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Abstract—Sampling-based methods for motion planning, which
capture the structure of the robot’s free space via (typically
random) sampling, have gained popularity due to their scalability,
simplicity, and for offering global gnarantees, such as probabilis-
tic completeness and asymptotic optimality. Unfortunately, the
practicality of those guarantees remains limited as they do not
provide insights into the behavior of motion planners for a finite
number of samples (i.e., a finite running time). In this work,
we harness lattice theory and the concept of (§, €)-completeness
by Tsao et al. (2020) to construct deterministic sample sets that
endow their planners with strong finite-time guarantees while
minimizing running time. In particular, we introduce a highly-
efficient deterministic sampling approach based on the A} lattice,
which is the best-known geometric covering in dimensions < 21.
Using our new sampling approach, we obtain at least an order-of-
magnitude speedup over existing deterministic and uniform ran-
dom sampling methods for complex motion-planning problems.
Overall, our work provides deep mathematical insights while
advancing the practical applicability of sampling-based motion
planning. https://github.com/MRSTechnion/lattice-sampling-mp

1. INTRODUCTION

Motion planning is a key ingredient in autonomous robotic
systems, whose aim is computing collision-free trajecto-
ries for a robot operating in environments cluttered with
obstacles [24]. Over the years, various approaches have
been developed for tackling the problem, including potential
fields [30], geometric methods [13], and optimization-based
approaches [40, 31, 34]. In this work, we focus on sampling-
based planners (SBPs), which aim to capture the structure of
the robot’s free space through graph approximations that result
from configuration sampling (typically in a random fashion)
and connecting nearby samples. SBPs have enjoyed popularity
in recent years due to their relative scalability, in terms of the
number of robot degrees of freedom (DoFs), and the ease of
their implementation [35].

Another key benefit is the ability of SBPs to escape local
minima (unlike potential fields) and global solution guaran-
tees (in contrast, optimization-based approaches [40], which
typically provide only local guarantees). Earlier work on
the theoretical foundations of SBPs has focused on deriving
probabilistic completeness (PC) guarantees for methods such
as PRM [19] or RRT [25, 23, 21]. PC implies that the
probability of a given planner finding a solution (if one exists)
converges to one as the number of samples tends to infinity.
The work of Karaman and Frazzoli [18] initiated studying the
quality of the solution returned by SBPs. Specifically, they

introduced the planners PRM* and RRT*, and proved that the
solution length of those planners converges to the optimum
as the number of samples tends to infinity—a property called
asymptotic optimality (AO). Subsequent work has introduced
even more powerful AO planners for geometric [16, 11] and
dynamical [14, 28] systems.

Unfortunately, the practical relevance of the aforementioned
theoretical findings remains limited due to the lack of mean-
ingful finite-time implications. Specifically, when a solution
is obtained using a finite number of samples, it is unclear
to what extent its quality can be improved with additional
computation time. Moreover, in cases where no solution is
returned, it is uncertain whether a solution does not exist or
if the algorithm simply failed to find one. Developing finite-
time bounds through randomized sampling continues to be a
significant challenge [7, 41].

Deterministic sampling methods such as grid sampling or
Halton sequences [24], where samples are generated according
to a geometric principle, can improve the performance of SBPs
in practice and simplify the algorithm analysis. Specifically,
some deterministic sampling procedures have a significantly
lower dispersion than uniform random sampling, which im-
plies that the former requires fewer samples to cover the
search space to a desired resolution [17]. Recently, Tsao
et al. [49] have leveraged deterministic sampling to disrupt
the asymptotic analysis paradigm by introducing a signifi-
cantly stronger notion than AQ, called (§,¢)-completeness,
that yields finite-time guarantees for PRM-based algorithms
such as PRM* [18], FMT* [16], BIT* [11], and GLS [33].
Informally, a finite sample set is (8, c)-complete for a given
approximation factor € > 0 and clearance parameter ¢ > 0, if
the corresponding planner returns a solution whose length is at
most (1 + ¢) times the length of the shortest §-clear solution.
If no solution is found using a (4, €)-complete sample set then
no solution of clearance § exists.

The work of Tsao et al. [49] derived a relation between
(8, €)-completeness and geometric space coverage to obtain
lower bounds on the number of samples necessary to achieve
(8, )-completeness, as well as upper bounds accompanied
with explicit (deterministic) sampling distributions. A follow-
up work by Dayan et al. [4] has introduced an even more com-
pact (6, £)-complete sample distribution that is more efficient
than the one proposed in [49] or rectangular grid sampling.
In particular, the staggered grid [4] consists of two shifted



8

8

(a) ng sample set. {b) x5 sample set. {c) X3 sample set.
2 2 2

Fig. 1.

