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Abstract—This paper addresses path set planning that yields
important applications in robot manipulation and navigation
such as path generation for deformable object keypoints and
swarms. A path set refers to the collection of finite agent paths
to represent the overall spatial path of a group of keypoints or a
swarm, whose collective properties meet spatial and topological
constraints. As opposed to planning a single path, simultaneously
planning multiple paths with constraints poses nontrivial chal-
lenges in complex environments. This paper presents a systematic
planning pipeline for homotopic path sets, a widely applicable
path set class in robotics. An extended visibility check condition is
first proposed to attain a sparse passage distribution amidst dense
obstacles. Passage-aware optimal path planning compatible with
sampling-based planners is then designed for single path planning
with adjustable costs. Large accessible free space for path set
accommodation can be achieved by the planned path while having
a sufficiently short path length. After specifying the homotopic
properties of path sets, path set generation based on deformable
path transfer is proposed in an efficient centralized manner. The
effectiveness of these methods is validated by extensive simulated
and experimental results.

I. INTRODUCTION

Simultaneously generating paths for multiple agents finds
vast applications in robotics. For instance, planning multiple
robots’ paths with certain collective properties has been exten-
sively studied in multi-robot navigation tasks like surveillance,
formation flight, and collaborative transport [1]-[4]. Manipula-
tive tasks also demonstrate similar needs. Particularly, robotic
deformable object manipulation (DOM) remains challenging
today. One core reason is that widely populated constrained
environments in reality make DOM far more complicated
beyond pure control approaches [6], [7] and entail planning
[8], [9]. The reliance on models or simulations renders defor-
mation planning not easily applicable. An effective alternative
is directly planning spatial paths for deformable objects (DOs).
Considering DO keypoints provides a tractable way to depict
the object states [5]. Analogous to multi-robot paths, keypoint
paths should be specified coordinately. For consistency, a path
set here refers to the collection of paths for a robot team or
object keypoints.

In comparison to path set planning, multi-trajectory plan-
ning is more commonly studied in multi-robot systems to
impose time-dependent constraints. Usually cast to spatiotem-
porally constrained optimization problems, multi-trajectory
planning poses high complexity. In contrast, path set planning
decouples time to make a more basic and tractable problem.
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Fig. 1. Block diagram illustrating the overall workflow and main modules
in the proposed path set planning pipeline. Blocks in the bottom row are the
key components of corresponding modules.

Planned spatial paths can be converted to trajectories readily.
This paper addresses path set planning, in particular a general
class of homotopic path sets, and presents a systematic plan-
ning pipeline as shown in Fig. 1. In obstacle-dense environ-
ments, the obstacle distribution is first perceived by identifying
valid passages that constrain agent motions. A novel passage
identification criterion is proposed which drastically reduces
the number of passages and subsequent computations over the
original visibility condition. Then, passage-aware optimal path
planning is utilized to find a single path trading off classical
objectives, e.g., the path length, and free space along the path
to accommodate multiple paths. After analyzing the feasible
topological properties of path sets, a deformable path-transfer
scheme is designed to efficiently generate coordinated path
sets from a single agent path.

A recently reported study on path set planning in [5] only
adopts DOM setups. In navigation, the concept of virtual tube
in [2], [3] shows similarity to path sets in that it contains
homotopic swarm trajectories, but standard planners and heavy
optimization are relied on to attain trajectories. This paper
extends and completes path set planning via a systematic and
thorough investigation of core modules of the pipeline. The
key contributions can be summarized as

1) A general passage check condition to detect sparse pas-
sage distributions in environments. It reduces the passage
number dramatically over pure visibility check and helps
save computations in planning stages.

2) New cost forms in passage-aware optimal path planning
for adjustable planning results. Planners are enabled to
optimally trade off path’s accessible free space and length
over conventional clearance-based methods.

3) Further refined path transfer procedure to better guarantee



transferred paths' feasibility and coordination. Path setimensionality and branching factors upon detected con icts
can be generated much more ef ciently than approachfl]. Conict-based search adopts a two-level structure to
of separately planning. enable fewer state examinations [32]. Other methods such as

Additionally, we demonstrate extensive simulation and expeHicreasing cost tree search [33] also exist and a comprehensive

mental results as well as practical robotic applications to revéirvey on MAPF is available in [22]. _
the generality and applicability of our proposals. In robotics, realistic conditions in ground and aerial swarms

usually render the above methods less applicable. Trajectory
planning, optimization, and local motion planning are often
jointly considered [1]-[4]. Mix-integer quadratic optimization

The related work draws equally from manipulation planis formulated for multiple trajectories passing specied in-
ning, mostly DOM planning, and multi-robot path planningermediate waypoints [34]. Discretized linear temporal logic
literature. While DOs usually do not permit easily attainablig employed to depict robot groups' desired behaviors and
state representations, a feasible path connecting the initial argjectories are solved as a problem of satis ability modulo
target DO states can be planned with explicit deformatiaheories [35]. An important alternative for global path planning
models. The DO state is usually characterized by extractedsampling-based methods that de ne the path by a set of
geometrical or topological properties. A survey on modeafe team con gurations. For instance, PRM is used for team
based DOM planning can be found in [8]. Models include thi@rmation in [36], [37]. Sampling-based strategies in multi-
elasticity model [10], the mass-spring model [11], minimalrobot path planning usually need to compute cell decomposi-
energy curves for deformable linear objects (DLOs) [12], ttion of environments to recognize traversable areas [1], [38].
determine valid intermediate states, namely samples. StandRegtently in [2], [3], the virtual tube is proposed to generate
planning algorithms, e.g., Probabilistic Roadmap (PRM) arid nite homotopic optimal trajectories ef ciently via convex
Rapidly-exploring Random Tree (RRT), are utilized to attain @mbinations of several optimal vertex trajectories. The tube's
path to the target state. Most works are DO/task-speci ¢, e.gopological properties are decided by vertex paths found by
DLOs, planar DOs, and clothes [13], [14], or ad-hoc elementBRT (optimal RRT) that minimize the path length, but tube's
action paradigms like folding and bending [15]. The reliancaccessible free space is not optimized.
on models or simulations severely hinders the utility of model-
based planning in practice. _ , I1l. PASSAGEDETECTION AND PASSAGEAWARE

