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Fig. 1: We propose a generalized Hamilton-Jacobi (HJ) reachability framework to compute Backward Reachable Tubes (BRT) and safe controllers for hybrid
dynamical systems with nonlinear dynamics and discrete transitions. Here, we apply the proposed framework for optimal mode planning for a quadruped
robot that switches between different walking gaits (modeled as discrete modes in the hybrid system) in order to reach its goal safely (i.e., without colliding
with any obstacles on the way). We compute the BRT of the robot and obtain the optimal continuous control and mode sequence from the BRT. We show
the corresponding quadruped trajectories in (a). The quadruped safely navigates through the slope or narrow ground obstacles to reach the goal area (pink
cylinder). The goal area is independent of the z position, so the robot can reach it via slope or ground route. Different colors along the robot trajectory
correspond to different walking modes that the robot autonomously chooses to avoid collision while navigating as quickly as possible to the goal. (b) Overlaid
trajectories in the real-world obstacle setup. (c, d) First-person view along the slope route (c) and the ground route (d). Videos of the experiments and source
materials can be found on the project website javierborquez.github.io/HybridReachability .

Abstract—Hybrid dynamical systems with nonlinear dynamics
are one of the most general modeling tools for representing
robotic systems, especially contact-rich systems. However, provid-
ing guarantees regarding the safety or performance of nonlinear
hybrid systems remains a challenging problem because it requires
simultaneous reasoning about continuous state evolution and
discrete mode switching. In this work, we address this problem
by extending classical Hamilton-Jacobi (HJ) reachability analy-
sis, a formal veri�cation method for continuous-time nonlinear
dynamical systems, to hybrid dynamical systems. We characterize
the reachable sets for hybrid systems through a generalized value
function de�ned over discrete and continuous states of the hybrid
system. We also provide a numerical algorithm to compute this
value function and obtain the reachable set. Our framework can
compute reachable sets for hybrid systems consisting of multiple
discrete modes, each with its own set of nonlinear continuous
dynamics, discrete transitions that can be directly commanded
or forced by a discrete control input, while still accounting
for control bounds and adversarial disturbances in the state
evolution. Along with the reachable set, the proposed framework
also provides an optimal continuous and discrete controller to
ensure system safety. We demonstrate our framework in several
simulation case studies, as well as on a real-world testbed to
solve the optimal mode planning problem for a quadruped with
multiple gaits.

I. INTRODUCTION

Hybrid dynamical systems are a popular and versatile tool
to model robotic systems that exhibit both continuous and
discrete dynamics [23, 26]. They are “hybrid” in the sense
that they contain both continuous and discrete state variables,

wherein the continuous flow is interleaved with discrete events
or jumps. For example, for a legged robot, the swinging of a
leg has continuous dynamics, whereas contacts with ground
are well-modeled as discrete events. However, as with many
advanced modeling tools, their very complexity and richness
presents challenges, particularly when it comes to ensuring
safety and performance for such systems. Designing safe con-
trollers for hybrid dynamical systems demands simultaneous
reasoning about the continuous evolution of states and the
discrete mode transitions, a task that can quickly become
computationally intensive and conceptually challenging [29].

Hamilton-Jacobi (HJ) Reachability analysis is a powerful
and effective approach for analyzing and controlling hybrid
dynamical systems. It provides a comprehensive understanding
of the system’s behavior by characterizing the Backward
Reachable Tube (BRT) of the system – the set of all possible
initial states that will eventually steer the system to some
target states despite best control effort. Thus, if the target
set represents the undesirable states for the system, the BRT
represents the set of states that are potentially unsafe for the
system and should be avoided. The converse of the BRT thus
provides a safe operation region for the system. On the other
hand, if the target set represents a desirable set of states, the
BRT can similarly be computed to obtain the set of states
from which the target set can eventually be reached under
optimal control effort. Along with the BRT, the reachability
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Other reachability methods for hybrid systems rely on
rigorous computable analysis theory to represent reachable
sets as geometric objects [9, 15]. Taylor models have also
been used in the analysis of hybrid reachable sets to provide
rigorous enclosures of the set trajectories, while accounting
for uncertainties and errors in the computation [12, 13, 28].
Satisfiability Modulo Theory (SMT) has also been used for
the reachability analysis of hybrid systems. Such methods
encode dynamics and discrete mode transitions as first-order
formulas over real numbers that are solved using an SMT
solver [16, 30]. However, above methods typically compute
an over-approximations of reachable sets, while limiting the
discrete transitions to forced transitions.

Another approach for computing BRTs for hybrid dynami-
cal systems is via Hamilton-Jacobi (HJ) Reachability analysis
[45, 35, 33]. Its advantages include compatibility with general
non-linear system dynamics, formal treatment of bounded
disturbances, and the ability to deal with state and input
constraints [7]. Several classical and modern works have
addressed the control and safety analysis of hybrid dynamical
systems through HJ Reachability [18, 21, 39, 46]. These meth-
ods rely on an iterative algorithm to compute the BRT, wherein
the BRT is iteratively refined in each discrete mode (using a
continuous reach-avoid operator) based on the last computed
BRT and the discrete predecessor maps. Intuitively, these pre-
decessor maps capture the effect of forced and controlled tran-
sitions on the BRT of the system. This process is repeated until
the BRT reaches a fixed point and converges. However, the
BRT computation might require several iterations to converge
and thus can be time-consuming. Furthermore, the iterative
reachability algorithm often requires hand-coding the discrete
predecessor maps [39], which can be challenging when the
guard and reset maps are complex. A recent work generalizes
the HJ reachability framework to account for discontinuous
state changes upon state resets [14]. However, generalizing
the HJ reachability framework for multiple discrete modes
and accounting for controlled transitions still remains chal-
lenging. We aim to overcome these limitations by proposing
a generalization of traditional HJ reachability framework to
account for discrete transitions (both forced and controlled) in
the reachability computation. The proposed method provides
an exact reachability operator for hybrid dynamical systems
and can readily be applied to systems with nonlinear dynamics,
control bounds, and dynamics uncertainty, without requiring
any hand-coding.

