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Abstract— In this paper, we consider the problem in which
a mobile pursuer attempts to maintain visual contact with an
evader as it moves thr ough an envir onment containing obstacles.
This surveillance problem is a variation of traditional pursuit-
evasion games,with the additional condition that the pursuer
immediately losesthe game if at any time it losessight of the
evader. We present schemesto approximate the set of initial
positionsof the pursuer fr om which it might be able to track the
evader.

We �rst consider the caseof an envir onment containing only
polygonal obstacles.We prove that in this casethe set of initial
pursuer con�gurations fr om which it doesnot lose the game is
bounded. Mor eover, we provide polynomial time approximation
schemesto bound this set.We then extendour resultsto the case
of arbitrary obstacleswith smooth boundaries.

I . INTRODUCTION

Target tracking is an interestingclassof motion planning
problems.It considersmotion strategies for a mobile robot
to track a moving target among obstacles.In case of an
antagonistictarget, the problem lies in the framework of
pursuit-evasionwhich belongsto a specialclassof problems
in gametheory. The two playersin the gameare the pursuer
and the evader. The goal of the pursueris to maintaina line
of sight to the evader that is not occludedby any obstacle.
The goal of the evaderis to escapethevisibility region of the
pursuer(andbreakthis line of sight) at any instantof time.

This problemhassomeinterestingapplications.In security
and surveillance systems,tracking strategies enablemobile
sensorsto monitormoving targetsin clutteredenvironments.In
homecaresettings,a trackingrobot canfollow elderlypeople
andalertcaregiversof emergencies.Target-trackingtechniques
in thepresenceof obstacleshavebeenproposedfor thegraphic
animationof digital actors,in order to selectthe successive
viewpointsunderwhich anactoris to bedisplayedasit moves
in its environment[16]. In surgery, controllablecamerascould
keepa patient's organor tissueundercontinuousobservation,
despiteunpredictablemotionsof potentiallyobstructingpeople
and instruments.

In this work, we addressthe problem of a single pursuer
trying to maintain visibility of a single evader in a planar
environmentcontainingobstacles.The pursuerandthe evader
have boundedspeeds.We addressthe following question:
Given the initial position of the evader, what are the initial
positionsof thepursuerfrom which it cantracksuccessfully?

We usethe term decidableregion to refer to the setof initial
positionsof the pursuerat which the result of the gameis
known. Similarly, we usethe termundecidableregion to refer
to thesetof initial positionsof thepursuerat which theresult
of the gameis unknown.

The main contributions of this work are as follows. First;
we prove that in an environment containing obstacles,the
initial positionsof the pursuerfrom which it can track the
evader is bounded.Though this result is trivially true for
a boundedworkspace,for an unboundedworkspaceit is
intriguing. Second;In this work, we provide polynomial-time
approximationschemesto boundthesetof initial positionsof
the pursuerfrom which it might be ableto track successfully.
If the initial position of the pursuerlies outsidethis region,
the evader escapes.The size of the region dependson the
geometryof the environmentand the ratio of the maximum
evader speed to the maximum pursuer speed. Third; we
addressthe problem of target tracking in an environment
containingnon-polygonalobstacles.In the past, researchers
[15] have addressedthe problem of searchingan evader in
non-polygonalenvironments.However, we do not know of
any prior work that addressesthe problem of tracking an
evader in non-polygonalenvironments.Fourth; although,we
donotprovideacompletesolutionto thedecidability[5] of the
tracking problemin generalenvironments,we presentpartial
solutionsby providing polynomial time algorithmsto bound
the undecidableregion.

The rest of the paper is organizedas follows. Section II
providestherelatedwork. SectionIII presentstheproblemfor-
mulation.SectionIV presentspolynomialtime approximation
schemesto computethe decidableregion. SectionV extends
the approximationschemesto environmentscontainingnon-
polygonalobstacles.SectionVI presentsthe conclusionsand
future researchdirections.