Sample sets within a fixed disc in R?, derived from the lattices 72, D% and A%, which yield (4, €)-complete guarantees for the same values of §

and e. The set XZ‘;S; can be viewed as a tessellation of space using cubes. The set X’ gf is obtained by placing a (rescaled) standard grid, and then placing
2

another point in the middle of each cube. The set Xf‘f can be viewed as a rescaled hexagonal grid as each point is surrounded by a hexagon whose vertices
2

are points in the set. Note that the density of XZ‘;E and X 6’f is the same, and higher than the density of X’ 6’5 .
2 2

and rescaled copies of the rectangular grid (see Figure 1 and
Figure 2).

However, the work [4] still leaves a significant gap between
the lower bound in [49] and the upper bound obtained with the
staggered grid. In practice, this gap limits the applicability of
the (4, )-completeness theory to relatively low dimensions (up
to dimension 6) due to the large number of samples currently
needed to satisfy this property, which can lead to excessive
running times.

Contribution. In this work, we develop a theoretical frame-
work for obtaining highly-efficient (4, ¢)-complete sample
sets by leveraging the foundational theory of lattices! [3],
which has been instrumental in diverse areas from number
theory [43], coding theory [8], and crystallography [38].
Specifically, we show that lattices can be transformed to obtain
(8, e)-complete sample sets (Theorem 1) and develop tight
theoretical bounds on their size (Theorem 2), which allows
to compare between different sample sets qualitatively. Using
this machinery, we not only refine and generalize previous
results on the staggered grid [4] but also introduce a new
highly efficient (,¢)-complete sample set that is based on
the A} lattice, which is famous for its minimalist coverage
properties [3]. We also initiate the study of a new property,
which estimates the computational cost resulting from using
a given sample set in a more informative manner than sample
complexity. In particular, the property called collision-check
complexity captures the amount of collision checks, which is
typically a computational bottleneck.

From a practical perspective, when solving motion-planning
problems using lattice-based sample sets, we show that our
A} -based sample sets can result in at least order-of-magnitude
improvement in terms of running time over staggered-grid

'Lattices are point sets exhibiting a regular geometric structure, which are
obtained by transforming the integer lattice Z%. For instance, the aforemen-
tioned rectangular grid and the staggered grid can be viewed as lattices.

samples and two orders of magnitude improvements over
rectangular grids. Moreover, A’j-based sample sets are vastly
superior in practice to the widely-used uniform random sam-
pling, which is evident in improved running times, success
rates, and solution quality.

Organization. In Section II we review basic definitions on
motion planning and (6, €)-completeness, and formally define
our objectives. In Section III, we develop a general tool
for transforming lattices into (4, €)-complete sample sets. We
obtain sample-complexity bounds for lattice-based sample
sets in Section IV, and generalize those bounds to collision-
check complexity in Section V. We evaluate the practical
implications of our theory in Section VII, and conclude with a
discussion of limitations and future directions in Section VIII.

II. PRELIMINARIES

The motion-planning problem concerns computing a
collision-free path for a robot in an environment cluttered
with obstacles. We concider a holonomic robot with a con-
figuration space C = R?. The dimension d > 2 represents
the DoF and is finite. A motion planning problem is a tuple
M = (Cy,qs, qq), Where C; C C is the free space (the set
of collision-free configurations), and ¢, g, € Cy are the start
and goal configurations, respectively. A solution for M is a
continuous collision-free path 7 : [0,1] — C; that begins at
7(0) = ¢5 and ends at 7(1) = g,.

Two critical properties of a given path m for a problem
M = (Cy, s, qq), are its length £(7) > 0, and its clearance.
For a given value § > 0, we say that the path 7 is d-clear
if Uy<sq Bs(m(t)) € Cy, where B,(p) is the d-dimensional
closed Euclidean ball with radius p > 0 centered at p € R®.
We denote B, := B,(0), where o is the origin of R?.

A. Probabilistic roadmaps and completeness

We present a formal definition of the Probabilistic Roadmap
(PRM) method [19], which constructs a discrete graph captur-



ing the connectivity of C; through sampling. Albeit sampling
usually refers to a randomized process, here we consider
deterministic sampling, as was recently done in [49, 412 We
emphasize that our analysis below is not confined to PRMs,
and applies to various PRM-based planners, as mentioned
above.

