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Fig. 1: Contact-rich planning is sparsity-rich. (a) Sparsity graph of planar hand manipulation showing two types of sparsity. (b)
Sparsity enables high-order and tight, yet small-scale, semidefinite programming (SDP) relaxations solvable by off-the-shelf
SDP solvers, computing certified near globally optimal trajectories for a suite of simulated problems. (c) Real-world validation
on push-T. Planning powered by global optimization succeeds the task even under severe model mismatches and disturbances

(from top to bottom: clean T; T tied up by a cable; T on top of a cluttered table; and T inside a “sliding” box).

Abstract—We show that contact-rich motion planning is also
sparsity-rich when viewed as polynomial optimization (POP). We
can exploit not only the correlative and term sparsity patterns
that are general to all POPs, but also specialized sparsity patterns
from the robot kinematic structure and the separability of contact
modes. Such sparsity enables the design of high-order but sparse
semidefinite programming (SDPs) relaxations—building upon
Lasserre’s moment and sums of squares hierarchy—that (i) can
be solved in seconds by off-the-shelf SDP solvers, and (ii) compute
near globally optimal solutions to the nonconvex contact-rich
planning problems with small certified suboptimality. Through
extensive experiments both in simulation (Push Bot, Push Box,
Push Box with Obstacles, and Planar Hand) and real world
(Push T), we demonstrate the power of using convex SDP
relaxations to generate global contact-rich motion plans. As
a contribution of independent interest, we release the Sparse
Polynomial Optimization Toolbox (SPOT)—implemented in C++
with interfaces to both Python and Matlab—that automates

sparsity exploitation for robotics and beyond.
I. INTRODUCTION

Contact-rich planning plays a fundamental role in robotics
tasks ranging from manipulation to locomotion [29, 9, 14].
At the heart of such planning problems lie two interrelated
challenges: (a) Contact mode selection: determining when
and where to establish or break contact is critical, yet the
number of possible contact sequences grows exponentially
with the number of contact modes and the planning horizon;
(b) Nonlinear dynamics and nonconvex geometric constraints:
the planned trajectory must satisfy the system’s nonlinear
dynamics and geometric constraints such as avoiding self and
obstacle collisions. Together, these challenges exacerbate the
problem’s nonconvexity and computational complexity.



Problem statement. Let N represent the planning hori-
zon with [N] := {1,2,..., N}. Define the state trajectory
{z;}M_, C R™ and the control input trajectory {uy}p o C
R™=. For contact-rich planning problems, we introduce “con-
tact variables” {\;}h_; < R, which can be interpreted
either as a set of binary contact modes or as continuous contact
forces (see examples in §1V). With these definitions, we focus

on the following general contact-rich planning problem

N-1
min N1 EN(ZCN) —+ Z Ek(xk,uk,)\k) (1a)
{Ik}fcvzgv{uk}k:B k=0
{)‘k}fc\f;gl
subject to Ty = Tinit (1b)
Fe(zp—1,uk-1,\e-1,71) = 0, k € [N] (Ic)
(Up—1, A1, 7)) €Cr, k€ [N]  (1d)
where /i, k = 0,..., N represents instantaneous loss and

terminal loss functions. F} represents the discretized system
dynamics obtained from differential algebraic equations and
multiple shooting, possibly involving explicit or implicit con-
tact mode switching. C;, imposes various types of constraints
on ug_1,\g—1, Tk, including (a) control limits; (b) geometric
constraints such as collision avoidance; (c) complementarity
constraints related to contact. A well-known special case
of (1) occurs when the dynamics are linear when fixing
Ar’s. In such case, (1) can be modeled either as mixed-
integer linear/quadratic programming [10, 28] or as linear
complementarity problems [3, 51].

In this paper, we do not assume linearity or convexity but
assume (a) ¢y and F} are polynomial functions; (b) Cy is ba-
sic semi-algebraic (i.e., described by polynomial constraints).
Thus, (1) becomes a polynomial optimization problem (POP).
Formulating robotics problems as polynomial optimization is
now well established in the literature [23, 47, 16, 39], because
3D rotations and rigid body dynamics expressed in maximal
coordinates [5] admit natural polynomial representations.

Previous methods. We briefly review five different methods
for solving the contact-rich planning (1). (a) Hybrid MPC:
These methods alternate between contact sequence generation
using discrete search [7, , 8, ] and continuous-state
planning with a fixed sequence. (b) Mixed-integer program-
ming: Contact modes are modeled as binary variables, leading
to mixed-integer convex programming (with linear dynam-
ics) [10, 28] or mixed-integer nonconvex programming (with
nonlinear dynamics) [18]. These methods scale poorly with the
planning horizon, as the worst-case computational complexity
grows exponentially with the number of binary variables. (c)
Dynamics smoothing: This approach approximates nonsmooth
complementarity constraints with smooth surrogate functions,
simplifying the problem into a smooth nonlinear programming
formulation suitable for local solvers [6, 38, 31, 37]. Convex
smoothing methods [34] also exist, at the cost of locally
linearizing the dynamics. (d) Contact-implicit methods: These
mainstream methods encode contact modes implicitly through
contact forces and complementarity constraints. Numerous
local solvers are based on this framework [2, 52, 35, 27,

. ]. However, it is well known that contact-implicit
planning problems fail the common constraint qualifications
that are crucial for the convergence of numerical solvers. (e)
Graph of convex sets (GCS): As a recently proposed powerful
planning framework that explicitly models both discrete and
continuous actions, GCS has been extended to contact-rich
tasks [13, . ]. These methods can be viewed as an
extension of mixed-integer nonconvex optimization with two-
level convex relaxations where level one is a semidefinite
relaxation and level two involves inequality multiplication.
However, in contact-rich motion planning, achieving both tight
relaxations and fast solve times remains challenging, and the
current GCS framework has yet to fully integrate nonlinear
dynamics with geometric constraints.

