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Fig. 1: Middle: STELA execution on a real MuSHR robot. The middle image is a composite from 2 top-down cameras used for localization,
covering a 7.6mx2.3m workspace. The robot follows a trajectory computed by a planner with knowledge of the obstacles (rocks and boxes)
but no knowledge of the ramp, affecting execution. Top and Bottom: i) STELA estimation and plan when the robot is on the unknown ramp;
ii) the robot recovers from the ramp and avoids an obstacle; iii) STELA adapts the plan to follow the planned trajectory while avoiding
another obstacle; iv) the robot reaches the end of the plan without collisions. Rviz visualization includes obstacles, planned trajectory (green),
forward horizon (white), and history (cyan). Stars indicate corresponding states between the visualization and the real robot.

Abstract—State estimation and control are often addressed
separately, leading to unsafe execution due to sensing noise,
execution errors, and discrepancies between the planning model
and reality. Simultaneous control and trajectory estimation
using probabilistic graphical models has been proposed as a
unified solution to these challenges. Previous work, however,
relies heavily on appropriate Gaussian priors and is limited to
holonomic robots with linear time-varying models. The current
research extends graphical optimization methods to vehicles
with arbitrary dynamical models via Simultaneous Trajectory
Estimation and Local Adaptation (STEL2). The overall approach
initializes feasible trajectories using a kinodynamic, sampling-
based motion planner. Then, it simultaneously: (i) estimates the
past trajectory based on noisy observations, and (ii) adapts the
controls to be executed to minimize deviations from the planned,
feasible trajectory, while avoiding collisions. The proposed factor
graph representation of trajectories in STELA can be applied
for any dynamical system given access to first or second-
order state update equations, and introduces the duration of
execution between two states in the trajectory discretization as an

optimization variable. These features provide both generalization
and flexibility in trajectory following. In addition to targeting
computational efficiency, the proposed strategy performs incre-
mental updates of the factor graph using the iSAM algorithm
and introduces a time-window mechanism. This mechanism
allows the factor graph to be dynamically updated to operate
over a limited history and forward horizon of the planned
trajectory. This enables online updates of controls at a minimum
of 10Hz. Experiments demonstrate that STELA achieves at least
comparable performance to previous frameworks on idealized
vehicles with linear dynamics. STELA also directly applies to
and successfully solves trajectory following problems for more
complex dynamical models. Beyond generalization, simulations
assess STELA’s robustness under varying levels of sensing and
execution noise, while ablation studies highlight the importance of
different components of STELA. Real-world experiments validate
STELA’s practical applicability on a low-cost MuSHR robot,
which exhibits high noise and non-trivial dynamics.

Website: https://go.rutgers.edu/46618xjt



I. INTRODUCTION

This paper focuses on achieving reliable simultaneous tra-
jectory estimation and following for kinodynamic systems
in static, partially modeled environments, under sensing and
actuation uncertainty as well as reality gaps for the planning
robot model. It proposes Simultaneous Trajectory Estimation
and Local Adaptation (STELA), a graphical optimization
framework that builds on top of prior methods for simul-
taneous state estimation and control based on factor graph
representations [7, 22]. It extends: (i) the efficacy of such
approaches by increasing the success rate of returning feasible,
collision-free trajectories, even under significant noise, (ii)
their applicability to more general dynamical systems, and (iii)
achieves improved computational efficiency.

Motivation: Reliable mobile robot navigation, especially
for low-cost platforms, such as the MuSHR robot used in
this work and shown in Fig. 1, can be challenging due to
observation noise, high actuation errors, and a significant re-
ality gap of the underlying models. For robots with significant
dynamics, the planning models are often analytical dynamic
expressions, which allow for fast computation but tend to be
rough approximations. This results in significant deviations
from the planned trajectory during execution. While system
identification [16, 3, 44] can reduce the model gap, it does
not fully address it. This is often because the environment is
also partially observable. For instance, a floor map indicating
obstacles may be available, but not all aspects of the environ-
ment are modeled, such as friction coefficients and traversable
features, such as ramps and speed obstructions.

An approach to deal with the model gap is to use feedback
controllers for trajectory following, given the latest state
estimate [12, 33]. However, observation and actuation noise
can lead to errors in state estimation, where the focus is often
filtering, i.e., estimating the latest robot pose incrementally.
State estimation noise can compound to result in deviations
in trajectory following. In addition, most trajectory following
controllers ignore obstacles and are executed independently
from the state estimation process, so significant trajectory
deviations also lead to collisions.

