
Fig. 8: Working principle of IxG, IxG*

only optimizing trajectories over these partial paths from
this search and guiding the search using the output of the
optimized trajectory. As a result, the MICP in GCS trajectory
optimization is split into a graph search that explores the
convex regions systematically and a convex optimization over
a prespecified sequence of convex sets.

Consider a prespecified path given by a sequence of convex
regions Q1...𝐾 = (Q1–Q2– • • • –Q𝐾 ) in the graph � Q such that
(Q𝑘–Q𝑘+1) ∈ � Q where 1 Ÿ : ≤  ≤ =. The piecewise
trajectory through the path Q1...𝐾 made of a trajectory segment
through each region @𝑘 (C) can be found by solving the below
convex optimization. This is the operation carried out in line
28 of Alg. 1 and line 21 of Alg. 2.

min 0! (@) + 1
𝐾∑
𝑘=1

) 𝑘 (2a)

s.t. @𝑘 (C𝑘) ∈ Q𝑘 ∀C𝑘 ∈ [0– )𝑘]– : ∈ 1– • • • –  (2b)
⁄@𝑘 (C𝑘) ∈ D ∀C𝑘 ∈ [0– )𝑘]– : ∈ 1– • • • –  (2c)

@( 𝑗 )
𝑘−1 () 𝑘) = @( 𝑗 )

𝑘
(0) ∀C𝑘 ∈ [0– )𝑘]– : ∈ 2– • • • –  (2d)

where Eq. 2b requires every trajectory piece @𝑘 (C𝑘) to lie in
their corresponding convex set Q𝑘 , Eq. 2c is similar to Eq. 1c
and Eq. 2d captures overall continuity and smoothness using
a boundary condition for each segment of the trajectory and
its derivative such that the endpoint of a segment matches the
starting point of the subsequent segment. In Alg. 1 and Alg.
2 the start and goal states within the start and goal convex
sets are represented as convex sets too (the start/goal state is
a point in the ambient space, and is trivially a convex set).
So the start state has an outgoing edge to the convex set it
belongs to and the goal state has an incoming edge from the
convex set it belongs to. Hence under this representation, the
explicit boundary conditions similar to Eq. 1d and Eq. 1e can
be removed in Eq. 2.

C. IxG*
Before we describe the details of the optimal version of

IxG called IxG*, we will briefly explain why IxG is not an
optimal algorithm. An important caveat in considering the set
of ancestors to optimize for a trajectory edge to every successor
during expansion is that it breaks the Markov property of
heuristic search. The Markov property in graph search requires
that the cost of the successor depends only on the current state
and not on the history of states leading up to it. Heuristic

Algorithm 2 IxG*
1: procedure Key(Q𝑎...𝑏)
2: return 6(Q𝑎...𝑏) + n ∗ ; (Q𝑏) • Get Q𝑏 from Q𝑎...𝑏

3: procedure UpdateLBG(Q– � 𝑙𝑏– @𝑖)
4: Same as Alg. 1
5: procedure Main (@0– @𝑇–Q– � 𝑙𝑏)
6: Same as lines 13-16 of Alg. 1
7: @0𝑇 (C) =IxG(@0– @𝑇–Q– � 𝑙𝑏) • Use Alg. 1 for UB
8: D= n ∗ 2(@0𝑇 (C)) • UB on bounded suboptimal cost
9: ∀Q0...𝑇– 6(Q0...𝑇 ) = ∞; 6(Q0) = 0
10: Insert Q0 in OPEN with Key(Q0)
11: while Key(Q0...𝑇 ) ≤ OPEN.min() do
12: Q0...𝑐 = OPEN.pop()
13: Q𝑝 = Predecessor(Q𝑐) • Get Q𝑐 from Q0...𝑐