Is it possible to solve the contact-rich planning
problem (1) to (near) global optimality efficiently?

“Sparse” Moment-SOS hierarchy. Modeling contact-
implicit planning as polynomial optimization (POP) in (1)
brings both opportunities and challenges.

« Opportunities. Lasserre’s hierarchy of moment and
sums-of-squares (SOS) relaxations [19] provides a prin-
cipled and powerful machinery for global optimization
of POPs through convex relaxations. Particularly, the
Moment-SOS hierarchy generates a series of convex
semidefinite programs (SDPs) with growing sizes whose
optimal values provide nondecreasing lower bounds that
asymptotically converge to the global minimum of (1).
Combined with a feasible (or locally optimal) solution
of (1) that provides an upper bound to the global
minimum, one can compute increasingly tight (small)
(sub)optimality certificates by measuring the relative gap
between the lower bound and the upper bound. To en-
hance scalability of the hierarchy, “sparse” Moment-SOS
hierarchy has been proposed to exploit sparsity in the
POPs, including correlative sparsity [21, 15] and term
sparsity [43, 26] (see more details in §1I). Notably, the
Julia package TSSOS [25] supports automatic sparsity
exploitation as long as the user provides a POP formu-
lation. The recent work [40] in robotics applied TSSOS
to several motion planning problems and demonstrated
that sparse relaxations can deliver small suboptimality
gaps. Furthermore, [16] has shown that all trajectory opti-
mization problems exhibit a generic chain-like correlative
sparsity pattern and designed a GPU-based ADMM SDP
solver that achieves significant speedup than off-the-shelf
SDP solvers. Can we directly apply sparse Moment-SOS
relaxations to the contact-implicit planning problem (1)?

« Challenges. The answer is unfortunately NO, due to three
challenges. First, multiple contact modes will make the
chain-like correlative sparsity pattern introduced in [16]
too large to be solved efficiently. Second, TSS0OS allows
exploiting more flexible sparsity patterns but its automatic
sparsity exploitation operates like a black box—it does
not visualize the sparsity patterns being exploited and it is
unclear whether robotics-specific domain knowledge can



lead to customized sparsity. Third, as reported in [40], the
suboptimality gaps when using TSSOS for many smooth
planning problems are already large (above 20%), not to
mention the extra nonsmoothness and combinatorial com-
plexity brought by contact-implicit planning. As shown
in [39], TSSOS can fail to extract feasible solutions for
certain difficult instances of (1).

Contributions. In this paper, we tackle the aforementioned
challenges and show that it is indeed possible to solve many
instances of the contact-implicit planning problem (1) to near
global optimality. The key strategy is to build “sparsity-rich”
semidefinite relaxations from the ground up, for robotics.

We summarize our contributions as follows.

(I) White-box sparsity exploitation. We provide a tutorial-
style review of the fundamental mathematical concepts
underpinning correlative and term sparsity for POPs,
and further ground our discussion in a concrete contact-
implicit planning problem. We build a new C+4+ Sparse
Polynomial Optimization Toolbox (SPOT), interfacing
both Matlab and Python, that (a) is faster than TSSOS,
(b) offers richer relaxation options, and (c) visualizes the
automatically discovered sparsity patterns (see Fig. 1).

(II) Robotics-specific sparsity. Beyond automatic exploita-
tion of the generic correlative and term sparsity, we show
that it is possible and crucial to exploit robotics-specific
sparsity patterns. Particularly, we investigate sparsities de-
rived from robot kinematic chains and separable contact
modes, and demonstrate that robotics-specific sparsity
patterns achieve both tighter lower bounds and reduced
computation times compared to automatically generated
ones in large-scale problems such as Planar Hand.

(II1) Robust minimizer extraction. An important but often
overlooked problem in SDP relaxations is how to extract
good solutions to the nonconvex optimization from op-
timal SDP solutions, especially when the relaxation is
not tight (i.e., the suboptimality gap is large). Inspired
by the recent advances in Gelfand-Naimark-Segal (GNS)
construction [17], we develop a new minimizer extraction
routine for sparse Moment-SOS relaxations that demon-
strates superior robustness over naive extraction methods
previously implemented in [16, 25].