An alternative strategy is replanning online, e.g., with
sampling-based motion planners (SBMP) [21, 27, 23] or trajec-
tory optimization planners [36, 41, 20, 42]. SBMPs can even-
tually provide high-quality, feasible solutions, but typically it
is not possible to achieve high-frequency replanning rates for
dynamical systems (e.g., at or above 10Hz) to deal with the
model gap without a trajectory follower. Optimization-based
approaches can sometimes provide solutions fast, but due to
their local nature, they may get stuck in local minima if not
properly initialized and can be parameter sensitive.

Factor Graph Optimization: A promising direction for
addressing the above issues, which this paper builds on, is
probabilistic graphical models based on factor graphs and
corresponding optimization methods [7]. They can simulta-
neously solve trajectory estimation and control or planning
challenges as a unified problem [22, 29]. These solutions

perform smoothing instead of filtering, i.e., they estimate the
entire most likely trajectory the robot has followed given all
the available observations. Smoothing often leads to improved
estimates relative to filtering. Smoothing solutions were tradi-
tionally slower to compute, but the progress with factor graph
optimization tools has allowed such problems to be solved
online. Furthermore, these methods are able to adapt the robot
controls simultaneously to achieve collision avoidance by
taking obstacles into account during the control optimization
process, or alternatively, come up with new planning solutions.

Nevertheless, most of the existing solutions in this space:
(i) rely heavily on Gaussian priors regarding the underlying
probabilistic processes, which may not reflect the true uncer-
tainty of the system, and (ii) are limited to holonomic robots
given linear-time varying models, reducing their applicability
on non-holonomic vehicles with significant dynamics. Further-
more, it is also desirable to operate such solutions at high
frequencies to maximize robustness to disturbances.

Proposed Method and Contribution: The proposed
STELA framework first calls an asymptotically optimal SBMP
for kinodynamic systems [23, 27] in order to acquire a feasible,
collision-free trajectory given the available planning model. A
key aspect of STELA is that it aligns the output of the SBMP
with the consecutive trajectory optimization via a common
graphical representation. Factor Graphs (FGs) are a natural
interface for this purpose. In particular, the underlying motion
graph produced by an SBMP is transformed by the proposed
approach into a FG. Then, STELA uses the extracted FG to
simultaneously perform: (a) smoothing of the past trajectory
given the latest observations, and (b) dynamically adapting the
controls to be executed so as to minimize deviations from the
SBMP trajectory, while avoiding collisions.

The proposed FG representation in STELA, illustrated in
Fig. 5, is general in nature and can be applied to any dynamical
system given access to first or second-order state update
equations. It does not make any assumptions in terms of
Gaussian priors for the underlying processes, and it does not
require linear-time varying models, which limit applicability to
idealistic holonomic vehicles. Instead, it only uses the solution
achieved by the SBMP as a prior and employs non-linear
factors representing the system’s dynamics. The proposed FG
also includes the duration of execution between two states in
the trajectory discretization as a variable to be optimized. This
allows the optimizer to stretch or contract edges depending
on the estimated state of the system. The combination of
these features provides generalization, in terms of the range of
the dynamical systems that can be modeled, as well as high
success rate in finding a collision-free path even when the
robot has deviated from the planned solution.

For increased computational efficiency, the proposed strat-
egy allows for the use of incremental updates of the FG by:
(a) using the iISAM2 optimizer, and also (b) introducing a slid-
ing window mechanism. In particular, given the adopted FG
representation and seeking the Maximum a posteriori (MAP)
solution via incremental inference, the iSAM?2 optimizer incor-
porates high-frequency observations, adapting the underlying



graph in a computationally efficient manner, obtaining the
most likely estimate of the robot’s past trajectory. The sliding
window mechanism allows the factor graph to be dynamically
updated at high frequency by operating over a limited past
history and forward horizon of the planned trajectory. The
combination of these features enables online control updates
to be generated at a minimum of 10Hz and on average at 20-
30Hz, depending on the setup.

Experimentation: The framework is tested first in simula-
tion for different environments and different levels of observa-
tion and actuation noise both for an idealized holonomic model
used in prior work as well a second-order dynamical system
not addressable by prior FG work corresponding to a MuSHR
robot. The simulations demonstrate that STELA achieves at
least comparable, and often superior, performance to previous
frameworks on the idealized vehicle with linear dynamics.
More critically, STELA also achieves a high success rate
for the second-order dynamical system and good robustness
given different noise levels. Ablation studies highlight the
importance of different components of the approach, such as
the importance of the SBMP initialization, the introduction of
control duration as an optimization variable, and the incorpora-
tion of the sliding window approach. Real-world experiments
validate STELA’s practical applicability on a low-cost MuSHR
robot that exhibits high noise and non-trivial dynamics.