III. PROBLEM FORMULATION

We consider a hybrid dynamical system defined as:

H = ((Q × X ), (U × D ), f, Inv,Σ, R), (1)

where Q := {q1, q2, . . . , qN } is a finite set of discrete modes.
We also refer to qi as the discrete state of the sys-
tem. Let x ∈ X ⊂ Rn x be the continuous state of the sys-
tem, u ∈ U ⊂ Rn u be the continuous control input, and
d ∈ D ⊂ Rn d be the continuous disturbance in the system.

Fig. 2: Hybrid dynamical system with controlled and forced transitions.

f : Q × X × U × D → Rn defines the continuous evolution
of the system for each q ∈ Q. Inv ⊆ (Q × X ) is the invariant
of each discrete state, and defines the set of states for which
continuous evolution is allowed. Σ is a finite set of discrete
actions. R : Q × X × Σ → 2Q�X is a reset relation, which
encodes the discrete transitions of the hybrid system.

For simplicity, in mode qi ∈ Q, we denote the continuous
dynamics as f i and the invariant as Si . In other words, in each
discrete mode qi ∈ Q, the continuous state evolves according
to the dynamics: ẋ = f i (x, u, d), with x ∈ Si := Inv(qi ) ⊆ X ,
u ∈ U and d ∈ D . Here, Si can be thought of as the valid
operation domain for mode qi .

In mode qi , the system has discrete control switches σ ij ∈ Σ
that allow a controlled transition into another discrete mode qj ,
where j ∈ {j 1, j 2, . . . , j n } ⊂ {1, 2, . . . , N }. The controlled
transition can occur only when x ∈ Si . Whenever the evolution
of the continuous state makes x exit the valid operation domain
for mode qi (x ∈ Si

C ), the system must take one of the forced
control switches, ςik ∈ Σ. This leads to a forced transition
into another discrete mode qk where k ∈ {k1, k2, ..., km } ⊂
{1, 2, . . . , N }. Note that the number of discrete modes the
system can transition into may vary across different qi . Each
discrete transition from qi , whether controlled or forced, might
lead to a state reset, which is given by the reset relation R
in (1). For simplicity, we denote the state reset map upon
transitioning from mode qi to qj as x+ = Rij (x), where x
is the state before the transition and x+ is the state after the
transition.

Our key objective in this work is to compute the Backward
Reachable Tube (BRT) of this hybrid dynamical system,
defined as the set of initial discrete and continuous states
(x, q) of the system such that starting from these states, for
all disturbance inputs, there exists a control input that will
eventually steer the system to the target set L within the time
horizon [t, T ]. To mathematically define the BRT, we follow
the notation in [40]. Let u(·) and d(·) denote the control
and disturbance functions over time. We further assume that
these functions u(·), d(·) are drawn from the set of measurable
functions:

u(·) ∈ U(t) = {ϕ : [t, 0] → U : ϕ (·) is measurable }
d(·) ∈ D(t) = {ϕ : [t, 0] → D : ϕ (·) is measurable }

Since the control and disturbance are playing against each



other (a differential game in this case), it is important to ad-
dress what information they know about each other’s deci-
sions. We will assume that the disturbance only uses nonan-
ticipative strategies, that is strategies

γ ∈ Γ(t) , {ϑ : U(t) → D(t) | u(r ) = û(r )

for almost every r ∈ [t, s]

=⇒ ϑ[u](r ) = ϑ[û](r ) for almost every r ∈ [t, s]}.

Informally, this restriction means that if disturbance cannot
distinguish between control signals u(·) and û(·) until after
time s, then it cannot respond differently to those signals until
after time s. Under this setting, the disturbance still has an
instantaneous advantage, as it can respond after observing the
current control action. It turns out that under nonanticipative
strategies, the BRT can be obtained using a value function that
is the solution of certain Hamilton-Jacobi-Isaacs PDE [40]. For
a more detailed discussion on non-anticipative strategies, we
refer the interested readers to [40].

We are now ready to formally define the BRT of the hybrid
system in (1):

V(t) = {(x0, q0) : ∀γ ∈ Γ(t), ∃u(·) ∈ U(t), σ (·), ς(·), ∃s ∈ [t, T ], x(s) ∈ L},

where x(s) denotes the (continuous) state of the system at time
s, starting from state x0 and discrete mode q0 under continuous
control profile u(·), discrete control switch profile σ (·)1, forced
control switch profile ς(·), and a non-anticipative disturbance
strategy γ . Along with the BRT, we are also interested in
obtaining the continuous and discrete control laws, i.e., u(·)
and σ (·), respectively, that optimally steer the system to the
target set. Finally, if L represents the set of undesirable states
for the system (such as obstacles for a navigation robot), we
are interested in computing the BRT with the role of control
and disturbance switched, i.e., finding the set of initial states
from which getting into L is unavoidable, despite best control
effort. In this case, the optimal continuous and discrete control
inputs ensure that the system remains outside the BRT (that
is, it remains safe).

