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Abstract—This document serves as supplementary material for
the main paper. A video with a more detailed illustration of the
simulation results is also provided.

I. DHDE DETAILS
A. Proof of Proposition 1

First, it is straightforward to show the equivalence be-
tween minimizing the costs in (1la) and (13a), since
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which yields jf(Ql,qz) after substituting with @Q; = E;l,
g =X; !11; and neglecting the constant terms. Note that the
objective function jf(Qi, gi) is jointly convex for Q;, g;.
Next, we show the equivalence between the constraints
(11b) and (13b-c). For the convenience of the reader, let us first
restate a result known as the S-Lemma by Yakubovich [1]. Ac-
cording to the S-Lemma, given two functions f1, fo : R® — R
with f1(z) = 2T Ajx+bTx+c; and fo(z) = 2T Agz+bT z+co
and if there exists an Z such that f;(Z) > 0, then the following
is true
fi(x) > 0= fa(z) >0,

Ve, 44)

if and only if there exists a 7 > 0 such that fo(z) >
7f1(x), V. In constraint (11b), we enforce that if z € R"»
is such that

(x - ,L_‘n)Ti:Ll(z - ﬂn) < a, 45)
then it should follow that
(x — ﬁi)Tii_l(z — ;) < a. (46)

Using the S-Lemma, this is equivalent with imposing the
constraints 7, > 0, Vn € Cf and

a—(z—p) 87 (@ — ) > (o= (2 —fin) T2, (@ — i),
which can be written in matrix form as
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where & = [z;1] and
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By definition, the constraint (47) is equivalent with V,, > 0.

Furthermore, by applying the Schur complement w.r.t. Voo, it
follows that V,, = 0 is equivalent with .S,, > 0, where

S Sz 0
Sp =[St S S|, (48)
0T SQT3 Ss33

with

S11 = Vi1, Sia = Vig, Sao = a — Tpa + T fit X i,
Soz = (27 )T, Ss3 =271

The expressions in (14c) follow after substituting with ); and
q;. Finally, it is evident that the constraints (11c) and (13d)
are equivalent since X; > 0 if and only if X !~ 0. Note
that all constraints are convex as well. Therefore, the problem
presented in Proposition 1 is a convex optimization one.

B. Proof of Proposition 2

The equivalence between the costs (16a) and (17a), as well
as the equivalence between the constraints (16b) and (17b)-
(17¢) follow directly from Proposition 1. Next, we show that if
the constraints (17d) and (17¢) are satisfied, then the constraint
(16c¢) is also satisfied. In fact, the constraint

Eolpi, Xi] N Eglpy, 25] = 0 (49)
will hold if the following constraint holds
€ [Eoli, 2i]] N € oy, E5]] =0, (50)

where ¢’[€] denotes the minimum area enclosing circle of an
ellipse &. Of course, €' [Eglfii, £4]] is a circle with center fi;
and radius \/aAmax(2;), which is the major axis length of
Eo|fii, ¥;). Hence, the constraint (50) can be rewritten as

1~ fill2 2 /@A (1) + f0Amax(E)).
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or equivalently as
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By introducing the auxiliary variables ¢;, ¢;, the constraint
(52) is equivalent with the set of constraints

1Q; '3 — Q;'gjll2 > o, 7+ ¢j_1/2,
S VY ey
)‘min(Ql)

where (53a) is the same as (17d). The constraint (53b) can be
rewritten as

(52)

1Q; '@ — Q5 'q

(53a)

(53b)

Qi = ¢pral

which yields (17e). Finally, the constraints (16d) and (17f) are
equivalent.

(54)

C. ADMM Derivation

After introducing the augmented variables Q~l Qi ¢~>i, and
the global ones G, g, z, the problem presented in Proposition
2 can be reformulated as

min > JH(Qi, i) (55a)
iect—t

st Sin(QisgisTim) = 0, n€CY, (55b)
Tin >0, n €Cf, (55¢)
hi(Qi, i i) < 0, (55d)
Ti(Qi, ¢:) = 0, (55e)
Qi =0, (55f)
Qi=Gi, G =g, bi=7%, i€C, (552)

where h;(Qi, i, <;~SL) is defined as
hi = [{hl,j(QlaQZa¢13Q;7Q;3¢3)}j€n[cle]] (56)