(IV) Extensive case studies. We test our sparse semidefinite
relaxations on five contact-rich planning problems: Push
Bot, Push Box, Push T, Push Box with Obstacles, and
Planar Hand. Of independent interests, some of our poly-
nomial modeling techniques also appear to be new in the
planning literature. Thanks to rich sparsity, the generated
small-to-medium scale SDP relaxations can be solved in
seconds while achieving decent tightness and certified
global optimality. Furthermore, we showcase robust push-
T performance of our SDP relaxations using a real-world
robotic manipulator. In fact, with global optimization,
model predictive control is so robust that it succeeds
the task even under severe environment disturbances that
effectively make the “model wrong” (see Fig. 1).

Paper organization. We present correlative and term spar-
sity in §II, robotics-specific sparsity in §III. We give numerical
and real-world experiments in §1V, and conclude in §V.

Notations. Let x = (z1,...,T,) be a tuple of variables and

R[x] = Rxy,. .., x,] be the set of polynomials in x with real
coefficients. A monomial is defined as x® = z7' 252 -+ - %,

A polynomial in x can be written as f(x) = > cyn faX®
with coefficients f, € R. We denote the set of all polynomials
with degree less than or equal to d as Ry4[x]. The support
of f is defined by supp(f) = {a@ € N” | fo # 0}, ie., the
set of exponents with nonzero coefficients. The set of all
variables contained in f is defined by var(f). Let x4 be
the standard monomial basis, abbreviated as [x],. Given an
index set I C [n], let x(I) = (z;,7 € I) and [x(I)],
denote the standard monomial basis of the subspace spanned
by the variables x;,4 € I. An undirected graph G(V, E)
consists of a vertex set V = v1,v2,...,v, and an edge set
E C {(vi,vj) | vi,v; € V,v; # v;}. Let S™ denote the space
of n X n symmetric matrices, and S’} denote the cone of n xn
symmetric positive semidefinite (PSD) matrices.

II. CORRELATIVE AND TERM SPARSITY

In this section, we review a systematic mechanism to relax a
general (nonconvex) polynomial optimization problem (POP)
as a (convex) semidefinite program (SDP) while exploiting two
levels of sparsity: (a) variable level—correlative sparsity (CS);
and (b) term level—term sparsity (TS). Formally, we consider
the following POP

x . gl(x) > 05"'5gmineq(x) > Oa
P féﬁ%i{f(x)‘ hl(x)O,...,hmeq(x)O} (2)

where the objective function f and the constraints g;, 1; are
all real polynomials. To ground our discussion in a concrete
robotics example, let us consider the following simple contact-
rich motion planning problem.

Example 1 (Double Integrator with Soft Wall). As shown in
Fig. 2, consider a point mass m driven by a control force u
that can bounce between two soft walls with spring coefficients
k1 and ks. Denote the system state as (x,v) (x: position, v:
velocity), the control input as u, and the two wall’s forces
as (A1, A2), we consider the following trajectory optimization
(optimal control) problem

N-1
min Z uz + xzﬂ + vzH (3a)
k=0
St Tpyp1— Tk = At g (3b)
At
Ukl — Ve = (up + Ak — Azk) (3¢)
ufnax — uz >0 (3d)
A
0§A17k¢k1—k+d1+xkzo (3e)
1
A
0< doj L 225 4dy a2 0 (3f)
2
To = Tinit GRd Vg = Vinit (3g)



where At represents the time discretization, (3a) formulates
a quadratic regulation loss function around r = 0,v = 0,
(3b)-(3c) represent system dynamics, (3d) enforces control sat-
uration, (3e)-(3f) specify the soft complementarity constraints
berween position and contact forces, and (3g) provides the
initial condition. A\, y denotes the contact force at step k.

QOutline. We begin by introducing the fundamentals of
chordal graphs, a key mathematical tool for analyzing sparsity
patterns (§1I-A). Next, we review correlative sparsity (CS)
(81I-B) and term sparsity (TS) (81I-C) separately. Finally,
we introduce our high-performance C++ sparse polynomial
optimization toolbox, SPOT (§II-D).

Fig. 2: Double integrator with soft wall.

A. Chordal Graph

Definition 2 (Chordal graph). A graph G = (V, E) is chordal
if every cycle of four or more vertices has a chord—an edge
connecting two non-adjacent vertices in the cycle.

For a quick example, the graph in Fig. 3(a) is not chordal
but the graph in Fig. 3(b) is. Apparently, one can change a
non-chordal graph to chordal by adding edges. This is the
notion of a chordal extension.

Chordal extension. A graph G'(V', E') is called a chordal
extension of graph G(V,E) if (a) G’ is chordal, and (b)
Vi = V and E C F’. The ideal objective of chordal
extension is to add the minimum number of edges to G to
make G’ chordal. However, it is known that finding such a
minimal chordal extension is NP-complete [50]. A common
heuristic for approximating the minimal chordal extension is
the minimal degree (MD) chordal extension [360]. An alter-
native heuristic is to select vertices based on the number of
additional edges (MF) required to maintain chordality [50]. We
summarize the MD chordal extension method in Algorithm 1
and MF chordal extension in Algorithm 2 in Appendix A. In
our SPOT package, we implement both algorithms.

Maximal cliques. Once the chordal extension is con-
structed, the next step is to identify the maximal cliques.