Running example (Dog1D): To illustrate our approach,
we will use the following running example throughout this
paper. We consider very simplified, high-level dynamics
for a robot quadruped moving in one dimension in a room
with an obstacle (table). We present more complex hybrid
dynamical systems with nonlinear dynamics in Sec. VII.

Fig. 3: A simple 1D longitudinal navigation scenario.

1If there is no discrete control being leveraged at time s, �(s) or &(s) can
be thought of a “dummy” discrete control that keeps the system in the current
discrete state.

The robot’s goal is to reach the marked area on the other
side of the table as shown in Fig. 3. The hybrid system
representation of this system is shown in Fig. 4:

Fig. 4: Dog1D hybrid system formulation.

Here, the continuous state x ∈ R is the position of the
robot and qi with i ∈ {1, 2, 3} are the discrete modes
of the system. u ∈ [0, 1] is the continuous control of the
system. The target set is given as the set of positions x ∈
L = [9, 10].

In this example, q1 represents a walking gait; q2 is a
crawling gait that allows the robot to move under the
table but at a slower rate compared to walking; and,
q3 represents frozen dynamics when the walking robot
comes in contact with the table obstacle, not allowing
it to pass. The BRT for this example corresponds to all
the combinations of continuous states and discrete modes
(x, q) from which the quadruped can reach the target set
within a 5 second time horizon.

IV. BACKGROUND: HAMILTON-JACOBI REACHABILITY

One way to compute the BRT for continuous-time dy-
namical systems is through Hamilton-Jacobi (HJ) reachability
analysis. To illustrate HJ reachability, we assume that the
system has only one discrete mode, i.e., there are no discrete
transitions.

In HJ reachability, the BRT computation is formulated as a
zero-sum game between control and disturbance. This results
in a robust optimal control problem that can be solved using
the dynamic programming principle. First, a target function
l(x) is defined whose sub-zero level set is the target set L,
i.e. L = {x : l(x) ≤ 0}. The BRT seeks to find all states that
could enter L at any point within the time horizon. This is
computed by finding the minimum distance to L over time:

J (x, t, u (·), d(·)) = min
τ 2[t,T ]

l (x(τ )) (2)

Our goal is to capture this minimum distance for optimal
system trajectories. Thus, we compute the optimal control
that minimizes this distance (drives the system towards the
target) and the worst-case disturbance signal that maximizes
the distance. The value function corresponding to this robust
optimal control problem is:

V (x, t ) = sup
γ 2Γ(t )

inf
u(�)

{J (x, t, u (·), γ [u](·))}, (3)



where Γ(t) defines the set of non-anticipative strategies. The
value function in (3) can be computed using dynamic pro-
gramming, which results in the following final value Hamilton-
Jacobi-Isaacs Variational Inequality (HJI-VI) [7, 34, 40]:

min {D t V (x, t ) + H(x, t ), l(x) − V (x, t )} = 0
V (x, T ) = l(x)

(4)

D t and ∇ represent the time and spatial gradients of the value
function. H is the Hamiltonian, which optimizes over the inner
product between the spatial gradients of the value function and
the dynamics to compute the optimal control and disturbance:

H(x, t ) = max
d2D

min
u2U

∇V (x, t ) · f (x, u, d). (5)

Intuitively, the term l(x) − V (x, t ) in (4) restricts system
trajectories that enter and leave the target set, enforcing that
any trajectory with a negative distance at any time will
continue to have a negative distance for the rest of the time
horizon. For a detailed derivation and discussion of the HJI-VI
in 4, we refer the interested readers to [40] and [7].

Once the value function is obtained, the BRT is given as
the sub-zero level set of the value function:

V(t) = {x : V (x, t ) ≤ 0} (6)

The corresponding optimal control can be derived as:

u�(x, t ) = argmin
u2U

max
d2D

∇V (x, t ) · f (x, u, d) (7)

The system can guarantee reaching the target set as long as
it starts inside the BRT and applies the optimal control in (7)
at the BRT boundary. The optimal adversarial disturbance can
be similarly obtained as (7).

This formulation can also be used to provide safety guaran-
tees by switching the roles of the control and disturbance in
(5). In that case, the BRT represents the initial states that will
eventually be driven into the target by optimal disturbance,
despite the best control effort. Thus, safety can be maintained
as long as the system stays outside the BRT and applies
optimal control at the boundary of the BRT.

Multiple computation tools exist to compute the value
function and obtain the BRT and the optimal controller. This
include methods that solve the HJI-VI in (3) numerically
[8, 10, 38, 42] or using learning-based methods [6, 19].
However, one of the key limitations of HJ reachability analysis
is that it assumes continuous dynamics and does not account
for discrete mode switching or state resets. Overcoming this
limitation is the core focus of this work.

Running example (Dog1D): We first compute the BRT
for the running example for a time horizon of T = 5s
using the classical Hamilton-Jacobi formulation with no
discrete mode switching. For the BRT computation, we
use an implicit target function l(x) := |x − 9.5| − 0.5,
corresponding to the goal area in Fig. 3. The obtained
results are shown in Fig. 5.

