




subsets of L (F) may produce the same or a compatible
output, some element of C (F,y0y1 . . .ym).

Hence, to answer an instance of Question 1 when some
input streams are allowed to be collapsed by ∇

��D
F , one must

examine the behavior of the specific sensori-computational
device at hand. But to provide an answer for a given (D, SD),
a computational procedure cannot enumerate the possibly
infinite domain of ∇

��D
F . We give an algorithm for answering

the question; the procedure is constructive in that it produces
a derivative of F if and only if one exists.

Question 1 (Constructive version). Given F with variator
(D, SD), find an F ′ such that F ′ ∼ F

�
mod∇

��D
F

�
if one exists,

or indicate otherwise.

In this case, we shall additionally assume that the set D is
finite.

The procedure is given in Algorithm 1. It operates as
follows: it processes input F to form an F ′′ (in lines 1–16)
by copying and splitting vertices so each incoming edge has a
single label. This F ′′ is processed to compute the differences
between two consecutive labels (lines 18–30) and the results
are placed on edges of F ′. If it fails to convert any pair of
consecutive labels, then it fails to compute the change of
some string in F and reports ‘No Solution’. In the above
step, after computing the changes, a single string can arrive
at multiple vertices in F ′. We further check whether those
strings, which will be distinct strings in L (F) but share the
same image under ∇

��D
F , have some common output or not.

If that check (in lines 31–40) finds no common output, then
it fails to satisfy condition 2 of Definition 5 and, hence, we
report ‘No Solution’. Otherwise the procedure merges those
reached states to determinize the graph. As a consequence,
Algorithm 1 will return a deterministic sensori-computational
device that output simulates the input modulo the given delta
relation. Its correctness appears as the next lemma.

Lemma 17. Algorithm 1 gives a sensori-computational device
that output simulates F modulo ∇

��D
F if and only if there exists

such a solution for Question 1.

Proposition 11 (Revisited). The proof of Proposition 11
stopped short of giving an actual sensori-computational device.
One may simply employ Algorithm 1 to give an explicit
construction.

C. Hardness of minimization
Earlier discussion has already anticipated the fact that an

interesting question is: What is the minimal cardinality set D
that is possible for a given F?

Decision Problem: Observation Variator Minimization (OVM)
Input: A sensori-computational device F , and n ∈ N.

Output: TRUE if there exists a variator (D,SD) and a sensori-
computational device F ′, such that F ′ output simulates
F modulo ∇

��D
F and |D| ≤ n. FALSE otherwise.

Theorem 18. OVM is NP-hard.

Algorithm 1: Delta Transform: DELTAD(F) ! F ′

Input : A device F , output variator (D, SD)
Output: A determinized device F ′ that output simulates F

modulo ∇
��D
F ; ‘No Solution’ otherwise

1 Create a sensori-computational device F ′′ as a copy of F
with each state v′′ in F ′′ corresponding to state v in F

2 for v′′ ∈ V (F ′′) do // Make vertex copies
3 L := Set(v′′.IncomingLabels())
4 if v′′ = v′′

0 then L := L ∪ { #} ;
5 for ` ∈ L do
6 Create a new state v′′

` and set c(v′′
` ) = c(v′′)

7 for ` ∈ L do
8 for every outgoing edge v′′ y−→ w′′, w′′ '= v′′ do
9 Add an edge v′′

`
y−→ w′′ in F ′′

10 for every `-labeled incoming edge w′′ `−→ v′′ do
11 if w′′ '= v′′ then
12 Add an edge w′′ `−→ v′′

` in F ′′

13 else // Self loop

14 Add edges v′′
k

`−→ v′′
` in F ′′, for k ∈ L

15 Remove v′′ from F ′′

16 Rename v′′
# to v′′

0
17 Create F ′ as a copy of F ′′ and q := Queue([v′

0])
18 while q '= ? do // Apply variator
19 v′ := q.pop()
20 Find the corresponding state v′′ in F ′′ and

{ `} := v′′.IncomingLabels() // A singleton
21 for z ∈ v′.OutgoingLabels() do
22 Initialize set Uz := ?
23 if v′ = v′

0 then
24 Uz := { z}
25 else
26 Uz := { d : D | (`,d,z) ∈ SD}
27 if Uz = ? then
28 return ‘No Solution’
29 Replace z in F ′ with label set Uz
30 Mark v′ as visited, and add children of v′ to q
31 Reinitialize q := Queue([v′

0])
32 while q '= ? do // State determinization
33 v′ := q.pop()
34 for d ∈ v′.OutgoingLabels() do
35 W ′ := { w′ : V (F ′) | v′ d−→ w′} , X := ∩w′∈W ′ c(w′)
36 if X = ? then
37 return ‘No Solution’
38 if |W ′| > 1 then Merge all states in W ′ as m′, set

the c(m′) := X , and add m′ to q ;
39 else
40 Add states in W ′ to q if not visited
41 return F ′

