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Fig. 2. Equations of Motion as a Linear Complementarity Problem (LCP)
following optimization problem, Je(zy) is [If(z4), IE (1), - . ., IP(21)], wherein
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t=0 and the remaining entries Of (z1) are all zerosig isa2n 1
glariable vectorJd¢(xy) is multiplied by \f to generate a vector

Sincexy is a vector containing all cells’ positions, the loss i -
ot g P g'f‘g”ue frictional forces and torques between the support surface

the sum of distances between each cell’s ground-truth pose . N
its predicted pose, which is equivalent to the average dista d each cell of the objecOr(z;) de nes the direction of

(ADD) metric as proposed in [53]. In the following, we explain € fr?ctional forces and torques as the opposite of its current
how velocity functionV is corhputed. velocity 2y = [ &, ;e By;tliza , Whereasiy de nes the scalar
magnitudes of the frictional forces and torques.

The friction terms have complementary constraints, stated
in Fig.[d. These constraints are used to distinguish between

We adopt here the formulation presented.in [51/54, 55]. Wee cases when the object is moving and friction magnitudes
adapt and customize the formulation to exploit the proposegd are equal top diag(M), and the case when the object
grid-structure representation, and we extend it to include friis stationary and the friction magnitudag are smaller than
tional forces between a pushed object and a support surfagdiag(M). When the object moves, and assuming that the
The transition function is given asi.1 = x¢ + ztdt where change in the direction of motion happens smoothly, we have
dt is the duration of a constant short time-step. Veloaity J¢(z¢)zs+ gt < 0. Therefore;y > 0 because of the constraints
is a function of forceF; and mechanical parametehd and p = Je(z)zi+at + I and p 0 and ~v 0. Then
w. To nd zg4+1, we solve the system of equations of motiof = 0 because of the constraintt = 0. We conclude that
that we present in Figu@ 2, wherg andz; are inputsp,&] A¢ = pdiag(M) from the constraing€ + A = pdiag(M).
are slack variable$gy+ dt, Ae, Af, ¥] are unknown vectors, and Similarly, one can show thats < pdiag(M) if zy: gt = 0.
[M, ] are hypothesized mass and friction matriactiag(M) To simulate a trajectorzo, xo, Fo, €1, 21, F1,...), we iter-
isal 3n vector corresponding to the main diagonalldf. atively nd velocities zy. ¢¢ by solving the equations in Fif] 2

Je(z¢) is a global Jacobian matrix of all the adjacencyhere (zt, zy, Ft, t, M) are xed inputs and the remaining
constraints in the grid structure. These constraints ensure thatiables are unknown. The solution is obtained, after an
the different cells of the object move together with the sanimitialization step, by iteratively minimizing the residuals from
velocity. Je(xt) is anm  n matrix wheren is the number of the equations in Fig.]2, using the convex optimizer of [56].
cells, andm is the number of pairs of adjacent cells.

IV. FORWARD SIMULATION

V. MASS AND FRICTION GRADIENTS

2 . n 3 . . .
Je&tx) o3& (k) To obtain material parametefiM, ], a gradient descent on
Je(ze) = 4 : .5, the loss function in Equation 1 is performed. A rst approach
IMx) i 3T (%) to compute the gradient is to use tHerograd library for

. . automatic derivation in Python. We propose here a second
If cell 7, whose four sides have lengthis one of the two simpler and faster approach based on deriving analytically the

adjacent cells in the pair indexed lay then closed forms of the gradienesS(M:) gng @IOSS(A/;!: )
.. lsini 1 0 - 00 0 Let us denote by(zg,;,As, Af,7*) the solutions for
JKi () = 0s | o 1 ‘Else J () = 0 0 o (zm1,Xe Ar,7) in the system in Fig. 2. Let us also use
7 t

D(x) to denote a matrix that contains a vectoras a main
Aeisa2m 1variable vector that is multiplied by the Jacobiafliagonal and zeros elsewhere. Finally, kiag(M) refer
Je(zy) to generate the vector of impulsék' (1) \e, which to the main diagonal oM. In other terms,diag(M) =
are time-integrals of internal forces that preserve the rigldi, M1, Ma, ..., In, Mn, Mp]. Then,
structure of the object. g M ey + 3T () o % 3T (0) ; + Mx; + Fudt =0