II. RELATED WORK

Motion planning consists of finding a plan for a robot to
move in an environment from a starting state to a desired goal
region without collisions. Multiple classifications of motion
planning algorithms have been proposed [11, 32, 2, 30]. This
paper primarily focuses on Sampling-Based Motion Planners
(SBMP) and trajectory optimization.

SBMPs build graphical representations of the underlying
robot’s state space and can provide guarantees, namely prob-
abilistic completeness (PC) and asymptotic optimality (AO),
for kinematic [21, 9] and kinodynamic [34, 27, 23] systems.
Additionally, SBMPs can discover different solutions (i.e.,
among different homotopic classes) and easily handle task-
specific constraints (i.e., collisions, limits), but can be nega-
tively impacted computationally as the cost of SBMP subrou-
tines increases, e.g., forward propagation, collision checking,
and nearest neighbor discovery [26], which is an issue when
planning for dynamical systems.

Motion planning can also be viewed as a numeri-
cal optimization problem. Example optimization-based mo-
tion planners include Covariant Hamiltonian optimization
(CHOMP)[36], stochastic trajectory optimization (STOMP)
[20], and Sequential Convex Optimization (TrajOpt) [38].
Starting from an initial, potentially infeasible, guess, an op-
timizer attempts to minimize an objective function subject to
constraints, such as system dynamics, collisions, reaching the
goal, and possibly other aspects, e.g., energy minimization.
Optimization methods can quickly converge to a feasible,
high-quality solution if the initial guess is in the vicinity
of one. Non-trivial environments and systems, however, can

challenge convergence and may require careful definition of
parameters, such as obstacle potentials [36]. Frequently, the
initial guess also imposes a discretization of the solution
trajectory, limiting the set of possible solutions. Continuous
trajectory representations via Gaussian Processes [30] can
minimize the discretization problem for linear time-varying
(LTV) systems that are stabilized using stochastic differential
equations (SDEs), i.e., LTV-SDE systems.

There are also integrative frameworks in the planning liter-
ature. For kinematic systems, a precomputed graph of convex
sets can be used by a mixed-integer optimizer to find a
valid path [28]. An approach for dynamical systems involves
the pre-computation of motion primitives, which are stitzched
together by a planner [13, 32]. An interleaving approach uses
a graph to generate suggestions used by an optimizer [31].
Simultaneous localization and planning (SLAP) [1] models
the challenge as a POMDP, which is approximated offline by a
roadmap in belief space that is updated online via observations.

In the area of state estimation, there has been a transition
from tools that explicitly estimate the probability distribution
regarding the robot’s state to optimization techniques, such
as those that employ Factor Graphs (FGs) [7]. A FG is a
probabilistic graphical model that can be used to represent the
joint probability mass function of the variables that comprise
the system [24]. FGs aim to exploit the underlying, known
structure of the problem by using sparse linear algebra tech-
niques and find solutions via optimization algorithms, such
as Gauss-Newton. Non-linear problems require frequent re-
linearization, which is a costly operation to perform online
over the entire graph. The incremental smoothing and mapping
(ISAM2) [18] algorithm uses the Bayes tree [17] to keep
updates local, avoiding a full re-linearization of the graph.
FGs are well suited for addressing a variety of problem
formulations, such as simultaneous localization and mapping
(SLAM) [5, 8, 15] and simultaneous trajectory estimation and
mapping (STEAM) [4]. Multiple initial guesses are possible
via a network of trajectories so as to initialize a FG-based
planning solution for holonomic systems [14].

The two closest methods to this work are also employing
FGs and integrate state estimation and planning/control.
They correspond to Simultaneous Trajectory Estimation And
Planning (STEAP) [29] and Simultaneous Control And Trajec-
tory Estimation (SCATE) [22]. SCATE builds on top of STEAP
and also deals with dynamic obstacles. Specifically, STEAP
employs Gaussian processes as dynamics, while SCATE uses
a linear time-invariant (LTI) approximation of the dynamics.
SCATE adds the LTI dynamics and dynamic obstacle factors to
the F'G. The output of STEAP is a plan but does not compute
controls directly and relies on an external controller. SCATE
outputs a control to be applied to the robot. To operate at high
frequencies, SCATE relies on a low-level controller and state
estimator. Neither of the two techniques is directly applicable
to systems with non-linear dynamics. Prior work also uses
naive initialization of these methods, such as a straight line
connection of the start and the goal, which can lead to local
minima due to the local nature of numerical optimization.



I1I. PROBLEM SETUP

Consider a robot with state space X and control space U
tasked with navigating a workspace W from initial state zq to
a goal region Xg. Obstacles divide X into collision-free X¢
and obstacle X, subsets. The true dynamics ©; = f(x¢, us)
(xz¢ € X, usy € U) govern the robot’s motions but are not
perfectly known and may exhibit non-holonomic constraints.