Let us also introduce the indicator functions Zs, (Qis @iy Tim)s
Ty, . (Tin)s Tn,(Qi, Gis #4)s I, (Qis ¢4), Lg,(Qi), which take
a zero value if the constraints (55b), (55¢), (55d), (55e), (55%),
respectively, are satisfied, and become infinite, otherwise.
Then, the Augmented Lagrangian (AL) for this problem can
be formulated as

L= Z jle(Q“ qz) + Ihi (QZ) Q’ia ¢~)’L) + IT,; (Qi, d)z)
iect™?
+ IQi (QZ) + Z Isi,n (sz qis Ti,n) + Iﬂ-,n (Ti,n)

nect

+tr(ET(Qi — Ga)) + &5 (G — §i) + v (i — %)

PR A A Pgi~ Po 7 -
+ B2Qs = Gilly + FHldi = aill3 + 521161 — 213

Therefore, the ADMM upda~tes are deriyed as follows. First,
the updates for the variables @;, §; and ¢;, are given by

{Qi, G, &i} = argmin £ (57)

for all i € Cf;*l. The minimization in (57) leads to the local
problems

{Qi,Gi, &} = argmin J(Qs, G, $i) (58a)
st Sin(Qi,qisTin) =0, n€CY, (58b)
Tim >0, n € CY, (58¢)
hi(Qi, G, di) < 0, (58)
Ti(Qi, ¢:) = 0, (58e)
Qi -0, (58f)

where

Jf = J5(Qirqi) + tr(EF(Qs — Gi) + €7@ — 30)
13 PRy A 5 Pay~  ~
+yl (6= 2) + BL1Qi = Gilly + BHa: - il

+ 2206 - 513, (59)

Subsequently, the global variables G, g and z are updated by
{G,g,z} = argmin L. (60)
using the updated values of Qi, q; and qNSi, Vi € C4~1. The

minimization in (60) can be separated for all G;, g; and z;,
leading to the following averaging steps

1
G, = Q’ (61a)
m'[Cl]] Z,Z
JEm [CZ]
1 J
gi = q; (61b)
[ [Cf]] ZE
jem [Cq]
1 .
zifl e Z o (61c)
P jem[Cy]

After these updates are performed, then the dual variables are
updated through dual ascent steps, as follows

Ei  Zi + po(Qi — Gi) (62a)
&+ & + pg(@ — 3) (62b)
Yi < Yi + pg(di — i), (62¢)

by all i € C471.

D. Implementation Details

1) Constraint Linearization: In the local problems (21),
all cost terms and constraints are convex, except for the
constraint (21d). We accommodate for that by linearizing
the constraint in every ADMM iteration around the pre-
vious values of the included variables, which we denote
with Q},q, ¢}, Q;’,d;',¢;’, where we drop the superscript
i to lighten the notation. The first order Taylor approxima-

tion of h;; around (Q,q., ¢}, Q;',q;',¢,') is denoted by



hi(Qi, @i» ¢i, Qj, @, ¢5) Where
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2) Termination Criterion: We suggest two options for the
termination criterion in Line 10 of Alg. 1. The first one that
would not require any additional communication would be to
just set a maximum amount of ADMM iterations. The second
option would be to also check whether the ADMM primal and
dual residuals norms are below some prespecified thresholds to
allow for early termination. In particular, the primal residuals
norms are given by

€primal,1 = Z ||Ql - iHF?

i€Cé?

€primal,2 = Z HQ’L - EiHQ’
iect™?

€primal,3 = Z ||§Z)1 - éi”Q?
iech™?

while the dual residuals norms are given by

€dual,1 = PQ Z ||ﬂ - Ti,prevHF7

ieCt™?

€dual,2 = Pq Z ||£z - fi,prev||2;
ieCt™!

€dual,3 = Po Z ||22 - gi,prcv||2~
iect™!

Note that the latter approach would require all agents 7 € Cffl
sending their variables to agent a so that the residuals are
computed.