For a given motion planning problem M = (Cy,¢s, ¢4),
sample (point) set & C C, and a connection radius r > 0,
PRM generates a graph denoted by G yq(x ) = (V, £). The
vertex set V' consists of all collision-free configurations in
X U {gs, qq}. The set of undirected edges, E, consists of all
the vertex pairs u,v € V such that the Euclidean distance
between them is at most 7, and the straight-line segment uv
between them is collision-free. That is,

V :(Xu{qsaqq})mcfa
E={vuleVxV:|v—ul|<ravCCls}. (1)

In this work, we are interested in obtaining sample sets
and connection radii for PRM that achieve a desired solution
quality in terms of path length. Unlike most theoretical results
for SBP, which consider asymptotic guarantees, here we rely
on a stronger deterministic notion.

Definition 1 ((§, £)-completeness [49]). Given a sample set
X C C and connection radius r > 0, the pair (X,r) is (4, €)-
complete for a clearance parameter § > 0 and stretch factor
e > 0, if for every é-clear problem M = (Cy, ¢s, ¢, ), the graph
G m(x,ry contains a path from gs to g; with length at most
(1 + ¢) times the optimal d-clear length, denoted by OPTs;.
That is, it holds that

E(GM(X,r)a Qs q_q) < (1 + E)OPT(;,

where (G aq(x,r),Gs, Gg) denotes the length of the shortest
path from g, to g4 in the graph G aqx 7).

The property of (6§, €)-completeness has several key advan-
tages over asymptotic notions, such as PC and AQ. First, there
exists (with probability 1) a finite sample set X and radius
r € (0,00) that jointly guarantee (3, £)-completeness. Second,
if a solution is not found using a (4, €)-complete pair (X,r),
then no §-clear solution exists. That is, (6, €)-completeness can
be used for deterministic infeasibility proofs [26]. Third, the
computational complexity of constructing a PRM graph can
be tuned according to the desired values of § and ¢.

B. Problem definition

A (8, e)-complete sample set X’ and radius r > 0 can be
obtained by constructing a so-called S-cover [4].

Definition 2. For a given 3 > 0, a sample set ¥ C R? is a
B-cover if for every point p € C = R? there exists a sample
z € X such that |[p — z|| < 8.

2With deterministic sampling, the term “probabilistic” in PRM can seem
misleading. Nevertheless, we choose to stick to PRM considering its popu-
larity and the underlying graph structure it represents, which is a key to our
analysis.

Note that the coverage property above is defined with
respect to the whole configuration space, rather than a specific
free space. The connection between (4, e)-completeness and
B-cover is established in the following lemma.

Lemma 1 (Completeness-cover relation [49]). Fix § > 0 and
e > 0. Suppose that a sample set X is a B*-cover, where

de

=" = 2
Then (X,7*) is (8, €)-complete, where
= (5 e) = 20T (3)

Vite?'

The lemma prescribes an approach for constructing sample
sets and connection radii that satisfy the (4, ¢)-completeness
requirement. Considering that we will fix the radius r* :=
r*(8, ¢) throughout this work, we will say that a sample set
X is (6,¢)-complete if the pair (X, 7*) is (4, €)-complete.

Lemma 1 still leaves a critical unresolved question: How do
we find a (6, €)-complete sample X’ minimizing the computa-
tion time of the PRM graph and subsequent methods? In this
work, we are interested in the following two related problems.
The first deals with finding a sample set of minimal size, which
can be used as a proxy for computation time.

Problem 1 (Sample complexity). For a given § > 0,e > 0,
find a (4, ¢)-complete sample set X' of minimal sample com-
plexity, i.e., |X N B«

Previous work [49, 4] has considered a slightly different
notion for sample complexity aiming to minimize the global
expression | X' NC| with a bounded C. We believe that our local
notion, within an r*-ball, is more informative and optimistic,
as typical problems have obstacles, and the solution lies in
a small subset of the search space. Furthermore, it would
allow us to obtain tighter analyses by exploiting methods from
discrete geometry that reason about ball structures.

Previous work has introduced several sample sets and
analyzed their sample complexity [49, 4]. In this work, we
consider more compact sets. Moreover, we introduce a new
notion that better captures the computational complexity of
constructing a PRM graph. In particular, we leverage the
observation that the computational complexity of sampling-
based planning is typically dominated by the amount of col-
lision checks performed [20]. Furthermore, nearest-neighbor
search, which is another key contributor to the algorithm’s
computational complexity, can be eliminated for deterministic
samples, assuming that they have a regular structure (as for
lattice-based samples, which we describe below).