For the crawling gait it can be observed that the BRT

(the blue shaded area) propagates through the obstacle and
the BRT includes x = 4m because the system can move
at 1m/s reaching the boundary of the target in exactly 5s.
For the walking wait, even though the system is allowed to
move faster, the BRT stops at the boundary of the obstacle
as the walking gait gets stuck, so only states that start from
the right side of the obstacle can reach the target set.

If we imagine the system being able to transition
optimally between the discrete modes, it would crawl only
under the table and walk elsewhere, allowing it to reach
the target set starting from a walking gait and to the left
of the obstacle. As we demonstrate later, the proposed
framework can reason about such optimal transitions.

Fig. 5: (Top) Value function for the crawling gait mode. (Bottom) Value
function for the walking gait mode. Both Value functions are calculated
for a time horizon of T = 5 s. The obstacle is shown in shaded red. The
blue shade shows BRT as the subzero level of the value function. The
green shade shows the target set as the subzero level of l(x) .

V. HJ REACHABILITY FOR GENERAL HYBRID SYSTEMS

The core contribution of this work is Theorem 1, an
extension of the classical HJ reachability framework to hybrid
dynamical systems with controlled and forced transitions, as
well as state resets.

Theorem 1: Consider the hybrid dynamical system H as
defined in (1). Let l(x) be an implicit representation of the
target set L, i.e. L = {x : l(x) ≤ 0}. Also let the value func-
tion V (x, qi , t) be the solution of the following constrained
HJI-VI:
If x ∈ Si :

min{l(x) − V (x, qi , t),min
σ ij

V (Rij (x), qj , t) − V (x, qi , t),

D t V (x, qi , t) + max
d2D

min
u2U

∇V (x, qi , t) · f i (x, u, d)} = 0,

and if x ∈ SC
i ,

V (x, qi , t) = min
ςik

V (Rik (x), qk , t),

with terminal time condition:

V (x, qi , T) = l(x) (8)

Then, the BRT for the hybrid system is given as:

V(t) = {(x, q) : V (x, q, t) ≤ 0} (9)

Intuitively, Theorem 1 updates the value function for each
discrete mode qi with the optimal value across the discrete



modes it can transition to. For states in the operation domain
Si , this corresponds to taking one of the control switches
σ ij with their corresponding reset maps Rij (x) or staying in
the operation mode qi itself, which will lead to a continuous
flow of the value function. In contrast, for states outside the
operation mode domain SC

i , the system has to take a forced
switch ςik with their corresponding reset maps Rik (x). Thus,
the optimal value function is given by the one that takes the
system to the minimum value upon the discrete transition.
The proof of Theorem 1 formalizes this intuition using the
Bellman principle of optimality and is presented in Section VI.
Once we compute the value function, the optimal discrete and
continuous controls at state (x, qi ) at time t are given as:

u�(x, qi , t) = argmin
u2U

max
d2D

∇V (x, qi , t) · f i (x, u, d)

σ ij ∗(x, qi , t) = argmin
σ ij

V (Rij (x), qj , t) if x ∈ Si

ςik ∗(x, qi , t) = argmin
ςik

V (Rik (x), qk , t) if x ∈ SC
i ,

(10)

where, for completeness, we add a “dummy” discrete control
σ ii that keeps the system in the same discrete mode.

Remark 1: Note that the proposed framework can easily
be extended to scenarios where the forced transition mode
represent an adversarial or uncertain transition instead. In this
case, we can use max instead of min over ςik in Theorem 1
to account for the worst-case behavior.

Remark 2: When the target set represents undesirable states
of the system, we can switch the role of control and distur-
bance in Theorem 1 and during the optimal control computa-
tion in (10) to obtain the BRT and the optimal safety controller.
Numerical implementation: We now present an approximate
numerical algorithm that can be used to calculate the value
function in Theorem 1. It builds upon the value function
calculation for the classical HJI-VI in (3), which is solved
using currently available level set methods [38]. Specifically,
the value function is computed over a discretized state-space
grid and propagated in time using a small timestep δ . After
each propagation step, the value function is updated for all
(x, q) using Theorem 1, until the time horizon T is reached.
The detailed procedure is presented in Algorithm 1.

It is important to stress the remarkable similarity of this new
hybrid reachability algorithm to its continuous counterpart in
(3). Indeed, there are only two key differences: (1) we now
propagate N value functions simultaneously (corresponding
to N discrete modes), as opposed to just one value function.
(2) We “adjust” the value function for each discrete mode to
account for discrete switches (the second for-loop in Algo-
rithm 1). Despite this simplicity, the algorithm simultaneously
reasons about all possible discrete and continuous transitions
to optimally steer the system to the target set. In the following
sections, we show how this joint reasoning generates optimal
yet intuitive behaviors in our simulation and hardware experi-
ments, like a jumping robot crouching to build momentum in
preparation for a jump transition or a quadruped opting for a
slower gait to take a sharp corner.