L @-a))

II. DHDS DETAILS

A. Detailed Expressions

The decision variables @; € RV, L, € RN™Xn= apd

K, e RNmuXNna gre given by u; = [ﬂi,o; R ﬂLN—lL
S T ﬂ;r,Nﬂ]T,
Li= [LEO L;ljl LZN—JT»
0 0 - 0 0
Ki (0.0 0 0 0
K, = | Kiao Kiay - 0 0
Ki(n—2,0 Ki(n-21) K;(n—2n-2) O

The matrices Vg, ¥, and ¥, have the following form

Ty=[1 AT ANTIT
0 0 0
B 0 e 0
v, = | AB B e 0
AN-1p AN=2B ... B
0 0 .. 0
v, = | A I 0
AJ\'I—l AJ\}—Z I

The mean state p; j is given by
tik = fin(t;) = Prfi(a;), (63)

where

fi(ts) = Wopi 0+ Wy, (64)

and Py == [0,...,1,...,0] € RN«x(W+DNe_ Fyrthermore,
the state covariance X; i is given by

Sik = Fir(Li, K;) = PoF;(Li, K;) Py (65)
where

Fi(Li, K;) := (W + U, L)% 0(¥o + U, L;)T

with W = blkdiag(W, ..., W) € S}, .

B. Proof of Proposition 3

First, let us show the equivalence between costs (25a) and
(32a). The cost function J¢(uf) can be rewritten as

T8 (ui) = E[u) Ru;] = E[tr(RlululT)] = tr(E[RluZulT])



Using (28), we obtain
I3 (u;) = J3 (1, Li, K)

= tr(Ru;u; + RK;WK;" + RL;S, oL})
= a; Ru; + tr(RK,WK + RL; Y oL} ),

where Z; o = x; 0— t;,0 and we used the facts that E[Z; o] = 0,
E[fzvo’w?} = 0, E[’IUZ’LU;I‘] = W and E[jzy()jgo] = Ei,()-
Furthermore, the dynamics constraints (25b) are implicitly
satisfied since in all expressions we use (31) for the state mean
and covariance.

It is also trivial to show that the constraint f; y(@;) = 0
is equivalent to E[r; n] = p;¢. Moreover, if we write

Di(Li, Ki) = [(Po + WuLi)  (Wy + U, K;)] Qi (66)

where Q,QF = blkdiag(3; 0, W) and define ®; 1(L;, K;) =
Py®,(L;, K;), then the constraint ¥,; = F; v(L;, K;) =
(I)i,k(LiyKi)q)i,k(LmKi)T is equivalent with

Yt ®; v(Ls, K;)

®; N(Li, K;)T 1 =0 (67)

Fin(Li, K;) =
by using the Schur complement of F; v (L;, K;) w.r.t. I.

Subsequently, we show that if the constraints
Qir(Li, K;) = 0 and q;;%(@,a;) > 0 are satisfied,
then the constraint g; ; x(pix,pj k) > 0 is satisfied as well.
In particular, the latter constraint will be true if the following
inequalities hold,

(68a)
(68b)

- ﬂj,k”Z 2 dinter + 2T7
OZ)\max(ii,k

[ i e
) <,

where we drop the superscripts ¢ for notational convenience. If
we plug the mean state expressions into (68a), then we obtain

I fin(@s) — Fin(@;)|l2 > dinger + 2, (69)

which yields the constraint q; j (%, %;) > 0. Furthermore,
the constraint (68b) can be rewritten as

2
Amax(2 ) S - (70)
a’
which is equivalent with
2
HEF; x(Li, K)HT = — <0. (71)
!
or using again the Schur complement with
rf )2
(ﬁ) 1 H(I)i,k(Liv Kz) - 0 (72)
®; p(Li, K;)THT I

which is identical with Q; x(L;, K;) = 0. With similar argu-
ments, it can be shown that if the constraints Q; 1 (L;, K;) = 0
and s; 5 (@;) > 0 are satisfied, then the constraint s; ;. (p;.r) >
0 is also satisfied.