I I . RELATED WORK

Some previous work has addressedthe motion planning
problemfor maintainingvisibility of a mobile evader. In [4],
an algorithm is presentedthat operatesby maximizing the
probabilityof futurevisibility of theevader. In [14], algorithms
areproposedfor discrete-timerepresentationsof thesystemin
deterministicand stochasticsettings.The algorithmsbecome
computationallyexpensive as the number of stagesof the



gameis increased.In [8], the authorstake into accountthe
positioninguncertaintyof the robot pursuer. Gametheory is
proposedas a framework to formulate the tracking problem,
and an approachis proposedthat periodically commands
the pursuerto move into a region that has no localization
uncertaintyin order to re-localizeandbettertrack the evader
afterward.

In [5], the problem of tracking an evader around a sin-
gle corner is addressed.The free workspaceis partitioned
accordingto the strategies used by the players to win the
game.Theauthorshave shown that theproblemis completely
decidable around a single corner. However, in reality, we
seldomencounterenvironmentshaving single corner. Hence
the resultsabout a single corner have limited applicationin
real scenarios.In [18], the authorsshow that the problem
of deciding whetheror not the pursueris able to maintain
visibility of the evader in a generalenvironment is at least
NP-complete.This motivatesthe necessityto userandomized
or approximationtechniquesto addresstheproblemsinceany
deterministicalgorithmwould be computationallyinef�cient.

Some variants of the tracking problem have also been
addressed.[7] presentsan off-line algorithm that maximizes
the evader's minimum time to escapefor an evader moving
along a known path. In [9][3], a target tracking problem is
analyzedfor an unpredictabletarget and an observer lacking
prior modelof theenvironment.It computesa risk factorbased
on thecurrenttargetpositionandgeneratesa feedbackcontrol
law to minimizeit. [2] dealswith theproblemof stealthtarget
tracking wherea robot equippedwith visual sensorstries to
track a moving target amongobstaclesand,at the sametime,
remain hidden from the target. Obstaclesimpede both the
tracker's motion andvisibility, andalsoprovide hiding places
for the tracker. A trackingalgorithm is proposedthat applies
a local greedystrategy and usesonly local information from
the tracker's visual sensorsand assumesno prior knowledge
of target trackingmotion or a global mapof the environment.
In [19], the problemof target trackinghasbeenanalyzedat a
�x eddistancebetweenthepursuerandevader. Optimalmotion
strategies are proposedfor a pursuerand evader basedon
critical events.

Researchhasbeendoneto track oneor moreevadersusing
multiple pursuers.[12] presentsa methodof trackingseveral
evaderswith multiple pursuersin an unclutteredenvironment.
In [11] the problemof tracking multiple targetsis addressed
using a network of communicatingrobots and stationary
sensors.A region-basedapproachis introducedwhich controls
robot deploymentat two levels, namely, a coarsedeployment
controlleranda target-following controller.

I I I . PROBLEM FORMULATION

In this paper we consider a mobile pursuer and evader
on a plane. They are point robots and move with bounded
speeds,vp(t) and ve(t). Therefore,vp(t) : [0; 1 ) ! [0; vp]
and ve(t) : [0; 1 ) ! [0; ve]. We user to denotethe ratio of
themaximumspeedof theevaderto thatof thepursuerr = ve

v p
.

The workspacecontainsobstaclesthat restrict pursuerand
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e
Star region

Fig. 1. Star Region associatedwith the vertex

evadermotionsandmay occludethepursuer's line of sight to
the evader. The initial position of the pursuerand the evader
is such that they are visible to each other. To prevent the
evader from escaping,the pursuermust keep the evader in
its visibility region. The visibility region of the pursueris the
set of points from which a line segmentfrom the pursuerto
that point doesnot intersectthe obstacleregion. The evader
escapesif at anyinstantof time it canbreaktheline of sightto
the pursuer. Visibility extendsuniformly in all directionsand
is only terminatedby workspaceobstacles(omnidirectional,
unboundedvisibility).