Collision checks are run both on the PRM vertices and
edges, where edge checks are usually performed via dense
sampling of configurations along the edges and individually
validating each configuration. Thus, the total number of col-
lision checks is proportional to the total edge length of the
graph. We use this observation to develop a more accurate
proxy for computational complexity. In particular, we will
estimate the length of edges adjacent to the origin point



o € RY, which is a vertex in all the sample sets introduced
below. Moreover, due to the regularity of the sets, the attribute
below is equal across all vertices (in the absence of obstacles).

Problem 2 (Collision-check complexity). For given
§>0,e>0, find a (d,¢e)-complete sample set X of
minimal collision-check complexity, i.e., minimizing the

expression
> =l
zEXNB,.*

CCX =

III. LATTICE-BASED SAMPLE SETS

We derive sample sets optimizing sample complexity (Prob-
lem 1) and collision-check complexity (Problem 2) both in
theory and experiments. We focus on sample sets induced by
lattices.

A lattice is a point set in Euclidean space with a regular
structure [3].

Definition 3 (Lattice). A lattice A is defined as all the
linear combinations (with integer coefficients) of a basis®
Ex={e; RV} ofrank 1 <m < N, ie.,

A= {i a;€;

1=1

aiGZ,eiGEA}.

It would be convenient to view lattices through their gener-
ator matrices.

Definition 4 (Lattice generator). The generator matrix G of
a lattice A with basis Fy = {e; € RV}, is an m x N
matrix such that for every 1 < 7 < m, the row 7 is equal to
e;. Note that A = {a . GA|a € lem} . Additionally, define
det(A) := det(GAGY).

A. Useful lattices

We describe three lattices, visualized in Figures 1 and 2. The
first lattice is a simple rectangular grid, which is provided to
benchmark more complicated and efficient lattices. Below, we
fix the dimension d > 2.

Definition 5 (Z¢ lattice). The Z? lattice is defined by the
identity generator matrix I € R?*9, with det(Z¢) = 1 [3,
p. 106].

More efficient sample sets can be generated via the D}
lattice [3, p120]. This lattice was also presented in [4], where
it was called a “staggered grid”. In this work, we provide
improved sample complexity bounds for lattice-based sample
sets (including for the D lattice and the A lattice defined
later on), following [3], and develop theoretical bounds for
collision-check complexity.

3A basis can be of full rank (m = N) or subdimensional (m < N). A
basis can be non-unique.

X5 ¢ sample set.

(b) A% =

* ; sample sets.

Fig. 2. (4, &)-complete sample sets in R® derived from the lattices 7> , D3

and Aj. Note the sets XD* s X . ¢ coincide for d = 3, and diverge for d > 4.

Note that the density of X * and Xf‘* (also known as the Body-Centered
D3 3

Cubic structure in crystallography), and is lower than the density of Xgés.

Definition 6 (D} lattice). The D} lattice is defined by the
generator matrix

1 0 0 0 0
0 1 0 0 O
Gy = ; Lo | ERTY
0 0 O 1 0
11 1 11
2 2 2 2 2
with det(D}) = i [3, p- 120].

The following A} lattice [3, pl15] leads to even more
efficient sample sets. This lattice is also called a "hexagonal
grid", and was previously used for 2D path planning [1, 27].
This work is the first to consider its application in dimensions
d > 3, and moreover, in the context of (§,¢)-completeness
guarantees.

Definition 7 (A} lattice). The A} lattice is defined through
the generator matrix

1 -1 0 0 ... 0 0
1 0o -1 0 ... 0 0
Glag=| : : : Tw 0 ;
1 0 0 0 -1 0
—d 1 1 1 11
d+1 d+1 d+1  d+fl d+1  d+1/ gx(d+1)
with det(A%) = ﬁlﬁ [3, p. 115].

Note that A} is contained in R (due to the number
of rows of the generator matrix), but the lattice itself is d-
dimensional as it lies in a d-dimensional hyperplane (for any
lattice point (x1,...xqr1) € A it holds that Z h Lz = 0).
Our motivation for considering Ad is its low density, defined
as the average number of spheres (centered on lattice points)
containing a point of the space [3]. In particular, A} is the
best lattice covering (and best covering in general) in terms
of density for dimension d < 5 (see [37]) and overall the best
known covering for d < 21.