Finally, we wish to show that if the constraint p(a;) < 0
is true, then the constraint (25f) is also true. Since (68b)

holds, then it suffices to enforce a contraint that

lie within an ellipse with center /lggl)

ﬁf’k should
, major axis length
(01
V@i (54 )=
and the same orientation as the ellipse & [ua . ,Zf; kl] These
specifications can be captured if the followmg 1nequahty holds

ae Pt — ) <1, (73)

)\max(Z(z 1)) r, minor axis length

¢
(Mz‘,k
where

~ 1 N
P=-UAUT,
[0

2
A= Al/Q_L]
(- Ja1)

and [A, U] is the eigendecomposition of 25_1 This is true

since the ellipse P and f} have the same elgenvectors the
major axis length of the elllpse in (73) is

\/1A = \/alA = Ol)\max(f\)
Amin (P) Amin(A™1)
VA (A1/2 _ %])
)

= \/eAmax (B ) —
and similarly it can be shown that the minor axis length is
1 —(—
— = \/®Amin (Eyk 1)) -7
Amax(P) ’
C. ADMM Derivation

The derivation is similar with the one in Section I-C of the
SM. With the introduction of the augmented variables u; and
global variable b, problem (35) can be reformulated as

{“l}zecf 1 = argmin Z +1(4) (74a)
iect?

st fin(u) =0, s;5(a;) >0, p;r(a;) <0, (74b)

q:x(4;) >0, ke[0,N], (74c¢)

G =b;, ieCY, (74d)

with f; = [{hi (@i, @%)} jenicy]- The AL for this problem is
given by

L= Ji(w)+ Ty, () + Lo, (W) + T, (W)
iectit
o+ T (i) + of (8 = bi) + Bl — il
where the indicator functions are of the same form as in
Section I-C of the SM. The updates for the variables u;, are

given by 4; = argmin £, which leads to the local problems

U; = argminJ 1 () (75a)
st fin () =0, sik(t) >0, pix(u;) <0, (75b)
Q.0 (Wi, @) 2 0, j €n[Cf], ke [0,N],  (75¢)



with
s (~\ _ IS (= T/~ 7 Py ~ 712
Jiq () = J7 4 () + v (4 — bi) + ?”Uv —billz.  (76)
The global update given by b = argmin L, leads to the update
rules 1
b = ! (77)
[m’[C]] 2

jem’[Ct]

using the updated values of ﬂf . Finally, the dual updates are
given by ~

v; < v + pu(; — b;). (73)

D. Implementation Details

1) Constraint Linearization: In problems (36), all cost
terms and constraints are convex, except for the constraints
q;,5.5(%i, @) > 0 and s; ,(4;) > 0. To address these non-
convexities, we linearize the constraints in every ADMM
iteration around @}, ﬂ;, which are the previous values of @, ;.
Thus, we replace the aforementioned constraints with

Gi (Wi, 05) > 0, j €n[Cf], k€ [0,N], (79a)
s ,(u;) >0, ke [0,N], (79b)
where
= / / T i
i,k (Uis Uj) = qa 50 (Ug, U5) + Vﬁﬁl@j,k’ﬂ (u; — ;)
T ) '
+ Va, Qi | (45 — ),
J T
5 k(i) = 85i,5(07) + Va, ik ., (u; — ;)
and
1
Va,Gijr = ———(HPY) ¢k
G, e ll2
Va, Qijr = (HPY.,) Gk

G,k ll2

Gije = HPy (‘I’o(ui,o — wj0) + Uy (a; — ﬁ;))

HP,U,)Tn;
Tl L) ik

vﬂiﬁi,k =

ik = H Py (Yopio + Vulls) — po.

2) Termination Criterion: The termination criterion in Line
10 of Alg. 2 is similar with one presented in Section I-D of
the SM. In particular, we either set a maximum amount of
ADMM iterations or check whether the residual norms

€primal = Z s = bil2,
iect™?!
€dual = Pu Z ||l;z - Ei,prev”%
iect—!

are below some predefined thresholds. Note that in the latter
case, all agents i € C:~! would be required to send their
variables to agent a during every ADMM iteration.

III. SIMULATION DETAILS

In the simulation experiments, all agents are modeled
with 2D double integrator dynamics which are discretized
with dt = 0.05s. The time horizon is N = 100 for
all tasks. For the first two tasks, the noise covariance is
W = diag(0.02,0.02,0.2,0.2)2, while for the third one it
is W = diag(1072,1073,1072,1072)2. For all tasks, we set
6 = 0.997. For both DHDE and DHDS, the maximum amount
of ADMM iterations is set to 20. All penalty parameters are
selected to be p = 103.
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