D. Aside: Trimming initial prefixes and absolute symbols

Before moving on, a brief digression allays a potential
niggling concern and serves as our first use of relation com-
position. Some readers might find it disconcerting that ∇

��D
F ’s

definition includes the initial ‘absolute’ symbol y0 for each
sequence — this might be seen as a model for hybrid devices
rather than sensors that report pure changes. One possible
resolution is to introduce the new relation:

Definition 19 (Shave relation). For a sensori-computational
device F , the associated shave relation for k ∈ N is Sk ⊆
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Fig. 11: A driving drone monitors a home environment.
The robot is capable of both flight and wheeled locomotion
and is equipped with a single-pixel camera. As an occupied
residence, the space imposes complex constraints on how the
vehicle may move. It must fly to avoid grass outdoors (F and Y)
and liquids in the pantry (P); in the bedroom (B), it should drive
to minimize noise. The robot is initially located in either the
front garden (F) or the living room (L). To determine its state,
the robot uses its single-pixel camera, which is capable of
discerning just three different ambient light levels (Bright (B),
Moderate (M), Dark (D)). The insets show: (left) the motion
constraints and (right) the various light levels.

scenario shown as the map on right-hand side of the figure.
The robot, starting in either the front garden (F) or the living
room (L), will move about the home and garden. Its size
and construction, along with task constraints, mean that it
must adjust its mode of locomotion depending on where it is.
The robot has a single-pixel camera with which it determines
different levels of ambient light. (The figure’s caption provides
specific details, and further explanation.)

It uses a sensori-computational device that processes the
light readings as input, and outputs the appropriate mode
(driving or flying). Figure 12a gives such a device; it is
essentially a state diagram encoding the problem constraints,
topological structure, and raw sensor readings. As Figure 12a
is essentially a transcription of the problem, it serves as a type
of specification for acceptable input–output functionality.

An observation variator D` = { + ,−,= } uses + to capture
the brightness increase (from dark to moderate, from moderate
to bright), − for brightness decrease (from bright to moder-
ate, from moderate to dark), = for brightness equivalence.
A derivative device obtained by applying Algorithm 1 to
Figure 12a with this variator is shown in Figure 12b. 2

Figure 12c presents a device that, though different from the
straightforward derivative in Figure 12b, also implements the
functionality in Figure 12a under delta relation associated with
D`. That is to say, it also output simulates modulo ∇

��D`
F and

is, thus, also a derivative. Figure 12c, being smaller that either

12a or 12b, might be desirable for practical purposes. But now
consider that the ‘= ’ element of the variator is produced when
there is no change in light levels. If events are triggered when
the robot moves from one room (or region) to the next, then
there may not be too many of them. On the other hand, if the
robot is using these readings to localize, that is, to actually
determine that it may have transitioned from one room or
region to the next, then many such elements will likely be
generated.

Particularly when there are cycles on elements such as the
‘= ’ symbol, as these are ‘neutral’ changes in the signal, this
may induce oscillatory behavior in the device as it fluctuates
between states, flip-flopping rapidly. One may ask, thus,
whether there are sensori-computational devices that can avoid
this issue.

Definition 36 (vertex stable). For an F = ( V,V0,Y, ! ,C,c)
and a set N ⊆ Y (F), we say F is vertex stable with re-
spect to N when, for all s1s2 . . .sn−1sn ∈ L (F) with sn ∈ N,
VF (s1s2 . . .sn−1) = VF (s1s2 . . .sn).

Intuitively: having handled an input stream of symbols,
processing an additional element from N does not cause a
vertex stable device to move to a new vertex.

Remark 10. The concept of vertex stability is related to, but
distinct from, the concept of the N-pump (from Definition 22).
For instance, a vertex stable sensori-computational device may
not always be ready for an element from N. On the other hand,
simulating modulo the N-pump relation need not imply the
device is vertex stable; Figure 13 provides such an example.

Figure 12d is another derivative for the driving drone
scenario (and is smaller even than Figure 12c). It has not
only a multi-state cycle on the ‘= ’ symbol, but this time
the oscillatory behavior produces fluctuations in the output
stream, with values going: blue, brown, blue, brown, . . . .
Given that these describe actions for the robot to take-off, and
then land, then take-off, . . . this is highly undesirable behavior.
One naturally asks whether a device exists which avoids this
issue:

Definition 37 (output stable). For an F = ( V,V0,Y, ! ,C,c)
and a set N ⊆ Y (F), we say F is output stable with re-
spect to N when, for all s1s2 . . .sn−1sn ∈ L (F) with sn ∈ N,
C (F,s1s2 . . .sn−1)= C (F,s1s2 . . .sn) and |C (F,s1s2 . . .sn)|= 1.

