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Abstract—In this paper we combine the Iterative Closest
Point ('ICP") and “point-to-plane ICP" algorithms into a single
probabilistic framework. We then use this framework to model
locally planar surface structure from both scansinstead of just
the "model” scan as is typically done with the point-to-plane
method. This can be thought of as “plane-to-plane’. The new
approach is tested with both simulated and reatworld data and
is shown to outperform both standard ICP and point-to-plane.
Furthermor e, the new approach is shovn to be more robust to
incorr ect correspondencesand thus makesit easierto tune the
maximum match distance parameter preseit in most variants of
ICP. In addition to the demonstrated performance impr ovement,
the proposed model allows for more expressve probabilistic
models to be incorporated into the ICP framework. While
maintaining the speedand simplicity of ICP, the Generalized-ICP
could also allow for the addition of outlier terms, measuement
noise,and other probabilistic techniquesto increaserobustness.

I. INTRODUCTION

Overthelastdecaderangeimageshave grown in popularity
and found increasingapplicationsin elds including medical
imaging, objectmodeling,androbotics.Becauseof occlusion
and limited sensorrange, most of theseapplicationsrequire
accuratemethodsof combiningmultiple rangeimagesinto a
single model. Particularly in mobile robotics, the availability
of range sensorscapableof quickly capturingan entire 3D
scenehasdrasticallyimproved the stateof the art. A striking
illustrationof thisis thefactthatvirtually all competitorsn the
DARPA GrandChallengerelied on fast-scannindaserrange
nders as the primary input methodfor obstacleavoidance,
motion planning,and mapping.Although GPSand IMUs are
oftenusedto calculateapproximatedisplacementgshey arenot
accurateenoughto reliably produceprecisepositioning.In ad-
dition, thereare mary situation(tunnels,parking garagestall
buildings) which obstuct GPSreceptionand further decrease
accurag. To deal with this shortcoming,most applications
rely on scan-mathing of rangedatato re ne thelocalization.
Despitesuchwide usage the typical approachto solving the
scan-matchingroblemhasremainedargely unchangedaince
its introduction.

Il. SCANMATCHING

Originally appliedto scan-matchingn the early 90s, the
ICP techniquehas had mary variations proposedover the
past decadeand a half. Three paperspublishedaroundthe
sametime period outline what is still consideredthe state
of the art solution for scan-matchingThe most often cited
analysisof the algorithmcomesfrom Besland McKay[1]. [1]
directly addressesegistration of 3D shapesdescribedeither
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geometrically or with point clouds. Chen and Medioni[7]
consideredthe more speci ¢ problemof aligning rangedata
for object modeling. Their approachtakes advantageof the
tendeng of mostrangedatato be locally planarand intro-
ducesthe "point-to-plane” variant of ICP. Zhang[5] almost
simultaneouslydescribesICP, but adds a robust method of
outlier rejectionin the correspondencselectionphaseof the
algorithm.

Two moremodernalternatvesarelterative Dual Correspon-
dence[15] and Metric-BasedICP [16]. IDC improves the
point-matchingprocessy maintainingtwo setsof correspon-
dencesMbICP is designedo improve cornvergencewith large
initial orientation errors by explicitly putting a measureof
rotationalerroraspart of the distancemetricto be minimized.

The primary adwantagesof most ICP basedmethodsare
simplicity and relatively quick performancewhen imple-
mentedwith kd-treesfor closest-pointlook up. The draw-
backsinclude the implicit assumptionof full overlap of the
shapeseing matchedandthe theoreticalrequirementhatthe
points are taken from a known geometricsurfaceratherthan
measured[1]. The rst assumptionis violated by partially
overlappedscans(taken from different locations). The sec-
ond causesproblemsbecausedifferent discretizationsof the
physical surface male it impossibleto get exact overlap of
the individual points even after corvergence.Point-to-plane,
as suggestedn [7], solvesthe discretizationproblemby not
penalizingoffsetsalonga surface.Thefull overlapassumption
is usually handledby settinga maximum distancethreshold
in the correspondence.

Aside from point-to-planemostICP variationsusea closed
form solution to iteratively computethe alignmentfrom the
correspondencegdhis is typically donewith [10] or similar
techniquedasedon cross-correlatiomnf the two datasets.Re-
cently, therehasbeeninterestin the useof genericnon-linear
optimization techniquesinstead of the more speci c closed
form approacheg9]. Thesetechniquesare advantageousn
thatthey allow for moregenericminimizationfunctionsrather
then just the sum of euclideandistances[9] usesnon-linear
optimization with robust statisticsto shov a wider basin of
corvergence.