J¢(xt) is ann  n Jacobian matrix related to the frictional ™ ; e(Xt)X(sy =0;
forces between the object’s cells and the support surface, agdb ( ;)(J ¢ (xt)x.,q )=0;
the corresponding constraints. The main block-diagonal of D( )( diag(M )) =0 :



The differentials of the system are given as Therefore,

O Xy M @1 +3d (Xt)@e+ I (x1)@¢ + @M X; =0; 2X1;1 X120 X113 (x1)D I( )3
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>D(J ¢ (Xt)Xi4q J@s +D( NI t(X)@&x+1 @)=0; X311 Xg2 X33 X3;4
' D(; diag(M)@+D( )@ @ diag(M) @diag(M))=0; Xar Xaz Xas Xaa
wherein 9z, dz1, 03J (1), 837 (1) are all zero matrices The rst term infas, az, a3, as] is then
and vectors because; and z; are xed and treated as a _ @loss .
constant since they are set4§ andz{ in Equation 1. Also, T @ xiea) VY
0F: = 0 because the applied force at timds given as a he f
th
constant in the identi cation phase. The differentials can band the four terml s
arranged in the following matrix formzX = Y, gz 2OIOSS 3T D N )
2 3 @ xi+1)
M J g (xt) I (xt) 0 @Ioss
6=, e)(xﬂ( D% o0 ! ) 0 | Z Since g dma) = [o1,c0.05 cllIMizia
D J¢ (Xt 0 D(J f(Xt)Xs D * T
f o YRS D(,  diag(M)) 21),0,0 D(v )O(ndiag(M))] ", then
[ [
. m( @e1) = _ @loss X11@M (Xay  Xi)
X = [ Oz, 0%, 0N, 0T, @ xia) @ Xia)
T 1 H
Y = [0M(zfy  ),0,0,D(v")d(udiag(M))] . +  X13{ (x)D *( ) D( )@ diag(M)
[
Also, ey K@ (e %)+ X123 (0) @ diag(M)
ﬂ( Oxs1) = [ M,o, 0,0]Xx In the following, we show how to use the equation above to
9 21e1) O zg+1) derive §%%2 and £ and use them in @oordinate descent
M,ovo’o]gfly = [ a1, az, az, aalY, algorithm to identify(M*, *) from data.
O( 1)

A. Mass Gradient

wherein[az, az, a3, 4] is de ned as @'OSS ,0,0,0]G~ L.
laa, a2, a3, adl 5 ] We calculatedSe® while settingdy = 0

e(—
We use the blockW|se matrix inversion to comp@h‘-f1

Nog'1_MNa 801yt (A B0 ic) D U @SS gyy= @O @ (ke %)
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T .
whereA and D are square matrices, addland(A BD~1C) o Xudy (k) @diag(M)

are invertible. Notice that to compufie;, az, as, as], we only Then,

need the upper quarter ¢f—, because the remaining raws

will be multiplied by 0. Consequently, termg(A, B, C, D) Q@loss ( @u+1) _ _Qloss
andh(A, B,C, D) do not matter here, and we only need thé® ) @ @xs1)
terms(4 BD 'C)"'and (A BD 1C)"1BD-!. The From the de nition of thg,loss function in Equati¢n 1, we

X1 I (xt)  D(Xer1  X1)

rst term (A BD~1C)~! corresponds to can see thagloses = 2dt "Dzt af,, , wherein
i h [ i_1 29, isth rved ground-truth f th
MTT o0 ) 0 D= ()% — ) —D( ) Tir is the observed ground-trut poseo the object apd
0 o o o D( )D( , — diag( M) is its predicted pose, computed &g = z{ + zjdt. Finally,
[
D( )J(x) O
0f ' 0 : @IOSS—Zdt D Xt+1 X?+1 X151 JfT (x1) D (X¢41 Xt)

In the model identi cation phase, we only utilize data points e

where the object actually moves when pushed by the robot.
Thus, Jf(zi)zyy = 0andX; pdiag(M) = 0, and B. Friction Gradient

h i h i @loss =
(4 BDC)1= Mo T Tt _un X We caIcuIate— while settingdM = 0.