More relevant to this work is spatial DO path planning for OPTIMAL PATH PLANNING

a feasible path connecting initial and target DO con gurations __ ) .
in complex environments. Using sampling-based planners, aTh|s section elaborates on prerequisites for path set plan-

nominal feasible path can be achieved with models/simulatiof9- After a brief problem statement, the extended visibility
[16], [17]. For better practicality, DO state prediction, motiofh€CK condition in passage detection is proposed. Passage-
planning, and control are interleaved in [18]. An increasin@Vare optimal path planning is then presented.

number of approaches unleash the potential of learning meth-

ods in DOM planning. In [19], the reliability of planned stateA, Homotopic Path Set Planning Problem

acthn pairs is enf_orced by _Iearn_lng a classyer of more reliably ?onsider ateam &€ agentsS = [s]; ;T " with's; 2 R?
feasible state-pairs. The imagined plan, i.e., a sequence Q

images to the desired goal, is attained by learning a Cauggpoting thei-th agents position. In manipulation, the team
9 goal, y 9 can be the group of keypoints picked on DOs for deformation

INfoGAN [20] of the deformation dynamics and planning in Escription. Thepath set i.e., the collection of agent paths,

) d
the latent space in [21]. More recently, path sets of feedbac employed as the path embodiment of the team. Given the
ial Sp =[sf.1;::: 50 1T and targetSy = [sf.1; 5585« 1T,

points are leveraged as DO motion references in DOM [&J)IEg
but path set generation and passage processing are S'mp“t%ef aim is to nd the path set to encode the team's spatial
gath in complex obstacle-dense environments. Apart from

leading to restrictive generality.
Multi-robot path planning is a basic problem when multipl |%Hievidual path's properties, the path set needs to ful Il certain
nstraints as a whole. In particular, we target homotopic path

robots are present and has received substantial research in?
robotics and Al community, formally named the multl-agense,[s in which all paths are homotopic. Denotethe path of

path nding (MAPF) problem. It aims to nd feasible paths ;

. S L s;, then the path sets satis es
for all agents while optimizing objectives of the makespan ot
the sum of individual path costs [22], [23]. Numerous MAPF s=f 1 2000 kg H( i) j)=True8 i; ; (1)
algorithms are proposed on common abstractions like ignoring
agents' kinematics constraints and using discrete grid graphdereH () checks path homotopy. Meanwhileg is required
Despite the NP-hardness of MAPF [24], sub-optimal solvery occupy a large free space in complex environments for
including search-based solvers like hierarchical cooperatimriltiple path accommodation and have short paths as detailed
A and its variants [25], [26] as well as rule-based solvetater. Intuitively, homotopic path sets do not allow agents to
[27], can quickly nd all agent paths. Some optimal solverbe split apart by obstacles, a widely applicable homotopy path
reduce the problem to standard and more tractable ones, elass in DOM [5] and robot navigation [1], [39], [40], and are
integer linear programming [28], answer set programming [28]so readily extendable to general cases by allowing multiple
and satis ability solving [30]. M dynamically changes the homotopic path sets [3], [41].

Il. RELATED WORK



Fig. 3. (E1; E4) will pass the original visibility check, but cannot pass the
extended variant because bdih and Eg intersectR 1:3.

Fig. 2. For simplicity, segments connecting obstacle side centers represent

passages formed by two obstacles here. All passages pass the visibility chqqlfe region centeo;; coincides with the passage center and
but only black ones are useful in free space determination. . b .
the diametelr;; equals the passage widkfE ; E )k.. If any
otherE intersectsR;; , the free space shrinks as exempli ed
B. Extended Visibility Check in Passage Detection in Fig. 3 for a drone(E; E) should be classi ed as invalid

Narrow space easily causes collisions in team motion afiice the agent is more directly con ned Iy when it is in
manipulation. Thus, suf cient free space along the path S@:{‘;Ej) This criterion naturally involves the original visibility
represents a fundamental requirement. As paths are homotopffdition as an extended variant and can be expressed as
it suf ces to resort to one agent path for a large free space. An V(B E&)= False fB\R i 6 ;: 4)
effective way to gauge accessible free space along a path is by
checking traversed passages. Unlike passage detection bddég infers that an agent in cluttered environments is more
on computationally intensive bridge tests [42], [43], obstacliely to be blocked by obstacles in its vicinity than obstacles
distribution is exploited for fast detection. Assume obstaclé@ming the generic passage it is traversing. (4) can also be
are separate polyhedrois(i = 1;:::;M). Each ordered pair interpreted by Voronoi diagrams that partition the environment
E;E (i <) forms a generic passage denoted(BsE). by clearance to obstacles [44], [45], [46]. Speci cally, (4) im-

A total of (¥ ) such passages exist, but not all are physicalReses tha(E ;g ) is valid if it only goes through the Voronoi
valid. The pruning strategy of visibility check is used in [5]cells associated witf; andF . In this way, redundant passages
(E'E) is classi ed as valid On|y if the passage Segment i@re thoroughly eXCIUded, which helpS save Computations in
collision-free with other obstacles. Though visually invalidollowing passage-related procedures. In 3D maps, passage
passages are excluded, a signi cant downside is that it leavededection can be performed in height intervals determined by
large fraction of passages invalid for free space determinati@Rstacles to maintain a sparse passage structure.

in obstacle-dense environments, e.g., Fig. 2.