Now we presenta suf�cient condition of escapefor an
evader in general environments.We use it to prove some
importantresultsin the next section.The suf�cient condition
is basedon the the conceptof a star region. The star region
associatedwith a vertex is de�ned as the region in the free
workspaceboundedby the lines supportingthe vertex of the
obstacle.The shadedregion in Figure1 shows the starregion
associatedwith the vertex v. The conceptof star region is
only applicablefor a convex vertex(a vertex of anglelessthan
� ). Using the idea of the star region, a suf�cient condition
for escapefor the evadercanbe statedas follows.

Suf�cient Condition: If the time required by the pursuer
to reach the star region associatedwith a vertex is greater
than the time requiredby the evaderto reachthe vertex, the
evaderhasa strategy to escapethe pursuer's visibility region.

The suf�cient condition arises from the fact that if the
evader reachesthe corner before the pursuercan reach the
star region associatedwith the corner, the evadermay escape
from the side of the obstaclehidden from the pursuer. This
is illustratedin �gure 2. In the �gure, the evader, e, is at the
corner while the pursuer, p, is yet to reach the star region
associatedwith the corner. If the pursuerapproachesthe star
region from the left side as shown by the solid arrow, the
evader can escapethe visibility region of the pursuer by
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Fig. 2. Suf�cient condition for escape

moving in thedirectionof thesolid arrow. On the otherhand,
if thepursuerapproachesthestar region from theright sideas
shown by thedottedarrow, theevadercanescapethevisibility
region of the pursuerby moving in the directionof the dotted
arrow.

The relation betweenthe time taken by the pursuerand
evader can be expressedin terms of the distancestraveled
by the pursuerand the evaderand their speeds.Referringto
Figure1, if de is the lengthof the shortestpathof the evader
from the corner, dp is the length of the shortestpath of the
pursuerfrom the star region associatedwith the cornerandr
is the ratio of the maximum speedof the evader to that of
the pursuer, the suf�cient condition can also be expressedin
the following way

SC: If de < rdp, the evaderwins the game.

For the sake of convenience, we refer to the suf�cient
conditionasSC in the restof the paper.

IV. APPROXIMATION SCHEMES FOR POLYGONAL

ENVIRONMENT

In this section,we show that in any environmentcontaining
polygonal obstacles,the set of initial positions from which
a pursuercan track the evader is bounded.First, we prove
the statementfor an environmentcontaininga single convex
polygonal obstacle.Then we extend the results to prove
in caseof a generalpolygonal environment. This leads to
our �rst approximationscheme.Then we presenttwo more
approximationschemesto boundthesetof initial positionsof
the pursuerfrom which it might be able to track the evader.
The resultspresentedin this sectionhold for unboundedas
well asboundedenvironments.

Consideran evader, e, in an environment with a single
convex polygonalobstaclehaving n sides.The edgesof the
polygonal obstacleare e1; e2 � � � en . Every edgeei is a line
segmentthat lies on a line lei in the plane.Let r e = (xe; ye)
andrp = (xp; yp) denotethe initial positionof theevaderand
the pursuerrespectively. Let f hi gn

1 denotea family of lines,
eachgiven by the equationhi (x; y; re; r ) = 0. The presence
of the termsr e andr in the equationimply that the equation
of the line dependson the initial position of the evaderand
thespeedratio respectively. Eachline hi dividestheplaneinto
two half-spaces,namely, h+

i = f (x; y) j hi (x; y; re; r ) > 0g
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Fig. 3. Proof of Lemma1

and h�
i = f (x; y) j hi (x; y; re; r ) < 0g. Now we use the

SC to prove an importantpropertyrelatedto the edgesof the
obstacle.

Lemma 1: For every edgeei , thereexists a line hi parallel
to ei anda correspondinghalf-spaceh+

i suchthat thepursuer
losesthe gameif r p 2 h+

i .
Proof: Consideran edgeei of a convex obstacleas shown
in Figure 3. Since the obstacleis convex, it lies in one of
the half-spacesgeneratedby the line lei . Without the loss of
generality, let the obstaclelie in the half-spacebelow the line
lei . Let da and db be the length of the shortestpath of the
evaderfrom verticesa andb of theedgeei respectively. Since
the obstaclelies in the lower half-spaceof lei , the star region
associatedwith verticesa andb arein theupperhalf-spaceof
lei asshown by the greenshadedregion. Let la andlb be the
linesat a distanceof da

r and db
r respectively, from the line lei .