In terms of its dynamics, the robot has access only to an
approximate dynamics model via a parameterized function
Ty = fp(xt, us ), which is defined by a set of physical parame-
ters p. The approximate dynamics model fp is a simplification
of the true dynamics f and does not necessarily have the same
expression as f, i.e., there may not be a choice of physical
parameters p, which will allow fp to be perfectly identified
with f. Example physical parameters for a car-like robot are
friction coefficients, steering, and throttle gains.

In addition, the approximate model fp employed models the
obstacle-free workspace as a flat, planar surface with uniform
friction. In reality, however, the true workspace can also
exhibit: (i) different friction from the one the robot assumes,
which can vary over the workspace, and (ii) an uneven surface
that can include traversable obstructions, such as a ramp.

A plan pr is a sequence of 1" piece-wise constant controls
{ug,...,ur—_1)}, where each control w; is executed for a
timestep At;. When a plan py is executed at a state x;, it
produces a trajectory t¢(x:, pr), ie., a sequence of states
{z¢,++ , x4 7} according to a dynamics model f. Due to the
gap between the true dynamics f and the planning model fp,
the executed robot trajectory 74(x;,pr) does not match the
planned trajectory 7; (x4, pr) for the same plan pp.

The robot has access to noisy sensing that provides discrete
measurements z(t), which partially inform about the robot’s
state x(t), such as sensing the robot’s pose from external
sensors. A state estimation process uses measurements z(0 : t)
to compute estimated states Z(0 : ¢). This work assumes
perfect knowledge of obstacles’ poses during execution, such
as walls or obstacles that the robot should not collide with.

A controller = f(:Ei, T fp) is employed to track the planned
trajectory T 7, given the estimated states x; and returns controls
u € U. With some abuse of notation!, denote as Tr(@i, mp)
the trajectory executed by the robot when the controller i is
executed starting at state x;.

Problem Definition: Given a: (i) start state xy € X¢, (ii)
goal region X C Xy, (iii) approximate dynamics model
fp (z,u) given identified parameters p, (iv) desired trajectory
U (zo,pr) that brings the robot in Xg, and (v) online
measurements z(t), the objective is to simultaneously compute
estimated robot states Z(t) and execute a controller 7 #(Zo, Tfp)
so that the executed trajectory 7¢(zg, ™ f) is collision free and
brings the robot inside X¢.

Secondary objectives include minimizing the error between
estimated states Z(¢) and true states x(¢), minimizing the error

!Trajectories above were defined for open-loop plans pr. Here the defini-
tion is adapted to receive as input the controls arising from the closed-loop

controller 7 #

estimation

Fig. 2: A typical trajectory estimation FG at time T uses state
observations z”(0 : 1) and the robot model ©; = f,(z¢,u:) to
generate state estimates X (0 : 7'). The unary factors impose a
cost between observations and estimated states. The binary factors
correspond to the robot’s dynamics.

between the planned and the executed trajectory, as well as
minimizing the cost of the executed trajectory. In this work,
the cost corresponds to the trajectory duration.

Additional notation: The goal region is defined by a
single configuration gg in the robot’s configuration space Q
so that: X = {z € Xy | d(M(x), ga) < €}, or equivalently,
Xa = B(gg,€), where € is a goal radius in Q according
to distance function d. The function M(x) maps states to
configurations. Estimated past/current states are represented
by Z(t) and future (estimated) states are represented as Z(¢).

The following are relevant Lie group concepts and opera-
tions; refer to [39] for a more in-depth explanation. Consider
g € M where M is a Lie group of dimension m and
4; € R™(= T, M) is a constant velocity (an element in the
tangent space of M at ¢). The function Exp : R — M
maps vector elements to the manifold with its inverse being
Log : M — R™. The Between : M — M operation is
defined as Between(qq,qs) = q, ' © g, and computes the
element that would move ¢, to gq,. Forward integration in a
Lie group is defined as ¢;,1 = ¢; o Exp(¢; At;).

IV. FOUNDATIONS: INFERENCE VIA FACTOR GRAPHS

Factor graphs (FGs) have been highly adopted for sensor
fusion, state estimation, and localization problems. Given the
relationship between estimation and control, recent work also
explores their use in control and planning [4, 29, 30].