Redundant passages will incur a large computational load@n Passage-Aware Optimal Path Planning
following passage-related procedures in path set planning. Tgassage determination preprocesses the environment before
address this, an extended visibility check condition is propossgth planning. For eack 2 S, the path from its staro;
here to enable athqrough passage check. The shortest seg%eme targetsy; optimizing a user-de ned cost function is
between obstacles is leveraged as a compact representatiog,gfinable by optimal planers such as sampling-based methods

the passage, i.e., [47]-[49]. Formally, a feasible path is a continuous function
(E;B)= I(pi:p;) 1[0;1] 7! X4ree WhereXgree is the obstacle-free con gu-
st:(p;;p;)= argmin kpi pjks (2) ration space. The_ pa_\th argument? [0; 1] is given _by path
pi 2E;;p; 2E, length parameterization by default. As aforementioned, apart

from the typical criterion of path length, one core requirement
Ror an agent path is to optimize the accessible free space for the
path set. The passages passed lisom the start (0) to ( )

are stored in an ordered li& ( ) = f(5;5); (B E)o.
V(E;§;E) = False if B\ I(p;;p;) 6 ;: (3) P (;i) indexes thei-th passage irP ( ). minkP ( )k
returns the minimum passage widthin( ).

) i - ) . Optimal planners asymptotically nd the path that optimizes
all B;k & ij . This condition, however, is overly restrlctlvesome properly de ned cost. A well-formulated cost is therefore

:g Irtlf ' dout invalid passar?desr. tior\;rslémc(ezm%l) ': Ellgﬁzt;ls | essential to depict the aforementioned planning requirements.
arked as a passage under the visibiiity criterion. INonetnele ever, it is not straightforward since these requirements

S“F’tPOS? an ageg_t W':lh a c?rfcatlndvglume |sbpasbéﬁtag§;), |t3 may be inconsistent and con icting. A path minimizing the
motion Is more directly restricled by hearby obstadiesan path length need not have suf cient free space along it and

Es in passagek; &) and(Es; Bs). . . . vice versa. The cost to trade off them in [5] is
Taking the perspective of an agent with isotropic motion

directions,(5; ) constrains the agent in a circular aRg . f()=Len( )=fp() (5)

where () R3 is the segment connecting two points. |
pure visibility check,V(E; 5 ; E) returns true if(5;5) is
not occluded byg, and false otherwise

(E;§) is evaluated as a passageV(E;  ; K is true for



Algorithm 1: Update Cost ofpey in A New Edge Algorithm 2: RRT -Based Passage-Aware Optimal

1 InDUt Shear 2 Snear s Snew » I:)vallid ;E; Path Plannmg

2 foreach (E;5) 2 Pyaig do 1 Pyaid

3 if edg€&Snear ; Snew) PassegE; §) then ExtendedVisibilityCheck (Ez; i Bm);

4 0 near  ©dO€Snear ; Snew ); 2V f smt 0E ;

5 Computef ( 9;fp( 9; 3fori=1;2:;N do

if £( temp) <f ( new) then 4 Srand SampleFree ();

6 Updatef ( pew);fp ( new) a@s values of & 5 Snearest Nearest (G =(V;E);Srand );

7 Updatef cyr (Spew ) and parent oBpey ; 6 Snew Steer (Snearest ; Srand );

8 E (E nfedg€sparent ; Snew)9) [ 7 if ObstacleFree (Spearest ; Snew) then

f edg€Snear ; Snew ); 8 Snear  Near (G = (V;E); Snew; I'near );
L - 9 V  VI[f Spew0;

10 Smin GetParent (Snhear ; Snew ; Pvaiid );
1 E E[f edg€Smin ; Snew)O;

where Lerf ) is the path lengthip ( ) = min kP (1)kp isthe 12 Rewire (G =

minimum passage width passed byProportional comparison | (VE); Snear ; Smin ; Snew ; Pvaiid );

between Lef ) andfp( ) is adopted in (5). The composite1
cost tends to minimize the path length while maximizing the
minimum passage width the path passes.