We amue that among these, the probabilistic techniques
are some of the best motivated due to the large amountof
theoreticalwork alreadyin placeto supportthem.[2] applies
aprobabilisticmodelby assuminghe secondscanis generated
from the rst through a random process.[4] Applies ray
tracing techniqueso maximizethe probability of alignment.



[8] builds a set of compatible correspondencesand then
maximizesprobability of alignmentover this distribution. [17]
introducesa fully probabilistic framewvork which takes into
accounta motion model and allows estimatesof registration
uncertainty An interestingaspectof the approachis that a
sampledanalogof the GeneralizedHough Transformis used
to computealignmentwithout explicit correspondencetgking
both surfacenormalsinto accountfor 2D datasets.

Thereis alsoa large amountof literaturedevotedto solving
the global alignmentproblemwith multiple scans([18] and
mary others).Many approacheso this ([18] in paricular) use
a pairwise matchingalgorithm as a basic component.This
makes improvementsin pairwise matchingapplicableto the
global alignmentproblemas well.

Our approachfalls somevhere betweenstandardiPC and
the fully probabilistic models. It is basedon using MLE
as the non-linear optimization step, and computing discrete
correspondenceassingkd-trees.lt is uniquein thatit provides
symmetryand incorporateghe structuralassumption®f [7].
Becauselosestpoint look up is donewith euclideandistance,
however, kd-treescan be usedto achieve fast performance
on large pointclouds.This is typically not possiblewith fully
probabilistic methods as these require computing a MAP
estimateover assignmentsin contrastto [8], we amgue that
the data should be assumedo be locally planar since most
ernvironmentssampledfor range data are piecavise smooth
surfaces By giving the minimization processes probabilistic
interpretationwe shaw thatis easyto extendthe techniqueto
includestructuralinformationfrom both scansratherthenjust
oneasis typically donein "point-to-plane”|CP. We shaw that
introducing this symmetryimproves accurag and decreases
dependencen parameters.

Unlike the IDC [15] and MbICP [16] algorithms, our
approachis designedo dealwith large 3D pointclouds.Even
more fundamentallyboth of theseapproachesire somavhat
orthogonalto our technique.Although MbICP suggestsan
alternatve distancemetric (as do we), our metric aims to
take into accountstructureratherthen orientation.Since our
techniquedoesnot rely on ary particulartype (or number)of
correspondenceg,would likely beimprovedby incorporating
a secondarysetof correspondenceasin IDC.

A key difference betweenour approachand [17] is the
computationalcompleity involved. [17] is designedto deal
with planarscandata— the GeneralizedHoughTransformsug-
gestedrequirescomparingevery point in one scanwith every
point in the other (or a proportionalnumberof comparisons
in the caseof sampling).Our approachworks with kd-trees
for closestpointlook up andthusrequiresO(n log(n) explicit
point comparisonsilt is not clearhow to ef ciently generalize
the approachin [17] to the datasetconsiderd in this paper
Furthermoretherearephilosophial differencesn the models.

This paper proceedsby summarizingthe ICP and point-
to-plane algorithms, and then introducing Generalized-ICP
as a natural extension of thesetwo standardapproaches.
Experimentalresults are then presentedwhich highlight the
adwantagesf Generalized-ICP

A. ICP

The key conceptof the standardICP algorithm can be
summarizedn two steps:

1) computecorrespondencdsetweenthe two scans.
2) compute a transformationwhich minimizes distance
betweencorrespondingoints.

Iteratively repeatingthesetwo stepstypically resultsin corver
genceto the desiredtransformationBecausewve areviolating
the assumptiorof full overlap, we are forcedto add a max-
imum matchingthresholddmax . This thresholdaccountsfor
the fact that somepointswill not have ary correspondencin
the secondscan(e.g.pointswhich are outsidethe boundaryof
scanA). In mostimplementation®f ICP, the choiceof dpax
representsa trade off betweencorvergenceand accurag. A
low valueresultsin bad cowergence(the algorithmbecomes
“short sighted”); a large value causesincorrect correspon-
dencedo pull the nal alignmentaway from the correctvalue.
StandardCP is listed asAlg. 1.