Definition 3 (Clique). A clique in a graph G(V, E) is a subset
of vertices C C 'V where every pair of vertices is connected
by an edge. A clique is maximal if it is not properly contained
within any other clique in G.

The nice consequence of the chordal extension is that
the maximal cliques of a chordal graph can be enumerated
efficiently in linear time in terms of the number of nodes and
edges [1 1, 4, 12]. Identifying all maximal cliques in a chordal
graph plays a fundamental role in exploiting sparsity patterns.
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Fig. 3: An example of chordal extension and maximal cliques.

Example 4 (Chordal Extension and Maximal Cliques). Con-
sider the graph in Fig. 3(a) that is non-chordal. The MD
chordal extension Algorithm 1 adds two edges (B, D), (B, F),
leading to the chordal graph in Fig. 3(b). The maximal cliques
of the resulting chordal graph are {A,B,D}, {B,D,E},
{B,E,F}, and {B,C, F}, as shown in Fig. 3(c).

With the notion of a chordal graph and maximal cliques, it
is natural to use such a graph-theoretic tool to exploit sparsity.

B. Correlative Sparsity

As mentioned before, correlative sparsity (CS) seeks to
exploit sparsity in the “variable” level. Roughly speaking,
the intuition is that we can construct a graph that represents
the connectivity in the POP (2), perform a chordal extension
to that graph, and find its maximal cliques to group the
(potentially very large number of) POP variables into many
groups where each group only contains a few variables [41].

CS graph construction. The graph G*P(V, E) is the cor-
relative sparsity pattern (CSP) graph of a POP with variables
x € R"if V = [n] and (4,j) € F if at least one of the
following three conditions holds:

1) 3o € supp(f), s.t. o, 5 > 0,

2) 3k € [Mineg), s.t. x;, ;5 € var(gy),

3) dk € [meq], S.t.x,T; € Val'(hk).

In words, the nodes of the CSP graph represent variables
of the POP, and a pair of nodes are connected if and only if
they simultaneously appear in the objective or the constraints.

Chordal extension and grouping. With the MD chordal
extension Algorithm 1 (or the MF chordal extension Algo-
rithm 2), we compute the chordal extension of G*P— denoted
(G*P)—and its maximal cliques {I;}]_,, where each clique
I; contains a set of nodes (variables). We then partition the
constraint polynomials g1, ..., gm,,, and hi, ..., Ry, into
groups {g; | 7 € Gi} and {h; | j € H;}, where G; and H,,
[ € [p] index the inequality and equality constraints involving
the variables in I;, respectively. Formally, this is

1) Vj € G, var(g;) € I,

2) Vj € Hy, var(h;) C I,.

We make this concrete by recalling our robotics Example 1.

Example 5 (CSP Graph of Example 1). Fig. 4 shows the
CSP graph of Example 1. It is already a chordal graph with-
out chordal extension. Two maximal cliques are highlighted:
{0, vo, A1,0, A2 o} and {xg, x1,v0}. There is an edge between
g and vq since ©1 — xg = At - vg shows up in (3b).

After grouping the variables into cliques {I;}}_, and the
polynomial constraints into subsets #;,G;, we can design
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Fig. 4: CSP graph of the toy Example 1. Red circle: maxi-
mal clique {xg, vg, A1,0, A2} Orange circle: maximal clique
{xg,x1,v0}. Only variables in the first and last planning steps

are shown for simplicity.

a hierarchy of “sparse” moment and sums-of-squares (SOS)
relaxations to globally optimize the POP (2).

Before we present the sparse Moment-SOS hierarchy, it is
useful to understand the “dense” Moment-SOS hierarchy.

Dense Moment-SOS relaxations. Recall the POP (2). Let
¥ = (Ya)a be a sequence of real numbers indexed by the
standard monomial basis of R[x|. Define the Riesz linear
functional Ly:R[x] — R as:

F=3 fax* ) fala, V)R] 4

In words, the Riesz linear functional L, transforms a real
polynomial f to a real number that is the inner product
between y and the vector of coefficients of f. The notation
of Ly can be naturally extended to polynomial vectors and
matrices, as illustrated in the following example.

Example 6 (Riesz Linear Functional). Let n = 3,
I = {1,3}. Then [x]; = [L;x1;20;23] and [x(I)], =
[1;:51; T3, T3, T1T3; x%] Applying Ly, we have
Y1,0,0 + ¥Ho,0,1
Y2,0,0 T 1,01
Y1,0,1 +Y0,0,2
Ly((x1 +23) - [x({ = o ” , 5
oy ) Be(]) = | 0L )
Y2,0,1 T Y1,0,2
Y1,0,2 T 40,0,3
Yo,0,0 Yr00 Yo,1,0 Yo,0,1
Lo(lxl. <17y = | Y100 Y200 ¥Y1,10 Y101 . (6
y([ ]1[ ]1) Yo1,0 Yir1,0 Yo2,0 Yo,1,1 ©
Yo,0,1 Y101 Yo,1,1 Yo,0,2

where the number y, o o is applying Ly to the monomial xt-
0

z3 - xh = 2.