Terms' priorities in (5) are xed. Adjustable costs are more - , .
desirable to enable different path preferences considering five F€2Sibility Requirement for Path Sets in Homotopy
free space requirement varies with problem setups such as theor the feasibility of the path sets as a collection, paths'
team size and the obstacle density. A weighted cost structii@motopic interrelationships are analyzed. In general non-

w

return G = (V;E);

is introduced herein as winding scenarios where agents do not wrap around obstacles,
B the homotopy constraint is imposed on pathg; , with
FC)=Len( ) kefe() (6) identical initial and nal positions are path homotopic if there

wherekp > 0 acts as the weight dfs ( ) that determines the €Xists a continuous function, i.e., the homotopg,) : [0; 1] 7!
importance of (). Intuitively, the passage width is converted free » Where tee is the set of paths irKree , such that
into a generalized and weighted path length subtracted frof@) = 1; (1) = 2 and (X) 2 free; 8x 2 [0;1]
the true path length in(6). By taking differentkp, the HoOmotopic paths essentially can continuously deform to one
dominance between Lén) andfp changeske selection is another inXsee but are not easily veri able in general. For
problem-speci c. In most scenariokP (1)k is signi cantly ~€asy veri ability and good generality, straight-line homotopy
smaller than Lefi ), ke should not be too small to bring outiS imposed on paths. If ;; , are path homotopic, their
the effect offp () in the cost. straight-line homotopy is

The gost formglations (6)_ are r_nonoto_nic undgr path con- (6 )=@ x) W)+ x 2(); x 2[01F  (7)
catenation (Lef) is monotonically increasindp ( ) is mono-
tonically non-increasing) and bounded. Therefore, sampling:; 2 are said to be strong path homotopic if.2(x; ) 2
based optimal planners are guaranteed to nd the optimal pathee always holds, indicating that the hypersurface swept by
asymptotically [48] and RRTis taken in our implementation. 1:2(X; ) lies in X¢ee . We do not construct strictly homo-
Denote ., the optimal path from the stasi,; to the new topic paths with the same endpoints as in [5Q}. j 2 s
sampleSpew - Snew Carries attributes of ( ey ), Tr( new) &re said to be strong path homotopic-like if their straight-line
andf cur (Snew ), the passage width passed by the edge from themotopy in (7) remains in free .
parent node tGnew . fp ( pew) @Ndfcur (Shew ) are initialized ~ Any pair of paths in s are required to be strong path
as large values to indicate no passing of passages. To itdtamotopic-like as in [5], equivalent to the uniform visibility
tively nd ., ., passage passing is checked in every attemgindition for quadrotor paths [39], [40], line of sight [50], and
to add the edge betwesp,, and a near nodg., . Attributes  Visibility deformation of roadmaps [41]. Since agents are not
are updated accordingly (see Algorithm 1). This procedure $§parated by obstacles, paths are homotopic to transform into
invoked when nding the parent node and rewiring the tregach other, which is hard to check in high-dimensional spaces.
i.e., GetParent() and Rewire() . See Algorithm 2 for The strong homotopic-like condition is easy to check, although
passage-aware optimal path planning for a Single path thia€an be overly constrained in 3D Sspace to exclude feasible
integrates the extended visibility check for passage detecti®fiations where paths round obstacles like Fig. 4. This can
and the new cost formulation. be further checked by examining if the straight-line homotopy

passes the entire obstacle top part.

IV. PATH SET HOMOTOPY AND PATH TRANSFER
This section rst discusses the feasibility requirements fd3- Path Transfer

path sets regarding paths' homotopic properties. Path transfeGGenerating s by planning each agent path in a decen-
is then introduced as the basic primitive for path set generatidralized fashion is complex due to the homotopy constraint.



A. Pivot Path Planning and Repositioning

1) Repositioning Reference Points Determinatiddefore
planning the pivot path ,, a pivot selection criterion mini-
mizing the transfer vector magnitude is introduced as

p=argmin max (ksp; SojKkz;KSgi  Saj k2)  (10)

19k 1jK

which limits path transfer to a tunnel centered gtwith a ra-

dius as small as possible. In, transferred paths can percolate

obstacles easily since, is often close to obstacles to reduce
Fig. 4. In the left 2D case, DO point path 1 and 2 are not homotopic adtp length in (5) or (6). , thus needs to be repositioned to a
thus infeasible. In the right 3D case, though path 1 and 2 are not strong patiore reasonable con guration while preserviRg, (1). After
homotopic-like, the shown DO pose is feasible. planning ,, . is obtained for checking passage intersections.

Usually, it is suf cient to consider obstacles ih (1), but this
Coordination among paths is also hard to achieve. Paths ifin@y miss some nearby obstacles. For completeness, a distance
homotopic path set share an identical passage passing listtef is rst applied to register obstacles neay,. Denote the

2D,i.e,P =P ;8 i; | 2 s,orhave limited differences distance between, andE as
in 3D. Therefore, if one path in s is planned, other paths dl - E)= min K Ko 11
can be generated by transferring from it. This ow fullls (5B 2[0;1];pi 2E; p( ) pike: (11)

homotopy by construction and is computationally ef cientA
Sp and S4 are essentially two clusters with different age
distributions. A path set fron5, to Sy connects the two

threshold =max1 ; k max(ksp;i Sopko;KSgi Sapko)
"6 set to rule out obstacles not in's vicinity. The remaining
: . : obstacles are divided into two categories: obstacles in passages
clusters while meeting the above constraints. SUprQES. traversed by ,, termed passage obstacles, and isolated obsta-
has a planned path, from sp;, to sy, then for each point o< iherwise. Formally, de NBear = fE; jd( o:E) 9
si 2 S, the path transferred from, is e i . P ’

=5 fEij(B:§) 2 P (Qor(§;E) 2 P (1)9Fg.

i (i)= pCp)* Vo i( pi i) (8) Passage obstacles dEf*" = Eyear \E p. ISOlated obstacles