14: for Q𝑠 ∈ Successors(Q𝑐) do • Get Q𝑐 from Q0...𝑐

15: if Allow Cycles or Q𝑠 ∉ Q0...𝑐 then
16: Q0...𝑠 = (Q0...𝑐–Q𝑠)
17: else if Q𝑠 ∈ Q0...𝑐 then
18: continue
19: @𝑝𝑐𝑠 (C) = LBGLookup(Q𝑝–Q𝑐–Q𝑠) • Sec. V-D
20: @0𝑐 (C) = Q0...𝑐.trajectory() • From recursion
21: @0𝑠 (C) = Optimize(Q0...𝑠– @0𝑐 (C)– @𝑝𝑐𝑠 (C)) • Eq. 2
22: if @0𝑠 (C).isValid() then
23: if 2(@0𝑠 (C)) + n ∗ ; (Q𝑠) ¡ n ∗ D then
24: continue • Prune the path Q0...𝑠

25: else
26: Q0...𝑠 .trajectory = @0𝑠 (C)
27: Insert/Update Q0...𝑠 in OPEN with Key(Q0...𝑠)
28: return Q0...𝑇 .trajectory()

search methods leverage this property to introduce CLOSED
list and guarantee optimality under admissible heuristics with-
out re-opening and re-expanding states. As IxG violates the
Markov property, it is neither optimal nor bounded suboptimal.
Consequently, we need to allow the re-expansion of the convex
regions in the search and essentially perform a tree search. Just
by allowing the re-expansion of the states (with and without
allowing cycles) and thereby searching over all possible paths
for every single state, IxG can be made provably optimal and
bounded suboptimal. However, this will blow up the number
of expansions and make the algorithm intractable. To alleviate
this, we introduce a pruning mechanism (Alg. 2, line 23) using
a lower bound on the cost-to-go from every state (we use LBG
computed in Alg. 3) and an upper bound on the optimal cost
(Alg. 2, line 7-8).

IxG* algorithm presented using pseudocode in Alg. 2
inherits most of its procedure from IxG (Alg. 1). The key
differences are (i) the search is carried over the paths instead
of convex states (see line 12 in Alg. 2) (ii) the CLOSED list
is omitted in favor of allowing re-opening, re-expanding and
revisiting (allow cycles in line 15) convex regions and (iii) the
pruning criteria employed in line 23. The pruning step checks
if the sum of the cost-to-come via a particular path and the
cost-to-go obtained from LBG is greater than the maximum
allowed cost computed as upper bound at the beginning of
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Algorithm 3 Lower Bound Graph (LBG) search
1: procedure LBG(� Q)
2: � 𝑙𝑏 = (+𝑙𝑏– � 𝑙𝑏);+𝑙𝑏 = � 𝑙𝑏 = ∅
3: for Q𝑐 ∈ +Q do • � Q = (+Q– �Q)
4: for Q𝑝 ∈ Neighbors(Q𝑐) do
5: for Q𝑠 ∈ Neighbors(Q𝑐) do
6: if Q𝑝 ≠ Q𝑐 then
7: Q† = (Q𝑝–Q𝑐–Q𝑠)
8: Q‡ = (Q𝑠–Q𝑐–Q𝑝)
9: @𝑝𝑐𝑠 (C) = Optimize(Q†) • Eq. 2
10: @𝑠𝑐𝑝 (C) = Optimize(Q‡) • Eq. 2
11: +𝑙𝑏.Add(@𝑝𝑐𝑠 (0)); +𝑙𝑏.Add(@𝑝𝑐𝑠 () ))
12: +𝑙𝑏.Add(@𝑠𝑐𝑝 (0)); +𝑙𝑏.Add(@𝑠𝑐𝑝 () ))
13: � 𝑙𝑏.Add(@𝑝𝑐𝑠 (C)) with cost 2(@𝑝𝑐𝑠 (C))
14: � 𝑙𝑏.Add(@𝑠𝑐𝑝 (C)) with cost 2(@𝑠𝑐𝑝 (C))
15: for (Q1–Q2) ∈ � Q do • � Q = (+Q– �Q)
16: for @1– @2 ∈ +𝑙𝑏 such that @1 ≠ @2 do
17: if @1– @2 ∈ Q1 ∩ Q2 then
18: � 𝑙𝑏.Add((@1– @2)) with cost 0 • LB edge
19: return � 𝑙𝑏

the order of expansion and the priority value are maintained.
3) Properties of IxG, IxG* and LBG: Table. I lists the

properties of optimality and completeness of IxG and IxG*.
Detailed proofs of the properties are provided in Appendix 1
of the supplementary material. As noted before, the optimality
and bounded suboptimality properties are stronger than what
was provided for the GCS trajectory optimization [20]. This is
because IxG* enforces a factor of suboptimality of the solution
in Alg. 2 whereas it is only calculated as an after-the-fact
statistic in [20]. As explained above, IxG* also satisfies a
stricter definition of completeness.

