimationof interval arithmeticsmay be so
large that only for very small boxes (i.e. whose width is
lower than the manufcturing tolerances)we can guarantee
that the performancendex is satis ed. But the union of such
small boxes,that may exist in the intersectionof the Z;, may
constituteboxes whose nal width may be larger than the
manufcturingtolerances.

Our experiencehowever is that for robaotics problem this
is not the case.But a possibility to tackle this problemis
to assumethat the tolerancesare much lower than then real
one. After calculatingthe approximationof the regions and
their intersectionwe may then decreasehe resultby the real
tolerancedo get a safedesignregion.

D. Calculatingthe intersectionof the Z

As soon as an approximation of the regions Z; have
beendeterminedas a set of boxesin the parameterspace
calculatingtheir intersectionis a classicalproblemof compu-
tationalgeometrywith complexity O(n logn) for n boxes.But
calculatingthe intersectionrmay be avoidedin a way thateven
speed-uphe total calculation.Indeedassumethat the region

Z 1 hasbeencomputedfor the rst requirement]eadingto a
list of boxesL 1. For the secondrequiremeninsteadof using
Po as single elementof the list Lp (and thus looking for
all parameterdhat satisfy the secondrequirement)we may
useL?! asLp, therebylooking only for the parameterghat
satis es both requirementsProceedingalong this line for all
requirementsvill leadto a resultthat satisfyall requirements.
A drawbackhoweveris thatif oneof the algorithmfail to pro-
vide designsolutions(or if we wantto modify a requirement)
we may have to restarta large part of the calculation.

E. Thealgorithmin practice

As mentionedpreviously the algorithm areimplementedn
C++ using BIAS/Profil for interval arithmeticsand our
own interval analysislibrary ALIAS? that offer high-level
modulesthat are combinedfor implementingthe calculation
of the region Z .

F. Choosingthe optimal design

Assume now that we have succeededn computing the
regionsfor all requirementsand thentheir intersectionZ, =
\Z ;. Clearly we cannotproposeto the end-useran in nite
set of solutionsand our purposeis now to proposevarious
design solutionswhose representatie points lie in Z, (i.e.
they satisfy the requirements)But a robot presentsvarious
performancesgenotedsecondaryequirementsthat may not
be part of the main requirementshut which can be usedto
help choosingthe best design.Ideally the presenteddesign
solutions should be representatie of various compromises
betweenthe secondaryrequirementsUnfortunately there is
no known methodto deal with this problem.Hencewe just
sample the region Z, using a regular grid, compute the
secondaryrequirementsat the nodesof the grids and retain
the most representatie solutions.

Note that the algorithmsfor computingthe region Z may
also be usedto verify that a given design(or a small family
of designas,for example,the family of robotswhosedesign
parametershave values around nominal values and within
manufcturing tolerances called the family of manufactued
robof) satisfy a requirement,in which casethey will be
muchmorefaster Using this propertyandaswe will provide
nally only a nite setof designsolutionwe may relax the
requirementswvhen computing the regions. For example for
the workspacealgorithm instead of specifying a whole 6D
region as desiredworkspacewe may specifyonly a nite set
of poses:this will allow a fastercalculationof the region in
the parameterspaceandwe will only have to verify thatthe
proposed nal designsolution indeedincludesthe whole 6
workspace.

Similarly it may happenthat for a speci ¢ requirementan
algorithm for computingthe region Z is not available. But
assoonasan algorithm for verifying the requirementor the
family of manufcturedrobotsis available our designmethod
may still be applied.

2www.inria-sop.fr/coprin/logiciéALIAS/ALIAS. html



G. Applications

As mentionedpreviously we have developed algorithms
for computingthe region Z for the following requirements:
workspacesingularity detection,accurag, velocity and static
analysis.Suchrequirementsare the most frequently encoun-
teredfor practicalapplications.The designmethodologyhas
thenbeenusedfor variouspracticalapplicationsdesignof our
own prototypeg(for examplethe micro-robotMIPS for medi-
cal application[15]), ne positioningdevicesfor the European
SynchrotronRadiationFacility (ESRF)with a load over one
tons and an absoluteaccurag betterthan a micrometer[3],
the CMW milling machinefor high-speednanugcturing[24].
We arecurrentlyusingthis designmethodologyapproactwith
Alcatel Spacelndustry for the developmentof an innovative
deployable spacetelescope.

In eachof thesecaseghe on-the-shelfalgorithmsfor calcu-
lating the region Z hasto be adaptedo dealwith speci cities
of the application (for examplethe large workspacefor the
CMW milling machineimplies that we have to deal with
passie joint limits while the ESRF one, with a reduced
workspace suchlimits do not play a role). But the e xibility
of interval analysisis large and has allowed us to solve the
problem.

VI. CONCLUSION

The proposeddiesignmethodologyhasthe main advantages
of providing a large panelof designsolutionwith a guarantee
on the satishction of the main requirementseven taking into
accountmanufcturing tolerances However its practical im-
plementatiomeedssomeexpertisein interval analysisfor the
algorithmto be ef cient. A currentrestrictionis thatonly non
time-dependentequirements(i.e. requirementsthat are not
solutionof a differentialequationsimaybetakeninto account:
for examplewe cannotdealwith dynamics.However thereis
no theoreticalimpossibilitiesto deal with theserequirements
with intenval analysisandthis is a prospectie for our work.

The developmentof this methodologyhasbeenguidedby
applicationsin very different domains: manufcturing, ne
positioning,spaceand medicalapplications.

Finally the methodologyhas beendevelopedto deal with
robotsand mechanismslesignbut may be extendedto prob-
lemsin otherareaaswell.
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