€Eso = Enear N ESear .
The relative position of , to nearby obstacles determines
ow p should be locally repositioned. The passageRist(1)

where a general path transfer form is utilized compared to [ar
It permits different path arguments i, i, and a varying h

transfer vector to enaple more eX|bIg transfer. ._.._is updated to only contain passages with obstacle&.dx .
The planned path, in path transfer is conceptually similar LN . o . .
to the generator curve in [3]. The corresponding agent termP(f (1:1) = (5B is discarded if bot§ and & are not in
: : | Do) 2T ) : . The i i P (1;i)i
pivot, can be picked arbitrarily since following transfer procel‘—gnear e intersection segment betweep andP , (L;1) is

. 0 .o
dures are invariant to pivot. Designat¢the chosen pivot index. (;hnarta;]ct;zé:ﬁed by the chord, denoted a3 P (1;1), with its
The pivot path ,, is found by the passage-aware optimal patlh 9 g

planner. When transferring, to other agents, forward and k \ POp (Liidke = max K ¢ (ki) g (gidke (12)
backward transfer are proposed in [5] by assigning ; as koK
Vop! i = Soi  Sop andVgp i = Sai  Sap, respectively, where Pop (1;1) signies the entire straight line on which

where extra postprocessing of path concatenation is requirfd, (1;i) lies. k ( «;i) is the intersection point between
To resolve this, these two transfer paradigms are combined i and P° (1;i). The ordered intersection points between

P .
(8) to be pandP (1), f p( p1); p( p:2)i5 p( pin)Q, constitute
_ _ ' . reference points of ,. Two overlapping possibilities between
ti( )= p( )+(1 )VO;p! it Vdp! i 9) o\ POp (1;i) andP p(l;i) exist: ¢\ F)Op (1;i) is completely
where ;| = = , Vop i andvgy: ; are linearly inter- contained inP (1;i) or otherwise. If \ Pop(l;i) falls
polated to compose a varying transfer vector alopg. In inside P _(1;i), the intersection point ,( p;) just remains
this way, i (0) = soi, i (1) = sg; with no need for path unchanged for anchoring. In situations otherwise, the chord

postprocessing. Performin@) for each agent ir§ leads to is in collision and , should be modied locally. Ifk \
a transferred path set;(So; Sy; p). t IS strong homotopic- Pop (Like k P (L;i)kz, P (1;1) is sufciently wide.
like if the hyperplane swept by the varying transfer vectaran be simply translated alorfg ,(1;i) to move the chord
Vo i keeps collision-free. As constrained environments aieto P (1;i). Denote ,( ;i) the adjusted reference point, it
present, such an assumption usually fails, which entails re nedn be given as
processing to reach the nal path set. )= p(pi)* d (13)
V. PATH SET GENERATION USING PATH TRANSFER whered . is the translation along , (1;i). Note that there is
In this section, a path set generation scheme for constrairete chord end outside | (1;i), be it 4( ¢;). After transla-
environments is proposed incorporating two re ned steps dion, the end is moved to a poipt; onP _(1;i) with a preset
[5]: 1) pivot path planning and repositioning, and 2) coordielearance_to obstacles. The shiftid ; = p q( qi) as
nated deformable path transfer. illustrated in Fig. 5 and Fig. 6.



Fig. 6. Different situations when attaining reference points for the pivot path
Fig. 5. In the shown passage; is the pivot path. t.1; ¢ 3 are transferred . 1. No need for repositioning. 2. Translatg along the passage segment.
from > and both collide with obstacles. To tackle thig; is repositioned 3. Reposition p to proportionally compress the chord. 4. Pushaway from
rst. t1; t3 are then locally deformed. an isolated obstacle.

K ¢\ Pop (Lii)kz > kP _(L;i)kp is more constrained. inherent problem of chords is that they may poorly represent
The chord cannot be placed within the passage segmenth®yv the entire path set passes through the passage and lead
translation. Repositioning , now aims for a coordinated to honsmooth path segments, e.g., when the passage is nearly
distribution of all transferred paths. The strategy to overldgrallel to the local path. Inspired by the virtual tube [2], [3],
centers of ¢ \ pOp (L;i) and P ,(1;i) is utilized in [5]. We propose a geometrical approach for chord determination,
Its problem is that it may cause extremely unbalanced paMhich uses the normal direction of the pivot path to get the
distributions. To avoid this, proportionally placing intersectioghord and then rotates it back to the passage segment. Details
points onP (1;i) according to the relative distribution ofare given in Appendix A.

ft1( 1i)i w2( 2i)i5 ke (ki )9 provides more reason-
able reference points.,( p;) now is B. Coordinated Deformable Path Transfer
ol pi) = P_i + 1i( p( pi) ) (14) After attaining ,,, the next step generates rest agent paths.

] . ) Although , gets further optimized based ory, directly
where 1 = (kP (Li)kz 2)= (\ P (Li)kz is the transferred paths from, via (9) may still be infeasible
scaling ratiop ;i is the new chord end. As \ P° (1;i)k; > in constrained environments. To effectively convert a locally
kP ,(1;i)kz, at least one chord end is outside Bf (1;i) infeasible path into a feasible one, a path-deforming scheme
to be taken as ¢( qi). For isolated obstacles, we onlysimjlar to the path-guided optimization avenue in [39], [40]
consider the case in which they collide with some path ¢f |everaged. The core idea is to use proper reference points
lie between paths. As suchy( g) is translated along the g taijlor infeasible path parts to feasible paths through path
direction of ,(g) pi, where ,(g) is the minimum geformation. Firstly, a new path set, is regenerated by
distance projection of on p in (11). p; is the optimal transferring , to rest agents as (9). Passage intersection check
point onE.. This is analogous to (13) by replaci®f, (1;i) s conducted as before. If adjustment is needed, the reference

with the line of (&) p;. point for each transferred path is given as

2) Repositioning Pivot PathA series of reference points
have been obtained along,. , is repositioned iteratively g Cii)= pCpi)+triCeg (i) p(pi)) (16)
between every two consecutive reference points in a linggp e . (ji) is the xed reference point. The intersection

interpolation manner. For; pi+1, the new path

o L point of the repositioned , is xed as the reference point.
position ,( ) is given as P

