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Fig. 7. Visualization of the four environments and the learned lengthscale maps. Red means high elevation while blue indicates low. The black dots
represent the inducing points.
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Fig. 8. Results of ablation study. The experiment is conducted in Env1. Changing the inducing input update strategy to gradient-based optimiza-
tion (POAM-Z-OPT) or random allocation (POAM-Z-RAND) deteriorates the performance. Updating the variational parameters using SSGP's strategy
(POAM-VAR-SSGP) slightly reduces the performance. Training with the online evidence lower bound of SSGP (POAM-ONLINE-ELBO) does not change
SMSE or MSLL but increases training time.

only takes several gradient steps. OVC++ has a runtime
nearly identical to POAM, as these methods are similar,
differing only in what they cache. POAM saves variables
related to the training data, while OVC++ savesnoise-weighted
data-dependent variables. This subtle difference signi�cantly
enhances POAM's accuracy and uncertainty quanti�cation
capabilities.

The most substantial performance disparity among the four
environments is evident in Env2, which is therefore used
for a qualitative assessment. Fig. 6 shows the prediction

and sampling trajectories of the four methods. Notably, OVC
demonstrates uniform exploration throughout the environment
because it faces challenges in learning an input-dependent
length scale for AK. In contrast, the other three methods guide
the robot to collect more samples in the mountainous region.
Additionally, SSGP++ and OVC++ ignore the complex plateau
at the right border and primarily gather samples along the steep
slope. POAM captures the plateau comprehensively, collecting
samples in a more balanced manner.

Fig. 7 presents the learned lengthscale and inducing inputs



across all environments. OVC's lengthscale maps are excluded
because they remain �at in all environments. Comparing the
lengthscale maps in Env1 to those learned with dense full
data in Fig. 3b, we observe that all three methods appropri-
ately learn the input-dependent lengthscale from sequentially
received data batches.

While the lengthscale maps appear similar in Env1, the
learned lengthscale maps differ in the other three environ-
ments. In Env2, SSGP++ and OVC++ show a large lengthscale
in the far-right region, whereas POAM assigns a smaller
lengthscale to the same area. This results in SSGP++ and
OVC++ allocating low uncertainty and fewer inducing inputs
in this region, leading to sparser sampling near the right border.
In Env3, all three methods assign small length scales in the
lower part where the terrain variation is evident. However,
POAM delineates the boundary between the two regions
more clearly. The most signi�cant differences in lengthscale
maps are observed in Env4. While all methods capture the
rugged region at the bottom, OVC++ does not place a small
lengthscale in the upper rugged region. Additionally, SSGP++
and OVC++ consider the right part of the environment to be
smooth, while POAM considers the upper-left corner to be
smooth.

C. Ablation Study

To evaluate the effectiveness of each component in our
method, we conducted an ablation study by examining various
con�gurations:

• POAM-Z-OPT: Optimizes inducing inputs using gradi-
ents instead of PCD.

• POAM-Z-RAND: Selects inducing inputs randomly rather
than using PCD.

• POAM-VAR-OPT: Optimizes variational parameters us-
ing gradients instead of computing them analytically.

• POAM-VAR-SSGP: Replaces the variational parameter
update rules of POAM with those of SSGP.

• POAM-ONLINE-ELBO: Trains hyperparameters using
the online ELBO of SSGP rather than the standard ELBO.

Fig. 8 shows the results of the ablation study. Changing
any part of POAM leads to a noticeable drop in perfor-
mance, except forPOAM-ONLINE-ELBO, which performs
similarly to POAM but is more computationally expensive.
The results forPOAM-Z-OPT andPOAM-VAR-OPT show that
using analytical methods for inducing inputs and variational
parameters is better than using gradient-based optimization.
Compared toPOAM-Z-RAND, we see that pivoted Cholesky
decomposition is essential for POAM's performance. The
result of POAM-VAR-SSGP indicates that POAM's method
for updating variational parameters is more effective than the
SSGP method.