In the same vein, the proofs on the bound on the number of
nodes in LBG and guarantees of generating provably admissi-
ble heuristic is provided in Appendix 2 of the supplementary
material.

Optimality Bounded Suboptimality Completeness
IxG ✓ 4
IxG* ✓ ✓ ✓

TABLE I: Optimality and completeness of IxG and IxG*.

VI. Experimental Results

We evaluate the empirical performance of IxG and IxG*
in simulation against GCS in three different applications: (1)
a 2D system in a 50 × 50 maze environment, (2) UAV in a
3D highly cluttered environment with trees and buildings and
(3) an assembly cell with three Motoman HC10DTP arms for
assembly. All the methods are implemented in C++ in the
backend and sometimes invoked from Python wrappers. Tests
ran on a 128-core AMD Ryzen Threadripper Pro with 512GB
of memory.

4Under the assumption that all the edge constraints can be satisfied

A. 2D Maze
For the 2D maze environment, we utilized the same maze

provided in [20] and tested using 50 randomly sampled start-
goal pairs. The graph of convex sets is constructed by consid-
ering axis-aligned rectangles between the walls of the maze
and their overlaps. The goal of the planner is to generate
a trajectory with � 2 continuity from start to goal. In this
environment, there are 2500 convex sets and 5198 edges in the
graph. The results show that IxG* consistently outperforms
GCS in terms of planning time. However, with n = 6, the
solution cost is slightly larger than that of GCS (Table. II).
This is exactly the kind of trade-off between solution quality
and planning time that can be obtained by controlling and
pre-specifying the suboptimality factor.

GCS IxG* (𝜖 = 6)
Success Rate (%) 100% 100%

Solution Cost 52.636 52.832
Planning Time (s) 6.728 1.2613
# Optimized Edges 5198 440.94

TABLE II: Various statistics show IxG* outperforming GCS
in the 2D maze environment. Note that the higher solution
cost of IxG* is because of planning with n = 6.

For the same pair of start and goal states, we ran IxG* with
different inflations of the admissible LBG heuristic to show
how the solution changes as we increase the upper bound
on the cost of the optimal solution (see Fig. 11). Fig. 14
shows how the solution quality and the runtime of the planner
are impacted by n. As discussed before, allowing re-opening,
re-expanding, and revisiting states in IxG* can blow up the
complexity of the search. This was controlled by the efficient
pruning mechanism using LBG proposed in Sec. V-C. We
numerically show the effect of this pruning in Fig. 12. The
drastic reduction (see different scales in the color bar) in the
number of node re-expansions (top vs bottom) implies the
tightness of the lower bounded computed by LBG. The LBG
used for pruning is provided in Fig. 13. Finally, we plot the
effect of suboptimality factor (heuristic inflation) vs planning
time in Fig. 15. As expected, we see that the planning time of
IxG* goes down when allowing higher suboptimality of the
solution. GCS trajectory optimization takes the same amount
of time as there is no way to enforce lower fidelity of solutions.

GCS IxG* (𝜖 = 10)
Success Rate (%) 100% 100%

Solution Cost 16.055 8.676
Planning Time (s) 112.867 1.85
# Optimized Edges 12346 211.6

TABLE III: Statistics showing IxG* outperforming GCS in the
15m×15m UAV forest environment. Note >60x improvement
in planning time.

B. 3D UAV
We conducted experiments in randomly generated villages,

complete with trees and buildings. These maps are the same
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(a) n = 4 (b) n = 8 (c) n = 16 (d) n = 64

Fig. 11: Continuous trajectory synthesized by IxG* from one end of the maze to another for different inflations of the heuristic.
These inflations are the factor of an upper bound on the cost of the optimal solution.