This follows the proportional distribution in (14) to compress
. the chord. With all these reference points, each transferred
o( )= p( )+ ——2—( ,(pi+s1)  p(piv1))  pathis deformed in the same manner as (15).
p”_fl Pl The deformed transferred path; need not be collision-
+ L( o pi) p( pi)): (15) free because obstacle sizes may not be negligible in practice.
pii +1 P! The key to addressing this is providing more reference points
p is the repositioned ,. The start and nal points of ; near narrow passages than those on the passage segments. This

need to be inserted to establish an augmented list of refereca@ be achieved by introducing translated passage segments
points f 5(0); o( p1)ii p( pin); p(1)g. Since the shift on obstacle vertices as shown in Fig. 16 and more details
magnitude on a passage segment is small compared to the tatal provided in Appendix B. The overall path set generation
path length, the path segment in (15) is feasible in generplpeline is outlined in Algorithm 3. The completeness of the
As for the repositioning procedure in 3D space, the chomhtire scheme is ensured by the completeness of the optimal
evolves into the convex hull formed by intersection pointslanner backbone for pivot path planning. Only linear time
with the passage plane. Without considering oating obstacleymplexity w.r.t. the discrete path node number exists to obtain
the shift of ,( ;) is restricted in the direction parallel toa transferred path and the resulting paths are strong path
the ground and rules are set similarly to (13) and (14). Om®motopic by construction.
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Fig. 7. Examples of passage detection results with different obstacle distributions. Dashed blue segments are passages after the visibility check. Solid black
segments are passages after the extended visibility check. (a) and (b) have the same obstacle side length of one with 20 and 100 obstacles respectively. Dens
dashed segments are not plotted in (b) for clarity. (c) 20 obstacles with an obstacle side length of four.

V1. EXPERIMENTAL RESULTS as fast as the third obstadig's distance to the passage center

The proposed path set planning pipeline together with cofe » Making B \R i; 6 ; easier to meet in (4), leading
modules is implemented and tested in various conditions. TfiNsigni cant passage number rises in Fig. 8(b). Predictably,
section presents comprehensive evaluation results. Core citfetwo conditions® differences will be unnoticeable if obstacle

is updated ahttps://github.com/HuangJingGitHub/HPSP  Sizes are suf ciently large. Finally, Fig. 9 shows an example of
passage detection in a 3D map. The passage distribution varies

in height intervals divided by obstacle heights to get a sparse
result. The passage distribution can be retrieved ef ciently by
As a key upstream module, passage detection determiit@exing height as the key.
passages for the following path set planning. The experiment
aims to investigate how the visibility condition and the ex-
tended variant affect the resulting passages. Different settﬁ)s
of obstacle shapes, sizes, and densities are tested to enrich paBhis part showcases passage-aware optimal path planning
sage variations. For each obstacle number equally spaced fi@#AOPP) results. We aim to investigate two major aspects:
10 to 100, the passage number is averaged di@random the in uence of cost formulations on planned paths and com-
obstacle distributions (map siz60 30) of random shapes putational performance differences brought by two visibility
(squares, regular triangles, and rectangles with an aspect ratiecks in path planning. Despite many available ef cient
of 2:1) and poses. The obstacle size is controlled by the siganner implementations such as the open motion planning
length which is set as one here to accommodate more obstadilesiry [51] and the navigation toolbox in MATLAB, it is
(see Fig. 7). The statistical results in Fig. 8(a) show that tmet straightforward to incorporate passage-related functions
combinatorial quadratic increase of the passage number ward customized costs into existing frameworks due to the
the obstacle number is reduced to signi cant linear relatioiack of related interfaces. RRTplanner is thus implemented
by two visibility conditions, which dramatically brings downseparately with all subroutines int@ . Obstacle-related func-
the valid passage number. Both conditions have coef ciertignalities, including two types of visibility check for passage
of determination larger thaf:99 after linear regression. Thedetection, passage segment positioning, and passage passing
extended visibility condition, however, has a much small@heck for path segments, are packaged to be invoked readily.
passage number increase rate4:1 vs. 15.0). The ratios of These make cost forms and parameters easily con gurable
the passage number using the visibility condition to that usinghen instantiating a planner.
the extended version has a mea®df58 suggesting that only  As depicted in Fig. 10, different cost formulations are tested
a small fraction of passages remain after further checking timepath planning: the ratio cost in (5) and the weighted cost in
extended visibility. (6) with different weights K = 1;10, and 100 respectively
Next, the obstacle number is xed as 20, and side lengths dechange the preference). Various numbers of obstacles are
equally spaced fror@:5 to 5 to change obstacle sizes. Obstacleandomly distributed. Passage detection is conducted using
distributions are still randomly generated 10 tests for each the extended visibility check and environment boundaries are
side length. Unlike the pure visibility check, Fig. 8(b) indicatereated as extra obstacles. The planning problem is constant
that the extended visibility check is not sensitive to obstackeross tests to nd an optimal path from the top left to the
size changes. The passage number via the visibility chdwmittom right corner as in Fig. (10). It is observed that paths can
decreases signi cantly and nearly linearly as obstacles exparmdry with cost choices. For the weighted cost, the path length
but passage numbers after the extended visibility check preskeet( ) dominates the cost whegp = 1. Thus, the resulting
small variations. The passage number increases slightly ratpaths (green paths) prioritize minimizing Len, similar to the
than decreases as obstacles get larger. This counterintuitivest typical setup in optimal path planning. In comparison,
phenomenon can be attributed to the fact that when obstasleenkr = 100, the minimum traversed passage widlith( )
sizes grow, the passage segment lemgth; p; ) shrinks twice largely determines the cost. Planned paths (red paths) try to