In probabilistic inference, the objective is to find the set of
values 6 given events e. The posterior density of § is computed
via Bayes rule: p(f]e) x p(0)p(e|@), where p(0) is the prior
on 0 and p(e|f) is the likelihood function. Given a prior and
a likelihood, the optimal solution is found by the maximum a
posteriori (MAP) operation:

0" = arg m;axp(ﬂe) = arg mgxp(@)l(@; e),

where the likelihood function 1(#;e) = p(e|f) specifies the
probability of events e given . The general likelihood function
for non-linear FGs is defined as: (6; €) o exp(3|[h(6, €)||%),
where h is a measurement function with covariance .

Formally, a FG is a bipartite graph F'G = (0, F,E) with
two types of nodes: factors f; € F and variables 6; € O. FG
edges are always between factor nodes and variable nodes.
Given an FG, its posterior distribution is:

N
p(0le) H Jn(0n).

. =0 .
The MAP estimate can be reduced to a non-linear least squares
problem and solved with standard solvers. Most robotic prob-
lems require the solver to operate at high frequency and incor-



porate new data on demand. Standard solvers are not enough
in robotics, as they do not take advantage of the sparsity
or the incremental nature of robotic problems. To alleviate
this, iISAM [19] exploits the problem’s structure imposed via
the FG. iSAM uses a Bayes tree to avoid re-linearization of
variables unaffected by a new measurement. Finally, a FG
implies some level of discretization, which is also present
in other estimation and trajectory optimization approaches.
The following subsections review FG representation from the
literature for estimation and planning/control.

A. Trajectory Estimation

Fig. 2 presents a typical FG for past trajectory estima-
tion. It computes p(frgple) o fTF = firaj festimation
where fr®7 = T]'_, fr°*!(6;) is the trajectory derived from
the robot’s model and festimation _ H;:O flgstimation(ei)
are factors that incorporate the measurements. Typically, the
underlying discretization is given by the frequency of the
measurements. Discretization can be problematic for complex
dynamical systems. To avoid discretization of the dynamics,
methods often employ a Gaussian Process (GP) to model
the system, achieving continuous-time trajectories but limiting
applicability to holonomic robots with linear expressions.

Benefits of Trajectory Estimation vs Filtering While
a controller only requires the latest state, methods such as
Kalman/particle filters, which provide incremental estimates
of the latest state, solve the Bayesian filtering problem. The
latest robot state estimate, however, of an optimal solver for
the most likely trajectory problem, which STELA focuses
on, can be different (and more accurate/less uncertain) than
that of an optimal solver for filtering. Solving for the most
likely trajectory is typically computationally more expensive
than solving filtering. Given the least square approximations,
factor graph frameworks allow solving such problems online.
STELA takes advantage of this to provide high-frequency
MLE updates of the robot’s past trajectory. In this way,
it provides better estimates of the robot’s latest state, and
future controls are simultaneously co-optimized based on these
improved state predictions.

B. Trajectory Optimization as a Motion Planner

Motion planning can be seen as an optimization problem
where the cost of the trajectory cost(7) produced by the plan
pr is minimized subject to i) start state condition: 7(0) =
xg, ii) goal condition: 7(T') € X, iii) dynamics condition:
T = fp(ft,ut) and iv) collision-free condition T4, € Xt
Additionally, problem-specific constraints can be added, i.e.,
smoothness on the controls, energy minimization, etc.

FGs have also been used for motion planning of holonomic
systems. In the factor graph setting, trajectories can be ob-
tained via: p(GPl |6) x frobotfobstaclefprior [30]’ where frobot
are the dynamical system factors, fost@cl¢ the obstacle avoid-
ance factors and fP7°7 the (fixed) start and goal conditions.
Fig. 3 provides an example.

For a general dynamical system, each factor f7°*°* corre-
sponds to solving a steering function. Dynamics linearization

obstacle "prior

c(X,) c(xc)

fpriur fobsmcle
(o) ex,)()
X ) —@— %)

Fig. 3: An FG for robot planning employs the robot’s model i; =
fp (%¢,u:) on a dynamics factor to compute a trajectory of T states,
starting in o and ending in the goal region X7 € X¢. Beyond the
ternary dynamics factor, there are costs imposed for the optimization
by unary factors for obstacle avoidance (¢(X,)) over the intermediate
state variables (X1 : X7—1), a state prior for the initial state (¢(xo))
and a goal region prior for the final state (c¢(Xa)).

has been proposed as an alternative to solving a steering
function for certain systems [43, 10]. In practice, finding a
feasible solution depends both on the quality of the prior
and the complexity of the environment. In previous factor
graph approaches, these limitations are alleviated by using a
holonomic robot modeled via a Gaussian Process and relying
on random re-initializations.

FGs can suffer from local minima, making any solution
heavily dependent on the initial guess. For the motion planning
problem, a good initialization is not always trivial: a dynam-
ically feasible solution may be in collision while a collision-
free one may not be feasible.