This concept is related to the notion of chatter in switched
systems, and work that schedules events of a switched system
in order to be non-chattering [2].

Further we note, both Figures 12c and 12d differ from
Figure 12b in that they provide a single output per state. One
is always free to make a singleton prescription:

Property 38. For any device F = ( V,V0,Y, ! ,C,c), suppose
one constructs Fsing = ( V,V0,Y, ! ,C,csing), where csing is a
version of c restricted to singleton choices, viz., picked so
that for all v ∈ V , csing(v) ⊆ c(v) and |csing(v)| = 1. Then
Fsing ∼ F ( mod id).



{M }

{B}
{B}

{M }

{D}

{M }

{M }

{M }

{D}

{M }

{B}

{B}

(a)

{ +}

{ +}

{−}
{ +}

{ =}

{ =}

{ =}

{ =}

{−}

{−}

{ M }

{ B}

(b)

{ = }

{ + }

{�}

{ = }

{�}

{ + }

{ = }

{ M }

{ + }

{ B }

{�}

(c)

{! , = }

{ + , = }

{ M }

{ B} { + }

{ + }
{!}

{!}

{ = }

(d)

Fig. 12: Sensori-computational devices to choose appropriate locomotion modes for the driving drone in Figure 11, with
blue=fly, brown=drive; (a) works in the original signal space. The other three are derivatives that operate in the space of
changes as expressed via variator D`. Applying DELTAD` (a) gives (b). Both (c) and (d) choose a single output for each vertex;
(c) is output stable, while (d) is not.
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Fig. 13: A device that output simulates Ftiny modulo P{ n} .
(Recall that device Ftiny is the one in Figure 6.) It is neither
vertex stable nor output stable with respect to { n} . The device
can be made output stable, without becoming vertex stable, by
altering the orange to become blue. Thereupon, vertex stability
is possible if the two blue vertices are merged.

Hence, if one seeks an output stable sensori-computational
device, then finding a vertex stable one will suffice (because,
formally, Theorem 8 can be applied at last step to change to
a singleton version).

The universal monoid integrator (from Algorithm 5) has
blocks that encode the transitions arising from the action of
the monoid. Being a monoid action, the 1D element is neutral,
which manifests in a simple fact: vertices in the third layer,
after FILLLEAVESD(á), have self loops labeled with 1D. This
specific structure leads to the following observation.

Theorem 39. For any device F with monoidal variator (D, ¥),
1D '∈ Y (F), which is

�
∇
��D
F ! ∫⊕

��
F

�
-simulatable, there exists a

single F ′ such that:
1) F ′ ∼ F

⇣
mod∇

��D
F ! %⊕

��
Y (F)

⌘
,

2) F ′ ∼ F
�

mod∇
��D
F ! P{ 1D}

�
,

3) F ′ ∼ F
�

mod∇
��D
F ! ${ 1D}

�
,

4) F ′ is vertex stable with respect to { 1D} , and
5) F ′ is output stable with respect to { 1D} .

VIII. SUMMARY AND OUTLOOK

This paper’s focus has been less on sensors as used by
people currently but rather on whether some hypothetical event
sensor might be useful were it produced. So: what then is
an event sensor, exactly? The preceding treatment has shown
that there are several distinct facets. At the very core is the
need to have some signal space on which differences can be
meaningfully computed. This requires some basic statefulness,
even if it is very shallow (like Example 5, the single-pixel cam-
era). We formalize this idea in the concept of an observation

variator. Also important is the model of event propagation.
In this paper four separate cases have been identified and
distinguished, namely: tightly coupled synchronous, event-
triggered, polling, and asynchronous cases. At least in our
framework, some of these choices depend on variators having
certain properties with which to encode or express aspects of
signal differences. Our model expresses these cases through
relations. The notion of output simulation modulo those re-
lations leads to decision questions, for which we were able
to provide algorithms that give solutions if they exist. There
remain other properties of interest and practical importance
(such as vertex and output stability) which one might like
to impose as constraints on the sensori-computational devices
one seeks. We can meet these constraints when the variator
possesses the algebraic structure of a monoid, as our final
theorem is constructive.

More work remains to be done, but a start has been made on
the question of whether information conflated in the process
of forming an event sensor —the process of eventification—
harms input–output behavior. We especially believe that this
paper’s extension of the notion of output simulation, and the al-
gorithms we describe, ought to serve as a useful foundation for
future work. One important limitation of the theory developed
in this paper is that, as it depends on sequences of symbols,
discrete time appears from the very outset. To directly model
truly analog devices (as distinct from eventified digital ones)
a theory dealing with continuous time may be required. Since
the vast majority of robots process streams of digitized data,
this may be a question of what one decides to treat as the
atomic elements that generate observations. But one might
also imagine a hybrid theory, connecting a continuous time
approach with the model presented in this work.
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