input : Two pointclouds:A = fa;g;B = fhhg
An initial transformationTg
output: The correcttransformation,T, which aligns A

andB

1T To;
2 while not corverged do
3 for i 1to N do
4 m; FindClosestPointInA (T b);
5 if jjmi T Bjj dnax then
6 \ wi 1
7 else
8 \ wi O
9 end
10 end

T argminf  wijjT b m;jj%g;
11 T ;
12 end

Algorithm 1: StandardCP

B. Point-to-plane

The point-to-planevariantof ICP improvesperformanceby
taking advantageof surface normal information. Originally
introducedby Chenand Medioni[7], the techniquehascome
into widespred useas a more robust and accuratevariant of
standardICP when presentedwith 2.5D rangedata. Instead
of minimizing jjT b  m;jj2, the point-to-planealgorithm
minimizeserror along the surface normal (i.e. the projection
of (T B m;) onto the sub-spacespannedby the surface
normal). This improvementis implementedby changingline
11 of Alg. 1 asfollows:

T arnginf wiji i (T b m)jj?g
I

where ; is the surfacenormalat m;.



Il . GENERALIZED-ICP

A. Derivation

Generalized-ICRs basedon attachinga probabilisticmodel
to the minimization stepon line 11 of Alg. 1. The technique
keepsthe rest of the algorithm unchangedso as to reduce
complity andmaintainspeed Notably, correspondencesre
still computedwith the standardcuclideandistanceratherthen
a probabilisticmeasureThis is doneto allow for the use of
kd-treesin the look up of closestpoints and hencemaintain
the principle advantagesof ICP over otherfully probabilistic
techniques- speedand simplicity.

Sinceonly line 11 is relevant, we limit the scopeof the
derivation to this contet. To simplify notation, we assume
that the closestpoint look up has already been performed

.....

(i.e. 3 correspondsvith by). For the purposeof this section,
we alsoassumaall correspondencesith jjm; T bjj > dmax
have beenremoved from the data.

In the probabilistic model we assumethe existence of
an underlying set of points, A = fag and B = fhg,
which generateA and B accordingto a N (&;Ch)
and b N (B;CP). In this case,fCAg and fCBg are
covariance matricesassociatedvith the measuredpoints. If
we assumeperfectcorrespondence@eometricallyconsistent
with no errorsdueto occlusionor sampling),andthe correct
transformation;,T , we know that

6=T & (1)

For an arbitraryrigid transformation,T, we de ne di(T) =
b Ta, and considerthe distribution from which d{"
is dravn. Since a; and by are assumedto be dravn from
independentGaussians,

d' ) N (T)H&;C®+ (T)HCAT )T
= N(0;CP + (T )CM(T )T)

by applying Eq. (1).
Now we useMLE to iteratively computeT by setting

Y (T) X (T)
T = argmax p(d; ’) = argmax  log(p(d; ’))
T [ T [
The above canbe simpli ed to
KT (T)
T=argmn d'’ (CBE+TCATT) d 2)
T .
|
This de nes the key stepof the Generalized-ICRalgorithm.
The standardICP algorithm can be seenas a specialcase
by setting

CE =1
ch=0

In this case,(2) becomes

.
T = argmin di(T) di(T)
T i
.. .2
jid ™

argmin 3)

T i
which is exactly thestandardCP updateformula.

With the Generalized-IPGramenork in place,however, we
have more freedomin modeling the situation; we are free
to pick ary setof covariancesfor fC/ g and fC2g. As a
motivating example,we notethatthe point-to-planealgorithm
canalso be thoughtof probabilistically

The updatestepin point-to-planelCP is performedas:

X
jiPi diji’g (4)

T = argminf
T i

at b. This minimizes the distanceof T & from the plane
de ned by by andits surfacenormal.SinceP; is anorthogonal
projectionmatrix, P; = P;? = P;'. This meansjjP; d;jj?

can be reformulatedas a quadraticform:

jiPi dijiz= (P d)" (Pi d)
= d;r Pi di
Looking at (4) in this format, we get:
X

T = argminf d' P; dig (5)
T i

Observingthe similarity betweenthe above and (2), it can

be shown that point-to-plane ICP is a limiting case of

Generalized-ICPn this case
CiB - Pi 1
ch=0

(6)
(7

Strictly speakingP; is non-irvertible since it is rank de -
cient. However, if we approximateP; with an invertible Q;,
Generalized-ICRapproachegpoint-to-planeas Q; ! P;. We
can intuitively interpret this limiting behaior as b being
constrainedlongthe planenormalvectorwith nothingknowvn
aboutits locationinside the planeitself.