If the pursuerlies at a distanced greaterthan min ( da
r ; db

r )
below the line lei , thenthe time taken by thepursuerto reach

the line lei is tp � d
�vp

� min ( d a
r ;

d b
r )

�vp
. The minimum time

requiredby the evader to reachcorner a or b, whichever is
nearer, is given by te = min (da ;db )

�ve
. From the expressionsof

tp and tp we can seethat tp > te. Hencethe pursuerwill
reachthe nearerof the two cornersbeforethe evaderreaches
line lei . Hencefrom SC, we concludethat if the pursuerlies
below the line hi parallel to ei at a distanceof min ( da

r ; db
r ),

thenthe evaderwins the gameby following the shortestpath
to the nearerof the two corners.In Figure 3, sincedb > da

the line hi coincideswith line la .
Given an edge ei and the initial position of the evader,

proof of Lemma1 provides an algorithm to �nd the line h i

andthe correspondinghalf-planeh+
i as long as the lengthof

the shortestpath of the evader to the cornersof an edgeis
computable.For example,in the presenceof other obstacles,
the lengthof theshortestpathof theevaderto thecornerscan
be obtainedby Dijkstra's algorithm.

Now we presentsomegeometricalconstructionsrequiredto
prove the next theorem.Referto Figure4. Considera convex
obstacle.Considera point c strictly inside the obstacle.For
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eachi , extendthe line segmentvi c to in�nity in the direction
~vi c to form theray cv0

i . De�ne theregion boundedby rayscv0
i

andcv0
i +1 assectorv0

i cv0
i +1 . Thesectors possessthefollowing

properties
1) Any two sectorsaremutually disjoint.
2) The union of all the sectorsis the entireplane.

We canextendtheabove ideato any n sidedconvex polygon.
We usethe constructionto prove the following theorem.

Theorem 1: In an environment containinga single convex
polygonalobstacle,giventhe initial positionof theevader, the
initial positionsof thepursuerfrom which it canwin thegame
is a boundedsubsetof the free workspace.
Proof: Refer to Figure5. Consideran edgeei of the convex
obstaclewith endpointsvi andvi +1 . WLOG, theobstaclelies
below lei . Let c be a point strictly insidethe convex polygon.
Extendtheline segmentsvi c andvi +1 c to form sectorv0

i cv0
i +1 .

By Lemma1, using the initial positionof the evader, we can
constructa line hi parallelto ei suchthat if the initial pursuer
position lies below hi , the evaderwins the game.In casethe
line hi intersectsthe sectorv0

i cv0
i +1 , asshown in Figure5(a),

the evader wins the gameif the initial pursuerposition lies
in the shadedregion. In casethe line hi doesnot intersect
the sectorv0

i cv0
i +1 , as shown in Figure 5(b), the evaderwins

the gameif the initial pursuerposition lies anywhere in the
sector. Hencefor every sector, thereis a region of �nite area
suchthat if the initial pursuerposition lies in it thenit might
win thegame.Every edgeof thepolygonhasa corresponding
sectorassociatedwith it. Since eachsectorhas a region of
�nite areasuch that if the initial pursuerposition lies in it,
thepursuermight win thegame,theunionof all theseregions
is �nite. Hencethe propositionfollows. Figure 6 shows the
evaderin an environmentconsistingof a hexagonalobstacle.
The polygon in the centerboundedby thick lines shows the
region of possiblepursuerwin.

In the proof of theorem1, we generatea boundedset for
eachconvex polygonalobstaclesuchthat the evaderwins the
gameif the initial positionof the pursuerlies outsidethis set.
In a similar way, we can generatea boundedset for a non-
convex obstacle.Given a non-convex obstacle,we construct
its convex-hull. We can prove that Lemma 1 holds true for
the convex-hull. Finally, we can useTheorem1 to prove the
existenceof a boundedset. Due to limitations in space,the
proof is omitted.