A. Passage Detection by Extended Visibility Check

Passage-Aware Optimal Path Planning Results
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Fig. 9. 3D passage detection example. (a) Valid passages are transparent red
planes. (b) Height-varying passage distributions in two height intervals.

(b)

TABLE |
Fig. 8. Statistical results of passage numbers detected by two check conditionBVERAGE TIME OF PASSAGE-AWARE OPTIMAL PATH PLANNING AND
in different setups. (a) Passage numbers with different numbers of obstacles MAX-CLEARANCE PATH PLANNING TESTS(MS)
(obstacle side length is one). (b) Passage numbers with the same number of
obstacles but different obstacle sizes. Obstacle Num. 10 20 30 40 50 60

MC—time 327 619 740 916 1361 1345
9:0 9:0 9:0 9:0 8:9 8.7
avoid going through narrow passages. In betwdgen= 10 MC-sample 868 1440 2087 2594 3627 4223
balances the two items shown by cyan paths. The value rand&OPP-pure 1995 41r2 6342 8312 10161 11405
; ) . AOPP-ext 882 1640 2401 3331 4212 5119

of kp to effectively alter two factors' precedence is problem-
related akp varies to make Lef ) andkp fp () comparable.
Overall, the ratio cost (paths are in blue) behaves similarly to
adopting a moderat&p in the weighted cost, making it ahalf the planning time. Note that despite the signi cant time
balanced cost in most cases. saving, its reduction is not as dramatic as the passage number

To quantitatively measure how the extended visibility chedieduction in Fig. 8(a) because passage-related operations only
improves planning ef ciency, passages are identi ed by twégke a fraction of planning computations.
check conditions respectively for PAOPP, i.e., PAOPP-pure and\ext, PAOPP is further compared to the conventional max-
PAOPP-ext. Planning ef ciency is gauged by the planning timeearance path planning (MCPP) method. MCPP nds the
with a maximum valid sample numbé& = 10k. The path shortest path with the maximum clearance (MC) to all ob-
cost is weighted p = 10) and the start and goal remainstacles and represents a classical avenue to balance path's
unchanged. All computations are run on a PC with Ubuntaiccessible free space and length. To get the MC, a binary
18.04, Intel Core i9-7980XE CR@®260 GHz 36, and 64 GB search for MC in planning is performed as in Algorithm 4. The
of RAM, with no speci cations for acceleration. For the saméwer and upper bounds are half the minimum and maximum
problem, paths found with two passage check results have gassage width respectively. For completeness, passage widths
same passage traversal list and similar path costs. Thus, they detected by the pure visibility check. Two failure criteria
can be regarded as equivalently optimal paths. See Appendixddan MC value exist: return false if the planner fails to nd a
for theoretical analyses of two checks' equivalence in PAOPath after a given time (MCPP-time) or a given sample number
The planning time differs much in Table |. For each obstac{CPP-sample). In Table I, MCPP-time reports the one-round
number (the side length is three), 10 different planning tests gianning time when MC is found within an error 65  the
run. The planning time is shown to redus&?7 % on average. total planning trail number. MCPP-sample reports the total
Roughly, the extended visibility check helps save more thatanning time and the max sample numbemMNigc = 20k.
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Fig. 10. Path planning results using different cost formulations. The obstacle number in the environment rand@stdérét Blue paths correspond to the
cost in (5). Green, cyan, and red paths correspond to the cost in (6kwith 1 ; 10, and100, respectively.

MCPP-time turns out to be the slowest. Due to the fast plan- TABLE |I
ning failure check, MCPP—sampIe is faster than PAOPP wit\VERAGE PATH SET PLANNING TIME USING PATH SET TRANSFER AND
! L SEPARATELY PLANNING METHOD (ms)
sparse passages B4 % on average. However, its inherent
drawbacks are tha_t the plz_inne(_j result is not adjusta_ble and 5, Number 3 6 9 12 15 18
performance deterioratesMc is large. See Appendix C for —sp M =10) 4442 9501 14653 20083 25393 31105

more implementation details and results. PTM =10) 840 882 845 879 863 867
SPM =20) 5809 11972 17743 24630 28956 33411
PT(M =20) 1660 1681 1653 1665 1661 1658
C. Path Set Generation Results SPM =30) 7242 13259 21332 28087 34020 40727
PT (M =30) 2480 2433 2498 2450 2452 2272
Built on the modules above, the set generation schemes