With the Riesz linear functional, we can state the dense
Moment-SOS hierarchy. Essentially, through the Riesz linear
functional Ly, the Moment-SOS hierarchy relaxes the original
POP (2) as a convex optimization problem whose variable
becomes the sequence y. The reason why this is called a

“hierarchy” is because one can make the sequence arbitrarily
long, depending on how many monomials are included.

Proposition 7 (Dense Moment-SOS Hierarchy). Consider
the POP (2). Ler d = [deg(g;)/2], Yj € [Mineg) and
d? = deg(h;), Vj € [mey]. Define

dyn—max { [deg(£)/2] {ad} AT /2] s b D)

Given a positive integer d > dyy,, the d-th order dense
Moment-SOS hierarchy reads:

min Ly(f) (8a)
st Ly ([x]d xT) =0 (8b)

Ly (g5 ¥y g B} o) = 0% € il € o] (80)

Ly (hy g p) =0¥j €HLLE ] B
yo=1 (8e)

The optimal value of the convex optimization (8) converges to
the optimal value of the nonconvex POP (2) p* as d — .

In (8), the matrix Ly ([x]q[x]]) is usually called a moment
matrix and it is enforced by a positive semidefinite (PSD)
constraint. One can see that the dense Moment-SOS hierarchy
can become expensive very quickly as the relaxation order d
increases. This is because the “dense” moment matrix at order
d has size (™;?) which quickly makes the PSD constraint too
large to be handled by off-the-shelf SDP solvers (recall that the
length of the monomial basis indexing the moment matrix—
pla—is ("4%)).

Moment-SOS relaxations with CS. On the other hand,
with correlative sparsity and when the variables are divided
into cliques {I; 110:1 where the size of clique I; is ny, then
instead of generating a single moment matrix with size ("gd),
the sparse Moment-SOS hierarchy will generate p moment
matrices where the size of each moment matrix is ("ljd). A
different way to view this is that, correlative sparsity breaks a
large PSD constraint into multiple smaller PSD constraints.

Let us formalize this.

Proposition 8 (Sparse Moment-SOS Hierarchy). Consider the
POP (2) and assume its variables are grouped into cliques
{I,}_, and its constraints are grouped into G, H; where G,
and H; include constraints only involving variables x[I;]. For
any fixed integer d > duyin (dnin defined as in (7)), define
the following polynomial matrices and vectors associated with
each clique 1I; as:

Ma (1) = [x(1)] 4 [x(ID)]g . € [p) (%)
Ma(g7. 1) = g5 - [X(I)]g_go ()] g2 .5 € Gr. L € [p)
(9b)

Halhy, ) = hy - [x(ID)]aqgn 1§ € Hi, 1 € [P] (9c)

Let g9 := 1, then My(go,I;) = Mqy(I}). The d-th order



Moment-SOS hierarchy with correlative sparsity reads:

Ly(f) (10a)
s.t. Ly (Mg(g5, 1)) = 0,V € {0} UGy, 1 € [p] (10b)
Ly (Hq(hj, ) =0,Vj € Hy,l e [p] (10c)

Yo=1 (10d)

pd ‘= min
y

Moreover, under appropriate compactness assumptions [20],
the sequence pg — p* as d — oo.

Dense Moment Relaxation Sparse Moment Relaxation

1 1
2
Xl 1
X2
2 Xy
X1% 5
55

Fig. 5: Comparison of the moment matrices in dense and
sparse Moment-SOS relaxations.

As an illustrative example, suppose the POP has two vari-
ables x = (x1,x2). Then the moment matrix corresponding
to the dense Moment-SOS hierarchy at ¢ = 2 is shown in
Fig. 5 left, where its rows and columns are indexed by the
standard monomial basis [x]z. However, suppose from the
chordal extension of the CSP graph one can find two cliques
{z1} and {z2} (i.e., they are not connected), then the sparse
Moment-SOS hierarchy at d = 2 would generate two moment
matrices shown in Fig. 5 right. From the color coding in Fig. 5,
we can see that the two smaller moment matrices are principal
submatrices of the big moment matrix. Hence, a 6 x 6 PSD
constraint is broken into two 3 x 3 PSD constraints.

It is worth mentioning that (a) while both the dense and the
sparse Moment-SOS hierarchy converge to p*, they may, and
in general, converge at different speeds; (b) associated with
both (8) and (10) are their dual sums-of-squares (SOS) convex
relaxations (hence the name Moment-SOS hierarchy). Though
we do not explicitly state the SOS relaxations (see [46] and
references therein), our SPOT package implements them.

C. Term Sparsity

While correlative sparsity (CS) focuses on relationships
between variables, term sparsity (TS) addresses relationships
between monomials. Specifically, TS is designed to partition
monomial bases into blocks according to the monomial con-
nections in the POP [43]. Rather than analyzing general TS
in isolation, we focus on the integration of CS and TS [44].

Similar to CS, exploiting TS is also related to constructing
a graph called the term sparsity pattern (TSP) graph. This
construction involves three steps: (a) initialization; (b) support
extension; and (c¢) chordal extension.