V. SIMULTANEOUS TRAJECTORY ESTIMATION
AND LOCAL ADAPTATION (STELA)

The STELA framework uses numerical optimization for
simultaneously solving trajectory estimation and control. It in-
troduces a general FG representation tailored for kinodynamic
trajectory following, given feasible desired plans generated
by an SBMP. Fig. 4 presents the overarching system and the
processes it involves. Offline, a system identification process
builds a dynamics model fp (x4, us) that bridges the gap with
the target robot (see the Experiments Section for this process,
which is based on F'G tools). Given the model, a kinodynamic
SBMP is called to solve a motion planning query given the
available environment map. The resulting feasible plan pp
from the planner is forwarded to the STELA module, which
also consumes from a perception system online observations
z(t) regarding the robot’s poses. STELA internally generates
improved estimates Z(0 : ) of past robot states and forwards
controls u(t) to the robot that minimize deviation from the
planned trajectory, move the robot to the desired goal region
Xg, and avoid collisions.

A. Initialization of desired trajectory via SBMP

Given the identified robot model fp (¢, us), an environment
map that identifies obstacle regions X, and a motion planning
query specifying xy and X, the approach calls an asymptot-
ically optimal kinodynamic Sampling-Based Motion Planner
(SBMP) [23, 27] tasked to generate a feasible, collision-free
trajectory T 7, (zg, pr) that solves the query on the provided
map for the given model.

The output of the planner is treated as the desired trajectory.
It is represented via a discretized graphical representation G =
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Fig. 4: Asynchronous system architecture: Offline, a system iden-
tification process generates a FG-based dynamics model of the
robot system. A motion planner receives the dynamics model, the
environment, and a motion planning query as input to generate a
desired solution plan that addresses the query for the given map
and model. Upon completion, the desired plan, the model, and the
environment are sent to STELA. Online, raw data —i.e., images from
external cameras— are processed by a perception process to provide
robot state observations to the control module. These observations
are used by STELA to estimate the executed trajectory and generate
controls to be forwarded to the robot at a high frequency. The closed-
loop framework enables the system to adapt to noise dynamically,
execution errors, and the gap between the planning model and the
real system. In the accompanying experiments, the robot system is
either a real MuSHR robot or a simulated system, where both an
idealized LTV-SDE robot and an analytical dynamics model of a
MuSHR robot are considered.

(N, E) where a node n; € N represents a reachable, collision-
free state ; = [g;,¢;]7 and an edge ei; = {ni,n;} € E
contains a control, duration pair (u, At) that drives the robot
from state n; to state n; according to f,. An upper threshold
for the duration At of edges e;; € £ of the desired trajectory
is applied (0.5sec for the LTV-SDE system and 0.lsec for
MuSHR in the accompanying experiments). If a control is
applied for longer than At in the solution SBMP trajectory,
then it is broken into multiple smaller edges in the graphical
representation of the desired trajectory so that none exceed the
duration threshold. In this way, the number of discrete states
used to initialize STELA is not fixed, and it is adaptive to the
output solution of the SBMP.

B. The STELA Factor Graph

STELA builds on top of the incremental smoothing and
mapping (iISAM) framework [19] and is executed at a high
frequency to consume robot measurements z(t) that arrive
asynchronously. STELA is initialized by converting each edge
of the desired trajectory into a dynamics factor graph as in
Fig. 5. The proposed FG includes six different factor types.
Each factor is defined as_fj(~) o exp(2|[h7(+)|[%) for a factor-
specific error function 47 (). All the FG variables ¢;, ¢;, u; and
At; are initialized according to the desired trajectory.

The integration factor operates a configuration ¢;, the
velocity ¢;, the duration Atf;, and the predicted next con-
figuration qfﬁd = ¢ o Exp(¢;Atl;). The error func-
tion is then defined as A™™teImaton (g, g i, At;) =
Log(Between(qffld,qZ-H)).

The dynamics factor explains the evolution of the velocity
given the control input. The control input u; is used to
obtain an acceleration in the local frame via a system-specific

function § = f(u;). The error function uses the predicted
velocity term q'ffld = ¢; + At to compute the error function:
hdvramics (g, 1 G ug, At) = G757 — ip1. As ¢ € R™, an
Euler integration scheme is sufficient.

The observation factor incorporates observations to es-
timate the executed trajectory. This work considers obser-
vations of the configuration ¢® that are generated asyn-
chronously as the robot moves. Observations have a known
(but noisy) timestamp from which the elapsed time from ¢;
to the observation is At’. The predicted observation is then
q?7? = q;0Exp(¢;At.) and the error is hob*eTVat N (g, ) =
Log(Between(gE™?, q.)). Observation factors using mea-
surements of velocities or higher-order magnitudes can be
integrated in a similar scheme.