Algorithm 1: Value function computation for hybrid
dynamical system
Input: l(x), T, δ
Output: V (x, qi , t)∀i
Initialization: V (x, qi , T) = l(x)∀i ; t = T
while (t > 0) do

foreach (qi ∈ Q) do
V (x, qi , t − δ ) = V (x, qi , t) +

max
d

min
u

∇V (x, qi , t)·f i (x, u, d)δ

foreach (qi ∈ Q) do
if (x ∈ Si ) then

V (x, qi , t − δ ) = min{l(x), V (x, qi , t − δ ),
min
σ ij

V (Rij (x), qj , t − δ )}

else if (x ∈ SC
i )) then

V (x, qi , t − δ ) = min
ςik

V (Rik (x), qk , t − δ )

t = t − δ

Complexity analysis of Algorithm 1. Algorithm 1 computes
the BRT over a state-space grid, using a finite time step. As-
suming there are M grid points per state dimension, we have
a total of M n x grid points, where nx is the number of con-
tinuous states. At each timestep, for each discrete mode, the
computation of the value function requires evaluating all po-
tential discrete transitions from the current mode (the inner
for loop in Algorithm 1). This results in O(N · M n x ) com-
putations per timestep, per mode. Since there are N discrete
modes, the computational requirement per timestep scales to
O(N 2 · M n x ). Finally, the total number of timesteps is pro-
portional to the time horizon T/δ , resulting in a total complex-
ity for Algorithm 1 of O(T · N 2 · M n x /δ ). In summary, the
computational complexity of Algorithm 1 scales linearly with
the time horizon, quadratically with the number of discrete
modes, and exponentially with the number of continuous state
dimensions.

Remark 3: Note that Algorithm 1 to compute the value
function is approximate. Specifically, Algorithm 1 might po-
tentially require infinite grid resolution and infinitesimally
small time steps to compute the value function exactly. Hence,
the algorithm may not terminate in finite time for general
hybrid systems. This limitation echoes the broader undecid-
ability challenges in computing exact reachable tubes for
hybrid systems [35, 25]. Nevertheless, the proposed algorithm
has proven to be quite effective in practice for approximating
BRTs, as we demonstrate later by several case studies and real
robot experiments.

VI. THEORETICAL RESULT: PROOF OF THEOREM 1

In this section, we present a proof for Theorem 1. We start
with an analogous formulation to HJ reachability in Section
IV with a target function l(x) such that the target set is defined
as, L = {(x) : l(x) ≤ 0}. The BRT seeks to find all states
that could enter L at any point within the time horizon. This



is computed by finding the minimum distance to L over time.
The value function is defined as the cost incurred under op-

timal discrete and continuous controls that minimizes distance
to the target and optimal disturbances that maximizes it. We
first consider the case when the state belongs to the interior
of the domain Si . The value function is given as:

V (x, qi , t) = max
γ 2Γ

min
u2U

min
σ ij

min
s2[t,T ]

l(x(s)) (11)

With terminal time condition given by:

V (x, qi , T) = l(x) (12)

The optimal decision making for discrete transitions is
pictorially shown in the figure below. The discrete transitions

are shown in green and continuous control flow in purple. We
also add a “dummy” discrete transition, σ ii , that keeps the
system in the current discrete mode. As per (11), the overall
value function is given by the minimum cost across all these
possible trajectories of the system. From here, we consider
two different cases:
Case 1: System switches to a new discrete mode j �, con-
tinuous state immediately transitions to Rij ∗ . In this case,
the optimal cost incurred by the system from the new state
(Rij ∗(x), qj ∗) is, by definition, given as V (Rij ∗(x), qj ∗ , t).
Thus, the optimal cost across all possible discrete transitions
is given as:

V (x, qi , t) = min
σ ij

V (Rij (x), qj , t) (13)

Case 2:System evolves in mode qi , i.e., it takes the dummy
switch σ ii . In this case, for a small time step δ and using the
dynamic programming principle for the cost function in (11),
we have:

V (x, qi , t) = max
γ 2Γ

min
u2U

min{ min
s2[t,t +δ ]

l(x(s)),

V (x(t + δ ), qi , t + δ )}
≈ max

γ 2Γ
min
u2U

min{l(x(t)), V (x(t + δ ), qi , t + δ )}

(14)

Approximating the value function at the next time step with
a first order Taylor expansion:

V (x(t + δ ), qi , t + δ ) ≈V (x, qi , t)+

D t V (x, qi , t)δ + ∇V (x, qi , t) · δx,
(15)

where the change in the state δx can be approximated as
f i (x, u, d)δ . Ignoring the higher order terms and plugging the
Taylor expansion in (14):

V (x, qi , t) = min{l(x(t)),

V (x, qi , t) + D t V (x, qi , t)δ +

max
d2D

min
u2U

∇V (x, qi , t) · f i (x, u, d)δ } (16)

Combining Cases:The optimal value function is given by the
minimum across the two cases:

V (x, qi , t) = min{l(x),

V (x, qi , t) + D t V (x, qi , t)δ +

max
d2D

min
u2U

∇V (x, qi , t) · f i (x, u, d)δ,

min
σ ij

V (Rij (x), qij , t)} (17)

Subtracting the value function V (x, qi , t) from both sides:

0 = min{l(x(t)) − V (x, qi , t),

δ (D t V (x, qi , t) + max
d2D

min
u2U

∇V (x, qi , t) · f i (x, u, d)),

min
σ ij

V (Rij (x), qij , t) − V (x, qi , t)} (18)

Since the above statement holds for all δ > 0, we must have:

0 = min{l(x(t)) − V (x, qi , t),

D t V (x, qi , t) + max
d2D

min
u2U

∇V (x, qi , t) · f i (x, u, d),

min
σ ij

V (Rij (x), qj , t) − V (x, qi , t)} (19)

Note that the procedure presented to derive the HJI-VI for
continuous evolution of the value function is an informal proof
based on the Taylor series expansion that assumes the value
function to be differentiable, which may not be true, and only
the existence of a viscosity solution can be ensured [40, 34].
Nevertheless, this HJI-VI is known to hold even when the
value function is non-differentiable, formal proof can be found
in [34]. We omitted a detailed derivation for brevity purposes.