implemented and tested. Given the init and nal Sy, a
pivot path is rst planned via PAOPKp = 10 is utilized
in pivot path planning for a balanced cost. The top row igeneral, transferred paths frorg may collide with obstacles,
Fig. 11 illustrates the directly transferred path set (in and coordinated deformable path transfer is required. As in
blue) and the repositioned pivot patfy (in green). Though Fig. 11(f)_, there exist narrow passages _that cannot accommo-
the planned pivot path, goes through passages associatélpte all directly transferred paths. Coordinated reference points
with large free space, directly transferred paths collide wife given for each path to guide path deformation, making the
obstacles easily. This is because the passage passing posift§# Set go through narrow passages freely. In scenarios where
of ,, namely intersections with passages, are obtained glstacles are densg and of signi cant gizes, translated passage
minimize the path length, which commonly makgslocated Segments can be introduced to dens.|ty reference points for
in obstacles' vicinity. Thereby, repositioning, is required feasible deformed paths. See Appendix B for more examples
while preserving its passed passages to better accommod¥t translated passages.
transferred paths. In experiments, the geometrical approach foFor ef ciency evaluation, the benchmark method of sepa-
chord determination is utilized. Reference points on passaggely planning (SP) each path is compared with the proposed
segments are given from chords' locations apds deformed scheme based on path transfer (PT). In the SP methpés
piecewise to , as (15). also rst planned using PAOPP. Then the rest paths are planned
It is reinforced that ltering out invalid passages is noseparately with the homotopy constraint tg. Speci cally,
only for computational ef ciency but also necessary. Densmmples are restricted to be close tp and are obstacle-
passages after pure visibility check make path set interséee to , in the neighborhood. Table Il outlines the average
tions overly redundant. The extended variant attains a spapsgh set planning time when obstacle number and path number
distribution of passages more suitable for repositioning vary in 10 random setups. As is observed, the SP method has
and deformable path transfer. The repositionedis in a a signicantly larger time cost that increases nearly linearly
con guration more likely to lead to feasible transferred pathsvith the path number. Conversely, the PT method time is not
In less restrictive cases with fewer obstacles like Fig. 11(a) asdnsitive to the path number at all. Its dominant cost solely
Fig. 11(d), paths directly transferred fromy are feasible. In comes from , planning in PAOPP. Other operations in PT
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Fig. 11. Path set generation results. Black dashed lines are passages after the extended visibility check. Light blue dashed lines are passages after the pur
visibility check. (a)-(c) show the directly transferred path sets in blue and the repositioned pivot paths in green. (d)-(f) show corresponding path sets obtained
via deformable path transfer from repositioned pivot paths. Red segments depict the chogdsrafisferred from the repositioned,.

(e.g., pivot path reposition, path transfer) are linear to the patarrow spaces among buildings. Robots are not allowed to y
resolution, i.e., path node number, which is almost negligibiibsequently as a queue or vertically aligned when passing
compared to the cost of invoking the planner once. Moreovearrow space and they are initially aligned horizontally in a
coordination constraints are hard to impose in SP. Thus, tire. The target is a different and distant formation. Robots'
PT method is much more advantageous in homotopic path pesitions change in 3D, including the ight height. Passage
planning. See Appendix C for more results. detection is rst performed to establish the passage distribution
in height intervals formed by buildings. The pivot can be
selected arbitrarily and its planned path selects wide passages
in Fig. 13(a) and Fig. 13(c). Then pivot path repositioning
The last part showcases some common applications of pghy coordinated deformable path set transfer are performed to
set planning in robot manipulation and navigation. The rsyenerate the nal path set in Fig. 13(b) and Fig. 13(d). Path
kind of task is DO path planning in complex environmentgeformation on passages is restricted in xhg plane. Since
similar to [5], but in much more cluttered setups. As shown ifbbhots' initial and target positions are vertices of convex hulls,
Fig. 12, a manipulation site is emulated with various objectfethods in [3] will have to plan paths for each robot with no

randomly placed on the table. The robot needs to movepgtimization of accessible free space along paths.
deformable grip glove on this table while avoiding collisions.

Due to the restriction of tall objects like vertically placed boxes VII. CONCLUSION
and bottles, manipulation is con ned near the table surface,This paper presented a systematic pipeline of homotopic
for which a path reference of the glove is required. To death set planning for substantial robotics applications. The
this, several keypoints are picked on the glove to depict tegtended visibility check was rst proposed to attain sparse
glove state. In Fig. 12, these points are mainly distributed @assage distributions over pure visibility check. Passage-aware
ngers and the middle one acts as the pivot by (10). Theptimal path planning compatible with sampling-based op-
target Sy is vertically aligned. Obstacles are segmented &snal planners was designed with adjustable path costs. It
bounding quadrangles and path set planning is conductedcould balance the path length and accessible free space more
the image space. Fig. 12 demonstrates different test resuksibly over clearance-based planning methods. Path set gen-
As can be seen, the planned path sets have wide free spaegion based on path transfer was then proposed. Techniques
along them with suf ciently short lengths, making them gooduch as proportional reference point distribution, geometrical
path references for glove movement. With planned path sethprd determination, and translated passage segments pro-
subsequent manipulation can be conducted as a constraiveldéd a better guarantee of the resulting paths' feasibility
path set tracking problem as in [5]. and coordination. The scheme's effectiveness was validated
The second task is swarm navigation in 3D maps. In Fig different experiments. Future work includes more detailed
13, aerial robot swarmsK( = 5;10) move as a team in city passage descriptions as an area or space. Considering dynamic
environments where buildings of various sizes and heights a&mevironments and imposing constraints among agents such as
populated. To reach the target, the swarm needs to y througdducing path intersections are also important directions.

D. Application Case Study
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