The prior factor is a unary factor that penalizes devi-
ations of some factor graph variable v from a given con-
stant value vP"°". The error is defined as: fP"°"(v) =
Log(Between(v, vP™°")). Prior factors are added to ¢, g;,
and At; variables given the desired trajectory. They are not
applied, however, to control u; variables to provide the ability
to STELA to adapt the future trajectory given the latest state
estimates. Control variables are only initialized to the value
corresponding to the desired trajectory.

The obstacle factor introduces a notion of safety by push-
ing states away from obstacles. While the SBMP trajectory
initialization is collision-free, a robot may move dangerously
close to obstacles due to the model gap and noise. Th factor,
following the definition in [30], uses a distance function d(-)
to obstacles (from the environment map) and an e threshold:
—dl@) +e dlg) <e
0, d(ql) > €.

Two obstacle factors are considered: one using a precomputed
SDF and another using distance computations from a collision
checker, i.e., the PQP library [25]. The SDF factor allows
for precomputation of the environment and only considers
the distance to the closest obstacle. The PQP factor can be
called online and is defined per obstacle, allowing multiple
factors to be active at the cost of increased computation.
Given a reasonable threshold distance ¢, even in a cluttered
environment, most obstacle factors will remain inactive. As
the error is zero in these cases, re-linearization is unnecessary.

The limits factor penalizes values that exceed a predefined

value v, The error for an upper limit of a variable v is:

hobstacle (Q) _
i) =

v — ,Ulzm, v Z ,Ulzm;

hlimit (U) _
0, otherwise.
Lower limits can be computed similarly. Multi-value limits
are defined element-wise. Limit factors are applied to control
variables u; to guarantee a feasible solution and the duration
variables At; to keep them within a reasonable range.

Fig. 5a shows the dynamics factor graph constructed from
two SBMP-nodes and one SBMP-edge. Each SBMP-edge in-
troduces one integration factor and one dynamics factor.
Obstacle factors are added per configuration. Limit factors
constraint Af; > 0 and controls as the SBMP solution must
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Fig. 5: (Left) The dynamics factor graph corresponding to each edge of the desired trajectory with all associated factors. (Middle) For
visualization purposes, the dynamics factor graph is also presented in a compressed form, which is symbolized by a hollow factor. (Right)
A collision-free trajectory, consisting of a dynamic factor graph sequence, is shown.

respect physical limits. Five prior factors are included, one per
configuration ¢, one per velocity ¢, and one for the duration
At; to penalize deviations from the desired trajectory. Finally,
observation factors are added as new observations arrive.

C. Inference over a Sliding Window

A FG associated with the entire desired trajectory returned
by the SBMP planner has at least 2|N| 4 2| E| FG-variables
and 6| N|+ 5| F| FG-factors. At runtime, the number of factors
can further and quickly increase due to high-frequency obser-
vations. A sliding window approach (Fig. 6) is proposed to
alleviate the resulting computational cost of the optimization.
The window is divided into a forward horizon using nfv?¢
future nodes of the planned trajectory relative to the current
state and a limited past history of n"*** past variables.

For the past history, STELA follows similar strategies for
trajectory estimation as in the literature [29] (i.e., related to
Section IV-A and Figure 2), so that p(frgle) o fTF =
H;irczrr,nhist f]z_ntegratwnf;lynamzcsf;bservatwn’ where curr
is the current state. In contrast to previous approaches (Fig. 2),
STELA only estimates the past n*** states, and the forward
propagation process is modeled by the combination of the
general integration and dynamics factors of the proposed FG.
The prior, limit, and obstacle factors are not used for the
trajectory estimation component of the optimization.

For the forward horizon, STELA does not perform planning
or control from scratch given a naive initialization as in
Section IV-B and Fig. 3. Instead, STELA locally adapts the
SBMP plan. Local adaptation refers to adapting the controls
to minimize the error with the desired trajectory, respect the
dynamics, and avoid obstacles. Thus, the forward horizon part

of the window performs a local adaptation given: p(frale) x

fwd . . . . N .
curr—+n integration edynamics pobstacle £PTIOT plimits
observation factors are not used for the local adaptation

component of the optimization.
STELA simultaneously performs trajectory estimation and

local adaptation through the inference of:
p(Osrerale) o< fTF 14 ey

D. The STELA Algorithm

Algorithm 1 STELA

Require: T,
1: FG < sbmp_to_fg(Topmp)
2: curr < 0
3. while :E(t) ¢ Xg do
: j < max{curr — n"st 0}
k < min{curr + nf¥4 length(FG )}