For states outside the domain of the discrete mode qi (i.e.,
x ∈ SC

i ), our discrete decision is over the set of available
forced switches ςik . For this case the proof is analogous to
the Case 1 previously considered, but without the option to
stay in qi . The value function is then given by:

V (x, qi , t) = min
ςik

V (Rik (x), qk , t) (20)

VII. CASE STUDIES

A. Running example (Dog1D)

We now apply the proposed method to compute the BRT
for the running example. To implement Algorithm 1, we build
upon helperOC library and the level set toolbox [38], both of
which are used to solve classical, continuous-time HJI-VI.

We use a grid of 301 points over the x dimension for each
of the 3 discrete operation modes. The overall calculation
takes 12.125s running on an Intel Core i5-6200U CPU @
2.30GHz, this hardware is used across all simulation studies.
Slices of the BRT starting in mode q1 (the walking gait) for
different time horizons are shown in Fig. 6: The intuitive



Fig. 6: Value functions for states starting in a walking gait for a 3 and 5
seconds time horizon. Area within the obstacle is shown in shaded red. Blue
shade shows BRT as the subzero level of the value function. Green shade
shows the target set as the subzero level of the implicit target function l(x) .

solution for the optimal decision-making in this scenario is
to use the walking gait everywhere except in the obstacle
area. The fast walking gait allows the system to reach the
target quicker, while crawling allows to expand the reachable
states beyond the obstacle. The computed solution using our
algorithm indeed aligns with this intuition. For example, if we
consider the top value function for the 3-second time horizon
in Fig. 6, we can observe that the limit of the BRT is 7m
away from the target set, which coincides with the intuitive
solution of walking for 1s covering 3m, then crawling under
the table for 1s covering its 1m width, to finally go back to
walking for 1s covering other 3m.

The bottom value function in Fig. 6 shows the BRT cor-
responding to a 5s time horizon. Compared to Fig. 5, where
the BRT stopped growing beyond the obstacle boundary, we
can see how the proposed algorithm can optimally leverage
discrete transitions along with continuous control to reach the
target set from a wider set of initial states. Additionally, even
though we are calculating the reach BRT for the target set, we
get an obstacle avoidance behavior, as any state that reaches
the target should never touch the obstacle as it freezes the
dynamics and halts the robot.

B. One-Legged Jumper

As a more challenging case study, we now consider a planar
one-legged jumping robot that wants to reach a goal area on
top of a raised platform (Fig. 8). The center of mass dynamics
of the jumper robot are shown in Fig 7. The robot has two
main operation modes: a stance mode and a flight mode. The
stance mode is active when the leg is in contact with the
ground, which allows the leg to exert force and accelerate
in xy directions. The flight mode is activated when the leg is
no longer in contact with the ground, which is modeled as an
unactuated ballistic flight. Additionally, we consider a freeze
mode that will permanently halt the dynamics if the center
of mass of the robot collides with the terrain; this modeling
allows us to obtain the characteristic of a reach-avoid scenario
while only doing reach calculations, since any trajectory that
goes through the terrain will be frozen and excluded of the
reach BRT as it will never reach the target set.

In this system, the continuous state is given by
[x, y, Vx , Vy ]

T , representing both positions and velocities in

Fig. 7: Hybrid formulation for the planar jumping robot.

the xy plane. Here u1 and u2 are the force inputs in the x
and y directions, both with an actuation range of 0 − 30N .
l0 = 0.5m is the length of the robot leg, m = 1kg is the mass
of the robot, and g is the acceleration due to gravity. The target
set is a circular area in the xy plane on top of a raised platform,
which is considered to be part of the terrain along with the
ground; the objective here is to find all the initial states of the
robot in the stance mode from which a successful jump into
the target set is guaranteed without colliding with the platform.

Fig. 8 shows the obtained BRT using the proposed method
over a grid with [51, 31, 21, 21] points for a time horizon of
T = 0.8s. The BRT calculation took 7.5 minutes using the
proposed approach. The terrain is shown in light brown and
the target set is shown in green. The blue area represents the
slice of the BRT when the robot starts at rest in the stance
mode, i.e., all the initial stance positions of the robot from
which it is eventually guaranteed to reach the target set under
the optimal controller obtained through the proposed method.

Fig. 8: BRT and trajectories for planar jumping robot.

We also show the robot trajectories to the target set under
the obtained optimal controller from two such initial config-
urations. The optimal policy shows fascinating yet intuitive
results in this study case. In both trajectories, we can observe
how the robot first crouches to build upon enough vertical and
horizontal momentum in preparation for a transition into the



flying mode. We can also observe how the optimal policy leads
to a longer standing trajectory for an initial condition that is
further away from the target set. This is because the robot
needs to build up sufficient horizontal velocity for a longer
flying trajectory. This qualitative analysis was corroborated by
the speed of the robot just before transitioning to the flight
mode. For the top plot, the robot launch speed is (Vx , Vy ) =
(4.5, 3.9)m/s, while it is (Vx , Vy ) = (5.7, 4.0)m/s for the
bottom plot, showing that both trajectories have similar vertical
takeoff velocities but the state that is farther takes off with a
larger horizontal velocity.