D. Robustness

The appendix include additional experiments that explore
the robustness of the algorithm and experimental setting. In
particular, we repeat the experiments with a different initial-
ization strategy that uses random points instead of the Bézier

curve, and with an uninformed planner that chooses waypoints
randomly. The experiments show that the conclusions given
above are valid and hence robust to such modi�cations. In
addition, we include a baseline that uses the full dataset for
updates of variational parameters. The results show that the
performance of POAM is very close to that of using the
full dataset, indicating it provides an effective approximation
method.

VI. CONCLUSION

In this paper, we developed the Probabilistic Online At-
tentive Mapping (POAM) framework to achieve computa-
tional ef�ciency and data ef�ciency simultaneously in robotic
information gathering in non-stationary environments. This
is achieved by constant-time model updates and variational
Expectation-Maximization training of sparse Gaussian process
regression with the Attentive Kernel. Extensive experiments
in active bathymetric mapping tasks show that POAM outper-
forms existing online sparse Gaussian Process models in terms
of accuracy, uncertainty quanti�cation, and ef�ciency.

Despite the promising results, POAM has limitations. The
recursive update of the inducing inputs may lead to suboptimal
performance in streaming time-series data because some old
inducing inputs will be removed in order to make room for
new ones, which is a common issue in online sparse GPs. The
online update expressions for the variational parameters are for
regression tasks. Other tasks such as classi�cation requires dif-
ferent update rules. The hyperparameters are updated slowly,
which may not be optimal when prompt hyperparameter
adaptation is needed. Addressing these limitations provides
opportunities for future work. Additionally, POAM can be
extended to other active information gathering tasks such as
active implicit surface mapping [39], online active dynamics
learning [8], and online active perception for locomotion [50].
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TABLE II
MATHEMATICAL NOTATIONS.

Meaning Example Remark

variable n lower-case
constant N upper-case
vector x bold, lower-case
matrix X bold, upper-case
set/space R blackboard
function f (·)
functional KL[·] typewriter with square brackets
special density N calligraphy capital
de�nition ≜ normal
transpose m

⊺ customized command
Euclidean norm ∥·∥2 customized command

ence:

q(f?) = N (f? | ~µ, ~ν)

~µ = k
⊺
u?K

−1
uu m,

~ν = k?? − k
⊺
u?K

−1
uu ku? + k

⊺
u?K

−1
uu SK−1

uu ku? ,

S =Kuu A
−1Kuu , (22)

m =Kuu A
−1Kuf Σ

−1y, (23)

A =Kuu + Kuf Σ
−1K

⊺
uf .

Here, ku? is the kernel vector between the inducing inputs
and the test inputs,Kuu is the kernel matrix of the inducing
inputs,Kuf is the kernel matrix between the inducing inputs
and the training inputs, andΣ is a diagonal matrix with the
noise varianceσ2 on the diagonal. We discuss different meth-
ods from the perspective of how they update the variational
parametersm andS via the data-dependent terms, which are
highlighted in blue (for they-related term) and red.

2) Streaming Sparse Gaussian Processes (SSGP):Stream-
ing sparse GPs (SSGP) extends SGPR to the streaming setting
where data arrives sequentially and the model can only process
each batch of data once before discarding it [6]. To derive
an online update that facilitates hyperparameter optimization,
SSGP approximates the likelihood of the old data with the old
posteriorq′(u′) and priorp′(u′) at the old inducing inputsu′.
This results in two additional KL regularization terms in the
ELBO:

ELBO =
N newX
n =1

Eq(f n) [logp(yn | fn )] − KL[q(u) ∥ p(u)]

+ KL[q(u′) ∥ p′(u′)] − KL[q(u′) ∥ q′(u′)]. (24)

The �rst line of Eq. (24) is the uncollapsed ELBO of SVGP in
Eq. (10) applied to the new data, and the second line involves
two KL regularization terms for online update.