B. Application: plane-to-plane

In orderto improve performancerelative to point-to-plane
andincreasehe symmetryof the model,Generalized-ICRan
be usedto take into accountsurface information from both
scans.The most natural way to incorporatethis additional
structureis to include information aboutthe local surface of
the secondscaninto (7). This capturesthe intuitive nature
of the situation, but is not mathematicallyfeasiblesince the
matricesinvolved aresingular Instead we usethe intuition of
point-to-planeto motivate a probabilisticmodel.

Theinsight of the point-to-planealgorithmis that our point
cloud has more structurethen an arbitrary set of points in
3-space;it is actually a collection of surfacessampledby
a range-meaging sensor This meanswe are dealing with



Fig. 1.

illustration of plane-to-plane

a sampled2-manifold in 3-space.Since real-world surfaces
are at leastpiece-wisedifferentable, we can assumethat our
datasets locally planar Furthermore sincewe are sampling
the manifold from two different perspecties, we will not in

free to move alongthe y-axis. The incorrectcorrespondences
thus form very weak and uninformative constraintsfor the
overall alignment.

Computingthe surface covariancematricesrequiresa sur
facenormal associatedvith every point in both scans.There
aremary techniquedor recoveringsurfacenormalsfrom point
clouds, and the accurag of the normals naturally plays an
important role in the performanceof the algorithm. In our
implementationwe usedPCA on the covariancematrix of the
20 closestpoints to eachscanpoint. In this casethe eigen-
vector associatedwith the smallest eigervalue corresponds
with the surface normal. This methodis usedto compute
the normalsfor both point-to-planeand Generalized-ICPFor
Generalized-ICPthe rotation matricesare constructedso that
the componentof the variancelines up with the surface

generalsamplethe exact samepoint (i.e. the correspondence normall

will never be exact). In essencegvery measuredpoint only
provides a constraintalongits surfacenormal. To model this
structure,we considereach sampledpoint to be distributed
with high covariance along its local plane, and very low
covariancein the surface normal direction. In the caseof a
point with e; as its surface normal, the covariance matrix

becomes 0 1
00

@0 1 0A
0 01

where is a small constantrepresentingovariancealongthe
normal. This correspondgo knowing the position along the
normalwith very high con dence,but being unsureaboutits
locationin the plane.We modelbotha; andb asbeingdravn
from this sort of distribution.

Explicitly, given ; and ; —therespectre normalvectorsat
h anda; — CB andC” are computedby rotating the above
covariancematrix so that the term representauncertainty
along the surface normal. Letting Ry denote one of the
rotationswhich transformbhe basisveciorel I X, set

00
@o 1 0A RT

0 0 1
0 1

00
@0 1 0A RT

0 01

The transformation;T , is then computedvia (2).

Fig. 1 providesanillustration of the effect of the algorithm
in anextremesituation. In this caseall of the pointsalongthe
vertical sectionof the greenscanare incorrectly associated
with a single point in the red scan. Becausethe surface
orientationsareinconsistentplane-to-planevill automatically
discountthesematchesthe nal summedcovariancematrix
of eachcorrespondencwill beisotropicandwill form a very
small contrikution to the objective function relative to the thin
and sharply de ned correspondenceovariancematrices.An
alternatve view of this behaior is asa soft constraintfor each
correspondencd he inconsistenmatchesallow the red scan-
point to move alongthe x-axis while the greenscan-pointsare

CiB:R

CA=R

IV. RESULTS

We compareall threealgorithmsto testperformanceof the
proposedtechnique.Although ef cient closedform solutions
exist for T in standardCP, we implementedhe minimization
with conjugategradientgo simplify comparisonPerformance
is analyzedn termsof cornvergenceto the correctsolutionafter
a known offsetis introducedbetweerthe two scansWe limit
our teststo a maximumof 250iterationsfor standardCP, and
50 iterationsfor the othertwo algorithmssince corvergence
was typically achiezed beforethis point (if at all).

Both simulated(Fig. 3) andreal (Fig. 4) datawasusedin or-
derto demonstratdoth theoreticalandpracticalperformance.
The simulateddatasetalso allowed teststo be performedon
a wider rangeof ervironmentswith absolutelyknown ground
truth. The outdoor simulated ervironment differs from the
collecteddataprimarily in the amountof occlusionpresented,
andin the more hilly featuresof the groundplane.The real-
world outdoortestsalso demonstrag performancewith more
detailedfeaturesand more representatie measurementoise.