We show the robot BRT in the flight mode at the launch
speeds in red. In other words, the red region represents all
initial positions of the robot from which it can reach the target
set under the flight mode with the indicated launch speed.
Thus, the proposed approach allows us to reason about the
continuous control profile that can then enable a successful
discrete transition from the blue to the red BRT in order to
eventually reach the target set. This simultaneous reasoning
of continuous and discrete transitions enable the proposed
framework to ensure liveness from a broader set of initial
configurations.

As a baseline, we also used the iterative reachability al-
gorithm proposed in [39] to compute the BRT for the one-
legged jumper system. It is worth noting that this baseline
algorithm doesn’t directly support the computation of finite
time reachable sets. Here, we modify the algorithm in [39] to
compute the continuous reach-avoid operator for T = 0.8s in
each mode in each iteration. This makes sure that we get a
conservative approximation of the reach set. The BRT compu-
tation required two iterations to include the initial states shown
in Fig. 8 with the BRT. The computation took a total of 15.6
minutes, resulting in a 2x efficiency in the BRT computation
under the proposed framework.

C. Two-Aircraft Conflict Resolution

We next consider the two-aircraft conflict resolution ex-
ample presented in [39]. Here, two aircraft flying at a fixed
altitude are considered. Each aircraft controls its speed; we
assume that the first aircraft is controllable, while the other
aircraft’s speed is uncertain (within a known interval) and
hence modeled as an adversarial disturbance to ensure safety.
Using relative coordinates, the continuous dynamics of the
system are described by:

ẋ r = −u + dcos ψ r + ω u yr

ẏr = d sin ψ r − ω u x r

˙ψ r = ω d − ω u ,

(21)

where state [x r , yr , φ r ]
T is the relative xy position and head-

ing between the aircraft. u and d are the velocities of the two
aircraft, and ω u and ω d are their turning rates.

The conflict resolution protocol consists of three different
operation modes, shown in Fig. 9. The aircrafts begin in mode
q1 with a straight flight (ω u = ω d = 0), keeping a constant

Fig. 9: Hybrid formulation for the two-aircraft conflict resolution protocol.

relative heading. In this mode, the aircrafts are on a collision
course. At some time, the aircraft can begin the collision
avoidance maneuver by taking a controlled switch σ 12, transi-
tioning the system into mode q2 and an instantaneous heading
change of π/ 2. In mode q2, the aircraft undergo a circular
flight path, where both aircraft use the same constant turning
rate (ω u = ω d = 1). Once the aircraft undergo a heading
change of π radians, the aircraft are forced to switch to mode
q3, making another instantaneous π/ 2 turn and resuming their
straight flight (ω u = ω d = 0). The two aircraft are now on
a collision-free path. To keep track of the transition time on
configuration q2 we add an additional timer state z.

Unlike previous case studies, here we are interested in the
safety problem, i.e., we wanted to compute an avoid BRT
– the set of all starting states from which a collision is
inevitable between the vehicles, despite the best control effort.
Consequently, we switch the role of control and disturbances
in Theorem 1. Specifically, we are interested in finding the set
of all initial states in mode q1 from which a collision cannot
be averted between the two aircrafts under the above protocol,
despite the best control effort. Thus, the complement of the
BRT will represent the safe states for the system.

For BRT calculations, we consider a circular collision target
set of 5 units around the controlled aircraft. This corresponds
to the two aircraft being in close proximity of each other, also
referred to as “loss of separation”. We use an initial relative
heading of φ r = 2π/ 3 (shown in Fig. 9) and a time horizon
of T = 5s. For aircraft velocities we consider u ∈ [1.5, 3]m/s
and d ∈ [2, 4]m/s.

The BRT computation for this conflict resolution problem
has been particularly challenging for a few different reasons:
(a) the presence of nonlinear dynamics; (b) the presence of
a controlled switch in q1; (c) discontinuous state resets upon
transitions between modes; and (d) uncertainty in the speed
of the second aircraft. An algorithm to compute the BRT for
this problem has been proposed in [39], which we use as a
baseline for this example. It uses an iterative reachability algo-
rithm, wherein the BRT is iteratively refined in each discrete
mode (using a continuous reach-avoid operator) based on the
last computed BRT and the discrete predecessor maps that
are hand-coded. Instead, we use the HJI-VI in Theorem 1
to compute the BRT in one shot without any explicit hand-
coding of discrete transitions. The calculations are carried on a
[x r , yr , z] grid of [301, 301, 11] points giving a spatial resolu-
tion of δx = 0.1. φ r has null dynamics in all operation modes
and is not considered in the grid.





its global state via visual-inertial odometry. Our framework’s
high-level optimal velocity control and discrete body states
are then tracked by a low-level MPC controller that uses the
centroidal dynamics of the quadruped [27].