As in SGPR, this generic ELBO can be further simpli�ed
in the regression case to a collapsed form:

ELBO = log N (ỹ | 0,Qỹ ỹ ) − 1
2σ2

tr( Kf f −Qf f )

− 1
2

tr( Σ̂−1(Ku ′u ′ −Qu ′u ′ )) + constants. (25)

We follow appendix C.4 of Maddox et al. [43] and collect
variables that are not related to the trainable parameters to

the constants term. Here, some notations are introduced
to reveal the similarity and difference between the collapsed
ELBO of SSGP and that of SGPR:

Σ̂ = ( S′−1 −K′−1
u ′u ′ )−1, Qu ′u ′ = K

⊺
uu ′K−1

uu Kuu ′ ,

ỹ = [ ŷ⊺
,y

⊺ ]⊺ , ŷ = Σ̂S′−1
m′,

Qỹ ỹ = Qf̃ f̃ + Σ̃, Qf̃ f̃ = K
⊺
u f̃ K

−1
uu Ku f̃ ,

Σ̃ =
�
Σ̂ 0
0 Σ

�
, Ku f̃ = [Kuu ′ ,Kuf ]. (26)

The �rst line of Eq. (25) has a similar form as the collapsed
ELBO of SGPR in Eq. (6) and the second trace term regu-
larizes the new inducing inputs to be close to the old ones.
Other terms that are not related to the trainable parameters
are represented as “constants” in the equation above. With this
online ELBO, the old data is not needed and hyperparameters
and inducing inputs can be directly optimized using only
new data. To aid the optimization of the inducing inputs, Bui
et al. [6] also propose a resampling heuristic for initialization
of inducing inputs. Speci�cally, some randomly selected old
inducing inputs are moved to randomly selected inputs in the
new batch.

From Eq. (42) and Eq. (45) in Bui et al. [6]'s appendix3, the
predictive distribution is given by:

q(f?) = N (f? | ~µ, ~ν) ,

~µ = k
⊺
u?K

−1
uu m̃,

~ν = k?? − k
⊺
u?K

−1
uu ku? + k

⊺
u?K

−1
uu S̃K−1

uu ku? ,

whereS̃ =( K−1
uu + K−1

uu Ku f̃ Σ̃
−1Kf̃ u K−1

uu )−1,

m̃ = S̃K−1
uu Ku f̃ Σ̃

−1ỹ.

To see how the data-dependent terms are updated, we simplify
the expressions of̃S to make it similar to SGPR's expression
in Eq. (22):

S̃ =( K−1
uu + K−1

uu Ku f̃ Σ̃
−1Kf̃ u K−1

uu )−1

=Kuu K
−1
uu (K−1

uu + K−1
uu Ku f̃ Σ̃

−1Kf̃ u K−1
uu )−1K−1

uu Kuu

=Kuu (Kuu + Ku f̃ Σ̃
−1Kf̃ u )

Ã

−1
Kuu . (27)

Plugging the simpli�edS̃ into m̃, we have anm̃ expression
that resembles SGPR'sm in Eq. (23):

m̃ = Kuu Ã
−1Ku f̃ Σ̃

−1ỹ. (28)

According to Eq. (33) and Eq. (38) in Bui et al. [6]'s appendix,
these data-dependent terms are expanded as

Ku f̃ Σ̃
−1ỹ

=Kuf Σ
−1y + K

⊺
u ′uS

′−1
m′, (29)

Ku f̃ Σ̃
−1Kf̃ u

=Kuf Σ
−1Kfu + K

⊺
u ′u (S′−1 −K′−1

u ′u ′ )Ku ′u . (30)

3We refer to equations in their revised arXiv paper available at https://
arxiv.org/abs/1705.07131, noting that the equation numbering differs from the
proceeding version.
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