Je(xt) 0 Xz Xaz - @loss @loss T .
Using the blockwise matrix inversion, we nd that @ o)l @)= gy Xy ()@ diag(M )

X1=M +M 3T x )3 ex)M 13 (%)) Je(x )M : Then,

We will see in the following that the remaining matrices, @loss ( @uwn) _ _@loss T (xOM
X1.2, X217 and X.,, will not be needed. Similarly, the top @ xi+1) @ @ xi+1) U
right of Ghl is (A BD~ 1021 !BD~1. Itis given as Finally.
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the edge and grasped without losing it. The experiments black-box optimization methodsCMA-ES [58] and Nelder-

this task are performed using the real Kuka robot and Mead, and an automatic differentiation of the LCP solver using

real hammer. The exploration phase contains dnhandom the Autograd function of PyTorch[[58]. The same minimum

pushing actions that are used for model identi cation. Thand maximum bounds of mass and friction are provided to all
reported results are averaged od€rindependent runs, with methods and are also used for all cells of objects.

a different initial pose in each run. Planning and Control. We perform an ablation study where
we substitute the nite-difference gradient in Algorithm 2 with
an exhaustive search of the optimal contact point.

. - Pre-grasp Sliding Manipulation. We compare Algorithrpi|3
to two alternatives. The rst one assumes a uniform and
: 3 homogenous mass and friction values, and uses directly Al-
F— F— “mmmm=  gorithm[2 to push the object to the goalthout model iden-
ti cation . The second alternative is identical to Algoritfih 3,
except thatio upper limir on the friction coef cients is used.

D. Results

Model Identi cation . Figure[3 shows mass distributions
identi ed using Algorithm 1. The mass distributions of the
book, the hammer, the snack, the toolbox and the spray
gun are all identi ed using the real objects and robot. The
experiments on the remaining objects were performed in
simulation because they were too thin for a safe robotic ma-
nipulation. The results show that the identi ed models quickly
, converge to the ground-truth models. Figure 4 (a)-(m) shows
O Y the average distance between the predicted cell positions and

the ground-truth ones in the test data as a function of the
number forward physics simulations used by the different
identi cation methods. In our method, the number of physics
simulations is the same as the number of steps of the gradient-
descent, since one simulation is performed after each update
of M and p. Note that the physics simulations dominate

Fig. 3. Learned mass distributions. Red color means higher magfe computation time, withl.3448( 0.5604) second per a
value while blue color means lower mass value. The middle columg

S . A i . imulation, while the computation of the gradient using the
shows the initial uniform mass distributions provided to Algorifijm d algorith K o d. Th
and the right column shows the mass distributions returned by {REoposed algorithm takes onB0069( 0.0024) second. The

algorithm after only ve iterations of gradient descent. results demonstrate that glObal Optimization methods suffer
from the curse of dimensionality due to the combinatorial
explosion in the number of possible parameters for all cells.
The results also demonstrate that the proposed method can
Model Identi cation . Algorithm 1 is compared against theestimate the parameters within a surprisingly small number
following methods.Random search is a baseline method thatof gradient-descent steps and a short computation ti3de (
repeatedly samples random values of the mass and frictegconds). The average error of the predicted cell positions
matrices and returns the best sampled values that minimiz@ng the identi ed mass and friction distributions is less than
loss(M, 11). Weighted sampling search generates random 1.53cm in simulation and2.27¢m in the real experiments.
values uniformly in the rst iteration, and then iterativelyNote that the error in real experiments is higher due to sensing
generates normally distributed random values around the basd control errors. The nite differences approach also failed
parameter obtained in the previous iteration. The standdodconverge to an accurate model due to the high computational
deviation of the random values is gradually reduced over timegst of the gradient computation, as well as the sensitivity of
to focus the search on the most promising region of the seatble computed gradients to the choice the grid size. Fighre 4
space.The nite differences gradient is an approximation of (0) shows that the number of training actions improves the
the analytical gradient. We add or subtract a small amouatcuracy of the model learned by Algoritqmy 1. Increasing
to the current parameter values and simulate the trajectoriee number of training actions allows the robot to uncover
using the neighboring parameter values to approximate theperties of different parts of the object more accurately.
derivatives% and &°ss Because a large number of simu- Planning and Control. Figure[4 (p) shows the number of
lations is required to compute the gradient for all the cells, thpysics simulations used to optimize the contact location. The
parameters of each cell are updated using the coordinate gratdposed policy gradient algorithm requires a small fraction of
ent descent. We also compare the proposed method with tihe exhaustive search’s computation time, while both methods

C. Compared Methods
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