Simulateddatawasgeneratedby ray-tracinga SICK scanner
mounted on a rotating joint. Two 3D ervironments were
createdo testperformanceagainstabsolutegroundtruth both
in the indoor (Fig. 2(a)) and an outdoor (Fig. 2(b)) scenario.
The indoor ervironment was basedon an of ce hallway,
while the outdoorsettingre ects a typical landscaperounda
building. In both casesye simulateda lase-scanneequipped
robot traveling along a trajectoryandtaking measurementat
x edpointsalongthe path.Gaussiamoisewasaddecdto make
the testsmore realistic.

Testswere also performedon real data from the logs of
an instrumentedcar The logs included data recordedby a
roof-mountedVelodynerange nder asthe car madea loop
througha suturbanenvironmentandwereannotatedvith GPS
and IMU data. This madeit possibleto apply a pairwise
constraint-based5LAM techniqueto generateground truth

1In our implementatiorwe computethesetransformationsy considering
the eigendecompositiorof the empirical covarianceof the 20 closestpoints,

= UDU T. We thenuse U in place of the rotation matrix (in effect
replacingD W|th diag( ; 1; 1) to get the nal surface-alignednatrix).












by hand, the real world data containsmuch more detailed,
high-frequeng data. This increaseshe chancesof incorrect
correspondenceshich sharea commonsurfaceorientation—
a situationwhich is not taken into accountby our algorithm.
Nonethelessgven whencomparingworst-castvaluesof dmax
for Generalized-ICRwith best-casevaluesfor point-to-plane,
Generalized-ICherformsroughly as good.

As mentionedin Sectionll, the dnax plays an important
role in the performanceof ICP. Settinga low value decreases
the chanceof corvergence,but increasesaccurag. Settinga
value which is too high increaseghe radiusof corvergence,

experimentsGeneralted-ICPwasshavn to increaseaccuray.
At the sametime, the useof structuralinformationfrom both
scansdecreasedhe in uence of incorrect correspondences.
Consequentlythe choiceof maximummatchingdistanceas a
parameteffor the correspondenc@hasebecomedesscritical
to performance Thesemodi cations maintainthe simplicity
andspeedof ICP, while improving performanceandremoving
the tradeoff typically associatedvith parameteiselection.
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are made. The algorithm proposedin this paper heaily

reducesthe penaltyof picking a large value of dmax by dis-
countingthe effect of incorrectcorrespondencesl his makesit

easierto getgoodperformancen awide rangeof environment
without hand-pickinga value of dnax for eachone.

In addition to the increasedaccurag, the new algorithm
gives equal consideratiorto both scanswhen computingthe
transformationFig. 6 and Fig. 7 shav two situationswhere
usingthe structureof both scansremoved local minimawhich
were presentwith point-to-plane.Theserepresenttop-davn
views of velodyne scansrecordedapproximately30 meters
apartandaligned.Fig. 8 shavs someadditionalviews of the
samescanpairsto betterillustrate the structureof the scene.
The scanscover a range of 70-100 metersfrom the sensor
in an outdoorernvironmentas seenfrom a car driving on the
road.

Becausehis minimizationis still performedwithin the ICP
framawork, the approachcombinesthe speedand simplicity
of the standad algorithm with some of the advantagesof
fully probabilistic techniquessuch as EM. The theoretical
frameawork also allows standardrobustnesstechniquesto be
incorporatedFor example,the Gaussiarkernel canbe mixed
with a uniform distribution to model outliers. The Gaussian
RVs can also be replaced by a distribution which takes
into accounta certain amountof slack in the matchingto
explicitly modelthe inexactcorrespondenceby assigninghe
distribution of d!" a constanidensityon someregion around
0). Although we have consideredsome of thesevariations,
none of them have an olvious closedform which is easily
minimized. This makes them too comple to include in the
currentwork, but a goodtopic for future research.

V. CONCLUSION

In this paperwe have proposeda generalizationof the
ICP algorithm which takes into accountthe locally planar
structureof both scansin a probabilistic model. Most of the
ICP framework is left unmodi ed so asto maintainthe speed
and simplicity which make this classof algorithms popular
in practice;the proposedgeneralizationonly dealswith the
iterative computationof the transformation.We assumeall
measuregbointsaredravn from Gaussiansenteredatthetrue
points which are assumedto be in perfect correspondence.
MLE is then usedto iteratively estimatetransformationfor
aligningthe scansln arangeof both simulatedandreal-world
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