4 > History
5:

6: foric {j,...,k} do

7

8

9

> Horizon
> Lookahead
; < FG.estimate(?)
S; < FG.covariance(7)

: end for
10: FG += fobservation(qcurm QCurr; Znew) > Add Znew
11: thCW < FG.estimate(Af cyrr)
12: Deyrr <—FG.estimate(ueyrr) > Adapt control
13: send_control(ii )
14:if (clock() - prev) > dtcyyr then
15: prev = clock()
16: FG-= {(¢;, ¢;, uj, At;} > Remove history
17: > Add to Forward Horizon
18: FG 4= { [Ny, Grs Qryrs Atr),

fdyq_mmm(q'kﬂ, G U1, At ),

PP (i) F7 (), fP (M),

fliMitS(Uk+1), flimits(Atk), fObStaCle(Qk+1) }
19: curr++ > Move to next state
20: end if
21: end while

At the beginning of the execution, the initial n/*¢ nodes of

the desired trajectory 7., are converted into a factor graph
FG. At each iteration, while the goal has not been reached,
STELA performs the following operations: lookahead, trajec-
tory estimation, addition of observations, and local adaptation.
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Fig. 6: STELA with a sliding window in action: Offline, the SBMP generates a graphical representation from which a feasible, collision-free,
goal-reaching trajectory is obtained. At initialization, the factor graph converts forward-horizon nodes (image: nfvd = pht =2 yinto a

dynamics factor graph and starts execution. Running at a given frequency, at each iteration, STELA updates the factor graph, incorporating
new observations and moving the window. The window update at time ¢; is determined by comparing the variable A¢; to the elapsed time
since the last window update. Window updates incorporate the next node from the planned trajectory and (if necessary) delete history nodes.

STELA seeks to exploit the incremental nature of the
1iSAM?2 algorithm by locally updating and querying the factor
graph as necessary. The lookahead step obtains the estimated
states of the forward horizon alongside their associated error.
New observations are added to the corresponding state, which
may change the estimation of ¢;,q;11,u; or At;; obtaining the
current estimate for u,; and Af,. When the estimated duration
of the current edge At, elapses, STELA moves to the next node
by a) deleting the history variables and associated factors to
keep n"s* forward variables, b) adding the next node from
the planned trajectory and c) changing the current node.

E. STELA vs Previous Factor Graph-based Approaches

STELA can be seen as generalization of both STEAP [29]
and SCATE [22] but has also unique features.

A. The formulations of STEAP and SCATE restrict their
applicability to holonomic dynamical systems. In the case of
STEAP, the dynamics are modeled via a Gaussian Process.
STELA’s formulation allows the use of general dynamical sys-
tems expressed via first or second-order analytical expressions.

B. The prior approaches collapse ¢ and ¢; into a single
factor, but STELA introduces separate factors, which results
in a better exploitation of the sparsity characteristics of FGs.

C. The sliding window mechanism keeps the number of
factors in the FG relatively constant (up to the number of ob-
servation factors). This allows for predictable, high-frequency
updates and better performance over long trajectories and
complex environments.

D. STELA utilizes Lie operations for the integration factor,
enhancing the approximation of dynamics and accelerating
performance. This also renders STELA broadly applicable to
a wide range of robotic systems.
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Fig. 7: Simulated environments used for experiments with the LTV-
SDE and MuSHR models. Letters indicate candidate starts and goals.
The Simple Obstacle environment is a basic setup. Forest evaluates
performance among many obstacles with some narrow passages. The
Bug Trap is challenging due to the long, narrow passage.

E. Planning via an optimization approach requires contin-
uously solving a Boundary Value Problem (BVP) (or access
to a steering function). This can result in solutions with local
minima or the inability to converge in systems with non-linear
dynamics. A core insight behind STELA is that this challenge
can be simplified if a feasible initiation from an SBMP is used,
where the SBMP has explored the state space for high-quality,
feasible, and collision-free solutions.

VI. EXPERIMENTS
A. Experimental setup

STELA is tested in simulation in the environments shown in
Fig. 7 and with a real MuSHR [40] robot in the environments
shown in Fig. 1 and 8. The system is tested against four levels
of state space noise in simulation: &; = f(xs, u)+N(0, I-0¥),
and four levels of observation noise z; = h(x:)+N(0,I-07),
where I is the identity matrix of appropriate dimension.
Simulated systems are implemented as factor graphs using the
GTSAM [6] library. Initial feasible trajectories are obtained
using the AO-RRT kinodynamic planner [23] from the ML4KP
