Fromthepreviousdiscussions,we concludethatany polyg-
onalobstacle,convex or non-convex, restrictsthesetof initial
positionsfrom which the pursuermight win the game,to a
boundedset.Moreover, giventhe initial positionof theevader
and the ratio of the maximum speedof the evader to the
pursuer, theboundedsetcanbeobtainedfrom thegeometryof
theobstacleby theconstructionusedin theproof of Theorem
1. For any polygonin theenvironment,let uscall thebounded
set generatedby it, as the B set. If the initial position of the
pursuerliesoutsidetheB set, theevaderwins thegame.For an
environmentcontainingmultiple polygonalobstacles,we can
computethe intersectionof all B setsgeneratedby individual
obstacles.SinceeachB set is bounded,the intersectionis a
bounded set. Moreover, the intersectionhasthe propertythat
if theinitial positionof thepursuerliesoutsidetheintersection,
theevaderwins thegame.This leadsto thefollowing theorem.

Theorem 2: Giventhe initial positionof theevader, thesetof
initial positionsfrom which thepursuermight win thegameis
boundedfor anenvironmentconsistingof polygonalobstacles.
Proof: The boundedset referred in this theorem is the
intersectionof the B setsgeneratedby the obstacles.If the
initial pursuerpositiondoesnot lie in theintersectionit implies
that it is not containedin all the B sets. Hencethereexists at
least one polygon in the environment for which the initial
pursuerposition doesnot lie in its B set. By Theorem1, the
evaderhasa winning strategy. Hencethe theoremfollows.

The intersectionof theB setsgeneratedby all theobstacles
providesanapproximationof thesizeof thedecidableregions.
For any initial positionof thepursueroutsidethe intersection,
the evaderwins the gameandhencethe result is known. But
we still do not know the result of the game for all initial
position of the pursuerinside the intersection.However, we
can�nd betterapproximationschemesandreducethe sizeof
the region in which the resultof the gameis unknown. In the
next subsection,we presentonesuchapproximationscheme.
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A. U set

Now we presentanotherapproximationschemethat gives
a tighter bound of the undecidableregion. From Lemma 1,
the evaderwins the gameif r p 2 h+

i for any edge.We can
concludethat if r p 2 [ n

i =1 h+
i , the evader wins the game.

Since([ n
i =1 h+

i )c = \ n
i =1 (h+

i )c = \ n
i =1 h�

i , whereSc denotes
thecomplementof setS, if r p lies outside\ n

i =1 h�
i , theevader

wins the game.Hencethe set of initial positionsfrom where
the pursuermight win the gameis containedin \ n

i =1 h�
i . We

call \ n
i =1 h�

i as the U set. An importantpoint to note is that
the intersectioncan be taken among any number of half-
spaces.If the intersectionis amongthe half-spacesgenerated
by the edgesof an obstacle,we call it the U set generated
by the obstacle.If the intersectionis amongthe half-spaces
generatedby all theedgesin an environment,we call it theU
setgeneratedby the environment.

The next theoremproves that the U set generatedby a
single obstacleis a subsetof the B set and hencea better
approximation.

Theorem 3: For a givenconvex obstacle,theU setis a subset
of the B setandhencebounded.
Proof: Considera point q thatdoesnot lie in theB set. From
theconstructionof theB set, q mustbelongto somehalf-plane
h+

j . If q 2 h+
j , then q =2 h�

j =) q =2 \ n
i =1 h�

i . This implies
thatthecomplementof theB setis a subsetof thecomplement
of the U set. This implies that the U set is a subsetof the B
set.