B. From lattices to (0,<)-complete sample sets

We derive sample sets from the lattices above by transform-
ing the lattices such that the resulting point sets lie in R% and
form J*-covers (Lemma 1). To achieve that, we will leverage
the geometry of the lattices and their covering radius, which
is defined below.

Definition 8. (Covering radius [3]) For a point set X C RY,
a covering radius is defined to be

fx = sup inf [l —yl.

yeRd T€EX

When considering the covering radius of A%, which lies

in R we will abuse the above definition to refer to its

covering radius in the d-dimensional plane Zjill Ta+1 = 0.

Note that in order to cover RY with balls of radius p > 0
centered at the points of a set X, it must hold that p > fy.

Theorem 1. Fix § > 0, > 0, and take [* as defined in

Lemma 1. Then the following sample sets are (8, €)-complete:
1y X = {8 vvend) -2 .78
2) X5’§ -
2 . 48" . d\ _ 48" | P«
d is odd: {—ﬁ—mG 0,0 ET }7 L

d is even: {\/%B*Gt 20U C Zd} = \/%B* - D3,

3) X6’§ = { ldzgjzl))ﬁ*Tm,v € Zd}, where
1 1 ... 1 a—1
-1 0 ... 0 a
.10 -1 ... 0 a c R gnd a —
0 o ... —1 a
TvaT

Each of the new sample sets can be viewed as a lattice in
R, according to Definition 3. For instance, Xj’f is a lattice
d

1;$++21)) B*T*. Also, note that the

is a tightening of the result in [4] for

with the generator matrix

result above for X%°

odd dimensions. ‘

Proof: The lattices Z¢, D}, A7 require a transformation
to achieve (4, €)-completeness for a given value of § and . For
a given lattice A, we compute a rescaling factor wy > 0 such
that the covering radius of the lattice wa A is not bigger than
[£*. This would imply that wp A is (6, €)-complete according
to Lemma 1. In particular, wpn = 8% f, ! where fa is the
covering radius of A. Next, we consider each of the three
lattices individually.

The lattice 7.%. This lattice can be viewed as a set of axis-
aligned unit hypercubes whose vertices are the lattice points.
The center point of a cube is located at a distance of v/d /2
from the cube’s vertices, which yields the covering radius
fze = V/d/2, and the rescaling factor wya = B%/fza =
25*/\/3. As a result, the sample set ngf = 2\%2”1, is a
p*-cover, and (4, g)-complete due to Lemma 1.

Fig. 3. Visualization of embedding the lattice A% originally defined in R3
onto R? via the mapping 7". The blue rectangle represents the plane H, where
the corresponding A% lattice points are drawn in red. The points are generated
by taking integer vectors in R% and applying the mapping G*. H and Ajis
reflected onto the plane Hp = {x3 = 0} using the mapping PG?* (denoted
by the green rectangle). The third dimension is removed via the mapping E
to yield the embedding of A% in R2,

The lattice D};. We use the covering radius of D}, which
depends on whether the dimension d is odd or even [3, page
120]. In particular, fD;—odd = @, and fD:lrm = @. This

immediately implies the definition of X 5’;

The lattice A}, Recall that A}, has the generator matrix G :=
Gay € R&(4+1) " As this is a mapping from d to d + 1, we
start with the process of embedding A in R? (see Figure 3).
Afterward, we show that the embedding in R? shares the same
covering radius as the original set in R?*!,

Any row i of G, denoted by G; := (gi1, g2, - - -, Gi(d+1))»
lies on the (hyper)plane H : {Zji% gi; = 0}. Thus, A itself
is contained in that d-dimensional plane. It remains to find a
transformation of A} such that the dimension is reduced to d
while maintaining the structure of the points in A.

In the first step, we reflect A’ lattice points onto the plane
Hy :={z4+1 = 0} using the Householder matrix

1

1 75

I,————1 ] :
p=| " DpvD | | @)

7

I N

VD \/5‘\/5

where D := d+ 1, I; is an d X d identity matrix, and 1 is
the d x d matrix with 1s in all its entries. That is, we reflect
a lattice point p € RT! by computing the value v = P - p.
(See the derivation of P in the supplementary material.)

It remains to eliminate the (d-+ 1)th dimension of the points
v := P - p. This is accomplished by the mapping

1 0 ... 00O
01 ... 00
E= ;
: 0
0 0 1 0

dx(d+1)



We finish by computing the an explicit mapping that yields
the embedding of A} to R? In particular, we have the
embedding T(g) := EPG!(g), for g € Z¢, where T is as
specified in the statement of this theorem. (See the derivation
of T in in the supplementary material.)