Fig. 12: The effect of pruning using the LBG in IxG* as
explained in Sec. V-C, V-D. The color bar (see different scales
for each) denotes the number of re-expansions of a convex
region to satisfy the suboptimality factor. The figure at the top
is without the pruning operation (i.e. D = ∞ in Alg. 2, line
23) for n = 1. The bottom figures denote the number of re-
expansions with pruning for n = 1 (left) and n = 6 (right).

IxG* (𝜖 = 15)
Success Rate (%) 96%

Solution Cost (rad) 16.44
Planning Time (s) 31.624
# Optimized Edges 1832.24

TABLE IV: Results of IxG* for multi-arm manipulation
planning. The GCS method was unable to load this problem
into memory.

(a) Trajectory is represented as B-
splines with order=1.

(b) Trajectory is represented as B-
splines with order=3.

Fig. 13: Lower bound graph (LBG) computed for the 2D maze
scenario. The red lines denote zero cost edges.
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Fig. 14: Effect of varying n on the planning time and the
solution cost for 2D maze.

as what is used in [19] and the graph of convex sets is made
of axis-aligned 3D boxes and their overlaps. In a 50m × 50m
map, our environment comprised over 10,000 convex sets and
140,000 edges. In a 15m × 15m map, we had 900 convex sets
and over 12,000 edges. For our experiments, we focused on the
15m × 15m village, where we compared the proposed IxG*
against GCS (Fig. 16, Table. III). We refrained from comparing
IxG/IxG* with GCS on the 50m × 50m map. This was due
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IX. APPENDIX

In the following sections, some of the definitions are
repeated from the main portion of the paper for self-
containedness.

Appendix 1

Optimality Bounded Suboptimality Completeness
IxG ✓ 5
IxG* ✓ ✓ ✓

Optimality and completeness of IxG and IxG*.

Definition 1: Markov Property in Search: It states that
the cost and the set of successors of a state depend only on
the current state and not on the history of the path leading up
to it.

As mentioned before, in the case of planning over a graph
of convex sets, the graph is explicitly provided. So generating
the set of successors of a state does not violate the Markov
property. However, computing the cost of the successor re-
quires computing the edge/trajectory and satisfying constraints
which itself could depend on the path of convex sets leading
up to the successor. This breaks the Markov property in IxG.
We alleviate this in IxG* by allowing re-expansions with
duplicates

Assumption 1: There exists a path in � Q such that it
contains @∗

0𝑇 (C) minimizing Eq. 2.

A. Properties of IxG*
Theorem 1: Optimality of IxG*: If Assumption 1 holds,

then on expanding Q0...𝑇 , i.e. when Key(Q0...𝑇 ) ¡ OPEN.min()
(Alg. 2, line 11), Q0...𝑇 .trajectory() will return @∗

0𝑇 (C), where
@∗

0𝑇 (C) is the global minimizer of Eq. 2. Since this is proof of
optimality, n = 1 in Alg. 2.

Proof: The proof is by induction. Let us assume that
∀Q0...𝑏 which are expanded, 6(Q0...𝑏) = 6∗ (Q0...𝑏). This is
trivially true for Q0. We know that OPEN separates parts of
the path from Q0 to goal Q𝑇 that are expanded from the parts
of the path that are never seen. The next state to be expanded
is given by (Alg. 2, line 12 and 1)

Q0...𝑐 = arg min
Q0•••3 ∈OPEN

6(Q0...𝑑) + ; (Q𝑑)•

Let us assume 6(Q0...𝑑) is suboptimal. Then there must be at
least one path Q0...𝑒 in OPEN that is part of the optimal path
from 0 to 3 on GCS which contains the optimal trajectory
@∗

0𝑑 (C). So

6(Q0...𝑒) + ; (Q𝑒) ≥ 6(Q0...𝑐) + ; (Q𝑐)

But
6(Q0...𝑒) + 2((Q0...𝑐–Q𝑐...𝑒)) Ÿ 6(Q0...𝑐)

⇒ 6(Q0...𝑒) + 2((Q0...𝑐–Q𝑐...𝑒)) + ; (Q𝑒) Ÿ 6(Q0...𝑐) + ; (Q𝑐)

⇒ 6(Q0...𝑒) + ; (Q𝑒) Ÿ 6(Q0...𝑐) + ; (Q𝑐)

5Under the assumption that all the edge constraints can be satisfied

The above step is a contradiction to our assumption that
6(Q0...𝑑) is suboptimal. Hence it must be the case that
6(Q0...𝑑) is optimal upon expansion.