Figure 7 shows the B set and U set for an environment
containinga regular hexagonalobstacle.In the appendix,we
presenta polynomial-timealgorithmto computethe U setfor
an environment with polygonal obstacles.The overall time-
complexity of this algorithm is O(n2 logn) where n is the
number of edgesin the environment. Figure 8 shows the
evader in a polygonal environment.The region enclosedby
thedashedlines is theU setgeneratedby theenvironmentfor
theinitial positionof theevader. TheU setfor any environment
having polygonalobstaclesis a convex polygonwith at most
n sides[6]. Figure 9 shows the U set for an environmentfor
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Fig. 8. U set for a generalenvironment

variousratio of the maximumspeedof the evaderto that of
the pursuer. In Figure9, it canbe seenthat asthe speedratio
betweenthe evaderand the pursuerincreases,the sizeof the
U set decreases.The size of the U set diminishesto zero at
a critical speedratio. At speedratios higher than the critical
ratio, theevaderhasa winning strategy for any initial position
of thepursuer. Hencetheproblembecomesdecidable[5] when
theratio of themaximumspeedsis higherthana critical limit.

The next theoremprovidesa suf�cient conditionfor escape
of theevaderin anenvironmentcontainingobstaclesusingthe
U set.

Theorem 4 If the U set doesnot containthe initial position
of either the pursueror the evader, the evaderwins the game.
Proof: To prove the theoremwe needthe following lemma.

Lemma 2: For r � 1, the evaderlies inside the U set.
Proof: For r � 1, �vp � �ve. If the pursuerlies at the same
position as the evader, its strategy to win is to maintain the
samevelocity as that of the evader. Henceif the pursuerand
theevaderhave thesameinitial position,thepursuercantrack
the evader successfully. Since all the initial positions from
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Fig. 10. A polygon in free space.The region shadedin red is obtainedby
using Lemma 1. The region shadedin greengets addedby using a better
approximationscheme.

which thepursuercanwin thegamemustbe containedinside
the U set, the evaderposition must also be inside the U set.

Referringbackto theproof of Theorem4, by de�nition of the
U set, if the pursuerlies outsidethe U set, it loses.

If theevaderlies outsidetheU set, Lemma2 impliesr > 1.
If r > 1, �ve > �vp. If �ve > �vp, the evaderwins the gamein
any environmentcontainingobstacles.Its winning strategy is
to move on the convex hull of any obstacle.

B. Discussion

In the previous sections,we have provided a simple ap-
proximationschemefor computingthe set of initial pursuer
positions from which the evader can escapebasedon the
intersectionof a family of half-spaces.A slight modi�cation
to the proposedschemeleadsto a better approximation.In
the proof of Lemma1, we presentedan algorithm to �nd a
half-spacefor everyedgeof thepolygonsuchthat if theinitial
positionof the pursuerlies in the half-space,the evaderwins
the game.All the points in the half-spaceare at a distance
greaterthan da

r from lei . By imposingthe condition that the
minimum distanceof the desiredsetof points from lei in the
fr ee workspace should be greaterthan da

r , we can include
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more points in the decidableregions as shown in Figure 10.
The �gure shows an obstaclein free space.From the proof
of Lemma1, we get the half-spaceshadedin red. By adding
the new condition, the region shadedin greengetsincluded.
Whenwe repeatthis for every edge,thesetof initial positions
from which the pursuermight win the gamegetsreducedand
leadsto a betterapproximationof the decidableregions. The
boundaryof the shadedregion consistsof straight lines and
arc of circles. The boundaryof the desiredset is obtained
by computingthe intersectionsamonga bunch of rays and
arcsof circles generatedby eachedge.In this casea better
approximationcomesat thecostof expensivecomputation.We
believe thatbetterapproximationschemesexist andoneof our
ongoingefforts is in thedirectionof obtainingcomputationally
ef�cient approximationschemes.

None of the approximationschemeswe have suggested
so far restrict the initial position of the pursuer to be in
the evader's visibility region. This condition can be imposed
by taking an intersectionof the output of the approximation
algorithm with the visibility polygon at the evader's initial
position.Ef�cient algorithmsexist for computingthevisibility
polygonof a staticpoint in an environment[10].

In the next sectionwe extendthe ideaof U set to environ-
mentscontainingnon-polygonalobstacles.