We remark that the notion of TS and the construction of the
TSP graph can be less intuitive than the CSP graph mentioned

before, and the mathematical notations can get quite involved.
However, it is safe for the reader to quickly glance the TSP
construction just to understand its high-level idea, and revisit
the math a couple more times later.

Initialization. Let I;, [ € [p] be the maximal cliques of
(G*PY, with n; == || the size of each clique. Let G; and H,,
[ € [p] be defined in the CS grouping procedure and contain
polynomial constraints related to clique I;. The variables x
are grouped into subsets x(I1),...,x(];). Denote A as the
set of all monomials appearing in the POP (2), union with all
even-degree monomials:

A = supp(f) U | supp(g;) U | supp(hy) U (2M)" (11)
j=1 j=1

where (2N)" is defined as {2 | & € N}
Support extension. For each [ € [p] and j € {0} UG,
construct constraint g;’s TSP graph Gf“y ; with:

1) Nodes: Vy; ; := [[x(1;)]4_qe| (these relate to monomials)
2) Edges: Eq,,; ={(8,7) | supp(Ma(g;,11)p,,) N A # 0},
where

Ma(g5, 1)p,y = g5 - x(I)la—a2 (B) - [x(I)]a—a2 (7)- (12)

For each each [ € [p] and j € H,;, define the binary mask
vector Bg,l,j as:

BY, (5) {1, supp(Halhy, 1)) A £ 0\
” 0, otherwise
where
Ha(hg, 11)s = h; - [x(1)](B)- (14)

Chordal extension. For each [ € [p] and j € {0} UG, let
1,,; be the chordal extension of G, ;. Define By, ; as its
adjacency matrix, which is naturally a binary mask matrix.

2
@ A (o) =2 Zo o1
g Vo
z2 1 T1 Tl
[
Vo T1Vp
2 [
AL0 A2,0 )

Fig. 6: (a) Gg,l,l: support extension for g; in clique I;; (b)
Gg,z,(ﬁ support extension for gy in clique /5.

We shall illustrate this using our robotics example.

Example 9 (TSP Graph of Example 1). Consider the toy
example’s two cliques: Iy = {xg, vy, A1,0, Aeo} and Ir =
{zg, x1,v0} (illustrated in Fig. 4). Define g1 := Mo+ 1+
and go := 1. Then, Gg 1.1 s illustrated in Fig. 6(a).

There exists an edgyeybetween xo and Mo since xy and
A1,0 appear at the second and fifth positions of x(I1)q—a, =
[1,Z0,v0, A0, \2o] ", respectively. According to (12),

Aaoxo € Ma(gr,T1)25 = (Aio+ 14+ 20) 2o Moo (15)



and )\270$0 € A since )\270 . ()\]:2’0 + dy — ZCQ) =0.

Similarly, Gg 2,0 IS illustrated in Fig. 6(b). There exists an
edge between x% and x3 since 1% - x3} is of even degree. Both

G;LI and Gg,z,o are already chordal.

Note that the crucial difference between CSP and TSP is that
the nodes of a CSP graph are the variables while the nodes
of a TSP graph are monomials. Therefore, while the goal of
CSP is to break the entire variable x into smaller cliques of
variables, the goal of TSP is to break the dense monomial
basis [x(];)]q into smaller cliques of monomials.

Combining CS and TS, we can further decompose the PSD
constraints in the sparse Moment-SOS hierarchy (10) into
smaller ones. Due to space constraints, we defer a formal
presentation to Appendix B. The high-level intuition, however,
is that the binary masks obtained from the TSP allow us
to only focus on the entries of the matrix variables in (10)
corresponding to nonzero entries in the masks.

D. Sparse Polynomial Optimization Toolbox (SPOT)

To automate the aforementioned sparsity exploitation, we
develop a new C++ package SPOT. Compared with the Julia
package Tssos, SPOT is faster and also provides more op-
tions. (i) SPOT provides both general moment relaxation and
SOS relaxation, which complements TSSOS (only provides
SOS relaxation). (ii) For both CS and TS, SPOT provides four
options: (a) maximal chordal extension (MAX); (b) minimal
degree chordal extension (MD); (c) minimum fill chordal
extension (MF); (d) user-defined. (iii) SPOT provides a special
option “partial term sparsity”, which enables TS only for the
moment matrices and the localizing matrices (i.e., inequality
constraints), while applying CS to equality constraints. This
heuristic approach is motivated by the observation that in SOS
relaxation, tightening equality constraints merely introduces
more free variables and does not significantly impact the
solution time of an SDP solver. In many cases, partial TS
yields tighter lower bounds while keeping the computation
time nearly unchanged. (iv) Through our Matlab and Python
interface, SPOT provides a way for the user to visualize the
CSP and TSP graphs, as shown in Fig. 1. The automatic
sparsity detection pipleline is illustrated in Fig. 7.

III. ROBOTICS-SPECIFIC SPARSITY

While automatic correlative and term sparsity (CS-TS)
exploitation is powerful, it has two notable limitations. (a) It
occasionally fails to capture time, spatial, and kino-dynamical
sparsity inherent in contact-rich planning problems, such as
the Markov property described in [16]. (b) The approach
introduced in §II heavily depends on approximate minimal
chordal extensions. Although theoretically rigorous, chordal
extensions can substantially increase the size of variable or
term cliques, resulting in scalability challenges.