Our experiment results are shown in Fig. 1 and can also
be seen in the accompanying video. In our setup, leveraging
the slope on the right is the optimal (fastest) route to reach
the target. The corresponding trajectory is shown in orange in
Fig. 1(a) and (b). Specifically, the robot remains in the normal
walking mode (blue boxes in Fig. 1(a)) and switches to the
slope walking mode once near the slope (dark red boxes).
When approaching the end of the slope, it needs to make a
tight turn to avoid a collision with the wall. Our framework
can recognize that and transitions to the slow walking mode
to allow for a tighter turn (green boxes). Once the turn is
complete, the robot returns to normal walking mode. Fig. 1(c)
shows first-person RGB images along the robot’s path with
color-coded number boxes to identify the active discrete mode.

We next put some papers on the slope for our second
experiment in this scenario, making it more slippery. This
change is encoded by adding a higher disturbance in the slope
mode q2. A new recalculated BRT marks the slope path as
infeasible, and hence the robot needs to reach the target via
the (slower) ground route. The new robot trajectory is shown
in light green in Fig. 1(a) and (b), and the first-person view
in 1(d). Once again, apart from selecting a new safe route,
the proposed framework is able to switch between different
walking modes along the route to handle tight turns and slanted
obstacles, as shown by the activation of the tilt walking mode
(cyan boxes in Fig. 1(a)).

Finally, to test the closed-loop robustness of our method, we
add human disturbance to the ground route experiment. The
robot is kicked and dragged by a human during the locomotion
process, as shown by red arrows in Fig. 12. Specifically, the
robot was dragged to face backward, pushing it closer to the
tilted obstacle. However, the reachability controller is able to
ensure safety by reactivating the tilt walking mode (Fig. 12(b)),
demonstrating that the proposed framework is able to reason
about both closed-loop continuous and discrete control inputs.

Fig. 12: (a) Robot trajectory with human disturbances. (b) Partial trajectory
with overlaid reach BRT shows the robot autonomously switches from q3 to
q4 after being pushed into the tilt obstacle area to ensure safety.

Nevertheless, it should be emphasized that the presented
algorithm only provides the top level of a hierarchical planning
architecture that typically includes a robust footstep planner,
a whole-body controller, and reliable state estimation [41].
Given the extensive computational requirements of reachabil-
ity-based methods, a particularly interesting future direction
would be to use our framework as a high-level reference
within high-fidelity global planners, such as RRT-Connect
[41], to reduce their sampling space and produce high-quality
reference trajectories in real-time. Furthermore, the safety
assurances are currently provided under perfect state estima-
tion, an assumption that is often violated in the real world
and results in accidental collisions during our experiments.
Accounting for perception uncertainty within our framework
is an important future research direction.

IX. DISCUSSION AND FUTURE WORK

We present an extension of the classical HJ reachability
framework to hybrid dynamical systems with nonlinear dy-
namics, controlled and forced transitions, and state resets.
Along with the BRT, the proposed framework provides op-
timal continuous and discrete control inputs for ensuring the
system safety and liveness. Simulation studies and hardware
experiments demonstrate the proposed method, both to reach
goal areas and in maintaining safety.

Our work opens up several exciting future research di-
rections. First, we rely on grid-based numerical methods to
compute the BRT, whose computational complexity scales
exponentially with the number of continuous states, limiting
a direct use of our framework to relatively low-dimensional
systems. We will explore recent advances in learning-based
methods to solve high-dimensional HJI-VI [6, 32, 19, 20, 43]
to overcome this challenge. Another promising direction could
be to explore alternative computational algorithms that lever-
age the structure in the target sets (e.g., convexity) and
dynamics to efficiently compute the BRTs, such as Sum-
of-Squares programming for polynomial dynamics [31] and
Zonotope techniques for affine dynamics [2]. Second, in our
current framework, we use freeze modes to avoid obstacle
regions. In the future, we will extend our method to reach-
avoid problems that naturally encode obstacle constraints
within goal-reaching tasks. Third, we currently assume perfect
perception of the environment in our experiments. It would
be interesting to explore how to use perception algorithms to
automatically define different terrain regions and associated
discrete modes in the hybrid system. Fourth, it is important
to ensure that the obtained safety controller is non-Zeno.
Our current computation algorithm avoids Zeno behaviors by
using a finite timestep δ for discrete transitions (automatically
selected by the Level Set Toolbox to balance computational
efficiency with approximation fidelity). However, this comes
at a price of approximate value functions and it would be
interesting to explore how to properly handle Zeno behaviors
during the reachable set and safety controller computations in
Algorithm 1. Finally, we are excited to apply our framework
to a broader range of robotics applications and systems.
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Shromona Ghosh, and Claire J Tomlin. Bridging
hamilton-jacobi safety analysis and reinforcement learn-
ing. In IEEE International Conference on Robotics and
Automation (ICRA), pages 8550–8556, 2019.

[20] Milan Ganai, Zheng Gong, Chenning Yu, Sylvia Herbert,
and Sicun Gao. Iterative reachability estimation for
safe reinforcement learning. In Advances in Neural
Information Processing Systems, 2024.

[21] Jeremy H. Gillula, Gabriel M. Hoffmann, Haomiao
Huang, Michael P. Vitus, and Claire J. Tomlin. Appli-
cations of hybrid reachability analysis to robotic aerial
vehicles. The International Journal of Robotics Research,
30(3):335–354, 2011.

[22] Antoine Girard. Computational approaches to analysis
and control of hybrid systems. PhD thesis, Université de
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