V. APPROXIMATION METHODS FOR NON-POLYGONAL

OBSTACLES

In this sectionwe extend the approximationschemespre-
sentedin the previous section to non-polygonalobstacles.
In order to illustrate the techniquesrequiredto handlenon-
polygonal obstacles,we computean approximationfor the
initial positionsof the pursuerfrom which the evader wins
the gamefor the simplecaseof an evaderin an environment
containinga circular obstacle.Thenwe presentthe algorithm
for any environmentcontainingconvex obstacleswith smooth
boundaries.

Figure11 shows anevader, e, in anenvironmentcontaining
a circular obstacleof radiusa in free space.The boundaryof
the obstacleis denotedby C. Let t be a point on C suchthat
\ Ote = � andj te j= d0. T denotesthe tangentto C at t. Let



ht be a line at a distanceof d0

r from T on the samesideof T
astheobstacle.By Lemma1, theevaderwins thegameif the
pursuerlies in thehalf-spaceh+

t , shown by theshadedregion.
Theequationof line ht is y + x cot � � (a � d0

r ) csc� = 0. For
everypoint t onC, thereexistsa line ht andthecorresponding
half-spaceh+

t suchthatif theinitial positionof thepursuerlies
in h+

t , the evaderwins the game.Henceif the initial pursuer
position lies in [ t 2 C h+

t , the evaderwins the game=) if the
initial pursuerposition lies outside\ t 2 C h�

t , the evaderwins
the game.Let us call \ t 2 C h�

t as the U set.
Now we computethe boundaryof the U set. Let l (x; y; � )

denotethe family of lines ht generatedby all points t lying
on C. Due to symmetry of the environment about the x-
axis, the U set is symmetric about the x-axis. We present
the constructionof the boundaryof the U set generatedas �
increasesfrom 0 to � . Let @U denotethe boundaryof the U
set.

Theorem 6- @U is the envelope of the family of lines
l(x; y; � ).
Proof: Considerany point q on @U. Sinceq belongsto the
boundaryof theU set, it belongsto someline, hq, in thefamily
l (x; y; � ). Either hq is tangentto @U or elseit intersects@U.
In caseit intersects@U, thereis a neighborhoodaroundq in
which @U lies in both the half-spacesgeneratedby hq. This
is not possiblesinceone of the half-spacesgeneratedby hq

has to be entirely outsidethe U set. Hencehq is tangentto
@U. Sinceq is any point on B , it implies that for all pointsq
on @U, thetangentto @U at q belongsto the family l (x; y; � ).
A curve satisfyingthis propertyis the envelopeto the family
of lines l(x; y; � ). Hencethe propositionfollows.

Using theEnvelopetheorems[20], theenvelopeof a family
of lines l(x; y; � ) can be obtainedby solving the following
equationssimultaneously

l (x; y; � ) = y + x cot � � (a �
d0

r
) csc� = 0 (1)

@l
@�

= 0 (2)

d0 asa function of � is given by

d0(� ) =
� p

a2 + d2 � 2adcos� if � � � 0p
d2 � a2 + a(� � � 0) if � � � 0

where� 0 = cos� 1 a
d .

The solution is

A. Case1 (� � � 0)

x = (a�

p
a2 + d2 � 2adcos�

r
) cos� +

adsin2 �

r
p

a2 + d2 � 2adcos�

y = (a�

p
a2 + d2 � 2adcos�

r
) sin � �

adsin � cos�

r
p

a2 + d2 � 2adcos�
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Fig. 12. (a) shows a circular obstaclewith the initial positionof the evader.
The smaller circle is the evader. In (b),(c) and (d), d = 5; 7and 9 units
respectively. In eachof the �gures (b), (c) and(d), the black boundaryis for
r = 0:5, the greenboundaryis r = 1 andthe red boundaryis for r = 10

B. Case2 (� � � � � 0)

x = (a �

p
d2 � a2 + a(� � � 0)

r
) cos� +

sin �
r

y = (a �

p
d2 � a2 + a(� � � 0)

r
) sin � �

cos�
r

Since @U is symmetricalabout the x� axis, the other half
of @U is obtainedby re�ecting the above curves about the
x� axis. Figure 12(a) shows an evader in an environment
consistingof a disc-like obstacle.Figures12(b),(c) and (d)
show the boundaryof the U set for varying distancebetween
the evader and the obstacle.In each of these �gures, the
boundaryof the U set is shown for threedifferent valuesof
r . We canseethat for r � 1, the evaderlies inside the U set
asgiven by Lemma2.