To address these, we propose several robotics-specific spar-
sity patterns as auxiliary tools to complement the automatic
sparsity. Similarly, we categorize robotics-specific sparsity
patterns into two levels, (a) variable level and (b) term level.

The semi-automatic robotics-specific sparsity pattern injection
is shown in Fig. 7, marked in red.

A. Variable-level Robotics-Specific Sparsity

Kinematic chain. Numerous robotic systems exhibit chain-
like (or tree-like) mechanical structures, commonly found
in manipulation and locomotion. These structures lead to a
natural separation of kinematic and dynamic variables across
different links. For example, consider the following system:

Tkl = Tk + ULk, (16a)
To g1 = Tk + U2k, (16b)
T3 ki1 = T3k + U3k, (l6¢)
(1 — zop)” =17, (Top — x38)° = 17 (16d)

which can be viewed as a 1-D two-link chain, with three states
(x1,22,23) and two geometric constraints in (16d). If only
exploring the Markov property in [16], a chain of cliques will
be derived, with the %’th clique containing 9 variables:

3
{Zi s Tt 1, Uik foy - (17

However, since (z1, %), (z2,23) forms two links, and each
u;, i € {1,2,3} only has direct effect on x;, we can further
decompose the clique as three cliques of size 3:

{Ziks Tikr1, vk}, 1=1,2,3 (18)
and four cliques of size 2:
{xiym,xwlym}, Z: 1,2, m:/{,/{+1, (19)

as illustrated in Fig. 8(a). Note that this clique partition cannot
be discovered by the general sparsity pattern introduced in §II,
since the graph in Fig. 8(a) is not chordal.

Separation plane. Consider a general obstacle avoidance
task: both the robot and the obstacles can be decomposed as
a union of convex sets. We denote the decomposition of robot
as { P, },¢|,,) and the decomposition of obstacles as {Q;} cln)’
For each ¢ and j, I; has no collision with ); if and only if
there exists a plane H, ; separating F; and @Q);. Consider F;
and ; being both 2-D polygons:

A jUr g+ Bi vy + Ci; >0, Yo, € P/s vertices
A jVoz + Bijvoy +Cij; <0, Yu, € Q;s vertices

(20)
2D
where (A; ;, B;;,C; ;) determines a 2-D separation plane
(line) H, ;. For constraints (20), (A4, ;, B; ;,C;, ;) has no direct
relationship between each other. Thus, in each time step,
instead of defining a large variable clique:

{other variables, {(A7. Bij, Cii) el setn } 22)
we define mn smaller variable cliques:
{other variables, (Ai ;, Bij, Cij)}icimy jen (23

The resulting clique size is invariant to m and 7, as illustrated
in Fig. 8(b). What’s more, one can check that the decomposi-
tion (23) still satisfies the running intersection property (RIP)
required in correlative sparsity pattern [21].
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B. Term-level Robotics-Specific Sparsity

Separable contact modes. Frequently in contact-rich plan-
ning, we will have to “select one out of a bunch of modes” (cf.
§C2 and§C3). It can be modelled as polynomial equalities:

ho2 > A —1=0
i€[n]

hy & XN (1—

(24)

) =0, Vicln], (25)

where ), is a binary variable corresponding to whether the i-th
contact mode is selected. In variable level, there is no sparsity
in (24), since Zie[n] AZ = 1 groups all \;’s together. However,
we show that the sparsity is still rich in the term level. Consider
the generation procedure of A in term sparsity (11), for the
polynomial equality constraint system (24):

A= {1’ {Ai}ie[n] ) {)\ZZ}Z'G["]} ' 0

Consider the special case n = 3 in second-order relaxation
d = 2, and there is only one variable clique (i.e., [ = 1).
By definition of the polynomial multiplier Hs(h;, I1),i €
{0,1, 2,3} for equality constraints (9c):

Ho(hi, 1) = [1, A1, A2, A3, AT, M2, Mg, A3, A2 s, A?,]T- (27)

If we proceed with the support extension procedure for equal-
ity constraints (13), then we have

B}y =[1,1,1,1,1,0,0,1,0,1] (28)
B}, =[1,1,0,0,0,0,0,0,0,0] (29)
B}, =1[1,0,1,0,0,0,0,0,0,0] (30)
B}, 5=11,0,0,1,0,0,0,0,0,0] (31)

In the second-order moment matrix, the unmasked terms are:

L{Ai}iem {)‘?}ie[s] d {)‘?}ie[b’] '
N e DA e sersnins

leading to the moment matrix generated by a reduced basis:

(32)

{1,M1, A2, A3, AT, A3, A3} (33)

as shown in Fig. 8(c). The key observation is that there is
no \A;(¢2 # j) in the new basis (i.e., the contact modes are
separated). For a general n, the reduced basis is of size 2n+1,
which is much smaller than the standard monomial basis of
size W

Separable contact forces. In contact-implicit formulation,
each possible contact is modelled as a set of complementary
constraints. Suppose there are 2 contact points, then a typical
dynamics formulation is (¢f §C1 and §C5):

0< X Lg(z)>0, i€ [n]
> filhimu)=0
i€ [n]

(34)
(35)

where r € R"@ is the system state and v € R" is
the control input. Similar to the contact mode case (24),
Zie[n] Jilhi,z,u) groups all \;’s together. Thus, there is
no variable-level sparsity pattern. However, inspired by the
reduced basis introduced in (33), we can directly write down
an extended reduced basis containing x and u. For simplicity,



assume x and u are both of one dimension, f; is of quadratic
form and linear in );, then the reduced basis is

1,x,u,x%,cu,u”,
{{Ai}iem,{Af}iem,{mi}ie[n],{uxi}ie[n]} (36)
which grows linearly in 7.