Theorem 2: Bounded suboptimality of IxG*: If Assump-
tion 1 holds, using n ¡ 1 to prune duplicates under the criteria
2(@0𝑠 (C)) + n∗ ; (Q𝑠) ¡ n ∗ D (Alg. 2, line 23), the termination
condition Key(Q0...𝑇 ) ¡ OPEN.min() (Alg. 2, line 11), will
return trajectory @∼

0𝑇 (C), whose cost 2(@∼
0𝑇 (C)) ≤ n∗ 2(@∗

0𝑇 (C))
where @∗

0𝑇 (C) is the global minimizer of Eq. 2.
Proof: The proof follows from the above proof of op-

timality applied to paths instead of vertices in the bounded
suboptimality proof of wA* [30].

Appendix 2

B. Properties of Lower Bound Graph (LBG)
The set of convex sets Q = {Q1–Q2– • • • –Q𝑛} ⊂ R𝑑 are

represented as a graph � Q = (+Q– �Q). Some of the properties
of the lower bound graph � 𝑙𝑏 = (+𝑙𝑏– � 𝑙𝑏) include

• The number of vertices is bounded by

| +𝑙𝑏 |≤ 2
𝑛∑
𝑖=1

|� 𝑖𝑛Q8
| |� 𝑜𝑢𝑡Q8

|

where � 𝑖𝑛
Q8

and � 𝑜𝑢𝑡
Q8

are the incoming edges to and
outgoing edges from vertex Q𝑖 .

• The number of edges is bounded by

| � 𝑙𝑏 |≤
| +𝑙𝑏 |

2
+

∑
𝑒Q ∈𝐸Q

| + 𝑒Q
𝑙𝑏

|2

where + 𝑒Q
𝑙𝑏

= {E𝑙𝑏 ∈ +𝑙𝑏 | E𝑙𝑏 ∈ 4Q}. An example of
E𝑙𝑏 ∈ 4Q when the convex sets are overlapping can be
E𝑙𝑏 ∈ Q𝑢 ∩ Q𝑣 where 4Q = (Q𝑢–Q𝑣).

• The degree of LBG is

346(� 𝑙𝑏) = max
𝑒Q ∈𝐸Q

| + 𝑒Q
𝑙𝑏

|

Let M : +𝑙𝑏 → +Q denote a many-to-one mapping from the
vertices in � 𝑙𝑏 to the vertices in � Q. The mapping M−1 can
be easily aggregated by keeping track of EQ ∈ +Q for every
Q𝑖 ∈ +Q when constructing LBG (Alg. 3).

Theorem 3: Consider a sequence of convex sets Q1...𝐾 =

(Q1–Q2– • • • –Q𝐾 ) ∈ +Q connected by edges from � Q. Let
@∗

1𝐾 (C) be the optimal trajectory via the sequence satisfying
Eq. 2 and � 1...𝐾

𝑙𝑏
= (+ 1...𝐾

𝑙𝑏
– � 1...𝐾

𝑙𝑏
) be a subgraph of � 𝑙𝑏

corresponding to this sequence Q1...𝐾 . Let E𝑘
𝑙𝑏

∈ M−1 (Q𝑘).
Then the cost of the optimal path ?∗

1𝐾 from E1
𝑙𝑏

to E𝐾
𝑙𝑏

in the
subgraph � 1...𝐾

𝑙𝑏
underestimates @∗

1𝐾 (C)

2(?∗
1𝐾 ) ≤ 2(@∗

1𝐾 (C))

Proof: Given a triplet sequence of convex sets, Alg. 3
constructs the LBG edges by solving the same minimization
as the IxG* (Eq. 2) with a subset of constraints. For example,
LBG construction does not have to satisfy some of the edge
constraints of GCS such as continuity or smoothness. There-
fore, by satisfying fewer constraints for the same sequence of
convex sets, the cost of LBG solution is upper-bounded by the
optimal solution in GCS.
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