The above procedurecanbe usedto constructthe U setfor
any convex obstaclewith smoothboundary. Given the initial
position of the evader, we presentthe procedureto construct
theboundaryof theU setfor a obstaclewith smoothboundary.

Consideran obstaclewith smoothboundarygiven by the
equationf (x; y) = 0. Theprocedureto generatetheboundary
of the U set is as follows

1) Given any point t on the boundary, computethe min-
imum distanceof the point from the evader. Let it be
dt .

2) Find theequationof the line ht at a distanceof dt
r from

the tangentto the obstacleat t.
3) Find the family l (x; y; � ) of lines generatedby ht as

t varies along the boundary of the obstacle.� is a
parameterthat de�nes t.



4) Computethe envelopeof the family l (x; y; � ). This is
theboundaryof theU set. This is truesincetheproof of
Theorem5 doesnotdependon theshapeof theobstacle.

VI . CONCLUSION AND FUTURE RESEARCH

In this work we addressthe problemof target-trackingin
generalenvironments.We prove that in a generalenvironment
containingobstacles,given the initial position of the evader,
the set of initial positionsfrom which the pursuermight be
able to track the evader is bounded.Moreover we provide
an approximationalgorithm to constructa convex polygonal
region to boundthat region. We provide a suf�cient condition
for escapeof the evaderin a generalpolygonalenvironment
that dependson the geometry of the obstacles,the initial
positionof the evaderandthe ratio of the maximumspeedof
theevaderto thatof thepursuer. We extendtheapproximation
schemesto obstacleswith smoothboundaries.

Given the completemap of the environment, our results
dependonly on the initial position and the maximumspeeds
of the pursuerandevader. Henceour resultshold for various
settingsof theproblemsuchasanunpredictableor predictable
evader[14] or localizationuncertaintiesin thefuturepositions
of the players[8] or delay in pursuer's sensingabilities [17].

In the future, we would like to provide an algorithm to
approximatethe initial positionsof the pursuerfrom which
it can track the evader and also the strategies used by the
pursuerto track successfully. We are using game-theoryas a
framework to provide feedbackstrategies for the pursuerto
track successfully. We are also investigatingthe problem of
target-trackingwith multiple pursuers.

An interesting direction of future researchwould be to
extend our results to the target-trackingin R3. Researchers
have addressedthe problem of target-tracking in R3 [1].
We believe that someof our resultscan be usedin 3-d by
consideringpolyhedronsasboundingsetsinsteadof polygons.
Another direction of future researchwould be to incorporate
dynamicsin the player's motion model.
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VII . APPENDIX

A. Algorithm for generating the U-set

Algorithm CONSTRUCTUSET(S,r ,(xe; ye))
Input: A set S of disjoint polygonal obstacles,the evader
position r e = (xe; ye), ratio of maximum evader speedto
maximumpursuerspeedr
Output:The coordinatesof the verticesof the U set

1) For every edgeei in the environmentwith end-points
ai ; bi

2) l1 = DIJKSTRA(VG(S),r e; ai )
3) l2 = DIJKSTRA(VG(S),r e; bi )
4) dei = min ( l 1 ;l 2 )

r
5) Find the equationof hi usingLemma1.
6) INTERSECTHALFPLANES(h�

1 ; ::::h�
n )

The subroutineVG(S),computesthe visibility graphof the
environment S. The subroutineDIJKSTRA(G,I,F) computes
the least distancebetweennodesI and F in graph G. The
subroutineINTERSECTHALFPLANES(h�

1 ; :::; h�
n ) computes

the intersectionof the half planesh�
1 ; :::; h�

n [6]. The time
complexity of the above algorithmis O(n2 logn), wheren is
the numberof edgesin the environment.