Although we introduce these robotics-specific sparsity
patterns in the context of contact-rich motion planning,
many—such as kinematic-chain structures and supporting-
hyperplane constraints—are generic and apply equally well
to tasks that do not involve contact.

IV. EXPERIMENTS
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Fig. 9: illustrations of five contact-rich planning tasks. (a) Push
Bot; (b) Push Box; (c) Push T-block; (d) Push Box with a
Tunnel; (e) Planar Hand.

General setup. We consider five contact-rich problems.

1) Push Bot: A cart-pole system between two soft walls,
shown in Fig. 9(a). The objective is to stabilize the cart-
pole at (a,f) = (0,7). For polynomial dynamics and
other detailed settings, please refer to Appendix Cl1.

2) Push Box: A simple pusher-slider system, illustrated in
Fig. 9(b). The goal is to push the box from an initial
configuration (s, s,,8) to a target configuration. There

are 4 possible contact modes at each time step. Detailed
settings can be found in Appendix C2.

3) Push T-Block: Similar to Push Box, but the box is
replaced with a T-block, resulting in 8 possible contact
modes at each time step, as shown in Fig. 9(c). Please
refer to Appendix C3 for detailed settings.

4) Push Box with a Tunnel: Similar to Push Box, except
that two circular obstacles form a tunnel along the box’s
path to its goal, as shown in Fig. 9(d). Detailed settings
are provided in Appendix C4.

5) Planar Hand: A two-fingered system rotating a 2D disk
in a horizontal plane, as shown in Fig. 9(e). The goal is
to rotate the disk by 360° using two fingertip contacts
while minimizing the translation of the disk’s center of
mass. See Appendix C5 for further details.

Additionally, extensive real-world validations are conducted
for the Push T task. Experiments were performed on a high-
performance workstation equipped with a 2.7 GHz AMD
64-Core sWRX8 Processor and 1 TB of RAM, enabling
MOSEK [!] to solve large-scale problems utilizing 64 threads.

Conversion speed. We compare SPOT and TSSOS in terms
of conversion time across the five planning problems, consid-
ering different CS and TS options. In all cases, the planning
horizon is set to N = 30. For the Push Box with a Tunnel
problem, the CS relaxation order is set to d = 3 to obtain a
tighter lower bound, while for the other examples, d is set to 2.
The results are summarized in Table I. SPOT consistently out-
performs TSSOS, achieving at least a 2x speedup. For large-
scale problems such as Push Box with a Tunnel, SPOT achieves
approximately a 5x speedup. For the Planar Hand problem,
the automatic CS pattern generation produces clique sizes
exceeding 20 through both MF and MD methods, resulting in a
large-scale SDP with over 1 million constraints. Since TSSOS
tightly integrates its conversion and SDP solving processes, it
is difficult to isolate the conversion time. Therefore, we only
report SPOT’s conversion time for this case, which remains
under 100 seconds despite the problem’s scale.

Sparsity CS MF MD
E pl TS MAX MF MD MAX MF MD
MOMENT | 2.33 2.29 2.13 2.03 1.99 1.82
Push Bot SOS 2.39 2.43 2.26 2.09 2.13 1.97
TSSOS 4.32 14.95 19.58 3.49 15.90 16.91
MOMENT 1.68 1.58 1.52 1.39 1.31 1.24
Push Box SOS 1.64 1.65 1.57 1.37 1.37 1.30
TSSOS 4.56 8.83 10.12 3.94 9.60 8.92
MOMENT | 3.67 3.58 3.29 4.01 3.95 3.48
Push T SOS 3.70 3.77 3.47 4.06 4.16 3.67
TSSOS 15.54  42.86 43.41 13.13  43.22 45.02
MOMENT | 21.19 18.03 16.19 19.78 19.79 17.69
Tunnel SOS 20.55 18.62 16.81 22,76  20.81 18.63
TSSOS 90.37 109.25 11220 | 83.47 129.17 125.63
MOMENT | 74.35 75.60 64.98 67.54  68.31 58.53
Planar Hand SOS 88.60  91.35 80.70 80.70  83.14 70.75
TSSOS - - - - - -

TABLE I: Conversion time comparison between SPOT and
Tssos across examples, with different CS-TS options.

Self-defined variable cliques. Since the automatic sparsity
exploitation mechanism may fail to detect robotics-specific
sparsity, we adopt the following clique generation procedure:

1) Generate a general sparsity pattern using SPOT.







