For the final part, we wish to derive an (§,¢)-complete
sample set Xj’g. Here, we first recall that the covering radius

faz is equal to 1612%121)) [3, page 115]. Considering that

reflections and embeddings are isometries, i.e., they preserve
distances between pairs of points, we can use the same
covering radius after mapping the points of A; using T Thus,
we obtain the rescaling coefficient wa: = [* fas AL which

implies that XAf ={wa:T v,v € 74} is (6, €)-complete.

IV. SAMPLE COMPLEXITY

We derive the following lower and upper bounds on the

sample complexity of the sets de ,X Do and Xj’f.

Theorem 2 (Sample-complexity bounds). Consider a lattice
A e {72 D;, A3} wzth a covering radius fa, which yields the
(8, €)-complete set XA for some 6 > 0, > 0. Then,

OB1) 4 5
OB gy pya,.),
qeth) " + Pa(0:+) (5)

where 0, :=2f5 (1+ 1), and Py(a) € R is the discrepancy
function [15].4

X070 By | =

Proof: We estimate the size of the sample set X,‘\SE
induced by the lattice A and the scaling factor fa by exploiting
the relation between X Al and the grid lattice Z?. In particular,
a ball with respect to xoe v can be viewed as a rescaled ball for
the Z? lattice. This allows the use of bounds on the number
of Z% points within an ellipse.

Fix a ball radius R > 0. Due to the rescaling performed in
Theorem 1 we transition from the lattice A, which is a fa-
cover for R?, into the set X /‘E’E, which is a 8*-cover for R%.
In particular, the rescaling factor is wy := (*/fa, which is
multiplied by A to obtain X /f’s (for A}, we also applied an
isometric transformation, but this does not change the scale
reasoning). Thus, the ball By with respect to XA can be
viewed as the ball B;, where Op = Rwy = B K fr. Thus,
|X,‘\SE N Br| = [A N Bg,|. For the remainder of the proof, we
wish to bound the expression |A N Bp_|.

Let v = aGy be a lattice A point, where a € Z9. By
definition of the Gram matrix Gry := GAGY \» We obtain

aGraa' := aGAGLa' = [laGAl? = |v]*.
This leads to the relation

Bs, NA={veA||v]| <0g} = {acZ%aGrpa’ < 63}

“For a value o > 0, |P3(a)] = Q4 (y/alog(a)) and |P3(a)| =
0 (a%+f CP@)] = Q(a?), |Pia)) = O (a10g2/3a>, and
|Pg(a)] = ©(a®2) for d > 4. Notice that P; can be negative. For two
functions f, g, the notation f(a) = O{g(a)) (or f(«) = Q(g())) means

that there exists a constant m,, > 0 (or m; > 0) such that for a large enough
a it holds that f(a) < my(g(e)) (or f{a) > my(g(a))).

= Eg (Gra)n 29,

where F, (A) = {z € RYzAz* < s} for a matrix A and
5> 0.

Next, observe that the Gram matrix Grp of the lattices
VAS D3, A} contains only rational numbers, and hence defines

a rational quadratic form, which allows us employ rational
ellipsoid bounds [15] for |Eg, (Gra) NZ?|. Hence,

|X° N Br| = |Bs, NA| = | B, (Gra) N 2]
(Bgy,) = I(B1) 4 5
= —2  Py(0r) = —=0% + P4(0Rr).
det(A) a(0r) et(A) R a(0r)

(6)

The expression in Equation (5) immediately follows by plug-
ging

7 oot 20(0+e) Viter,  2(1+¢)
r* B*.fl\* m : Se fA* c fA-

Discussion. The expression in Equation (5) is identical for our
three sample sets, except for the value of the covering radius
Sfa. This highlights the fact that a smaller covering radii leads
to a lower sample complexity. Also, notice that the value fj
is raised to the power of d in Equation (5), which emphasizes
the difference between the sets in terms of sample complexity.
See a plot of the sample complexity in theory and practice
in Figure 5, wherein x5s A has the lowest sample complex1ty

(except in dimensions 3 where it coincides with X D*) Notice
that the theoretical bounds are well-aligned with the practical
values.

For example, consider d = 12, where the xof A sample set

~ 4 times smaller than X2° D: Even when this difference
is not as big, e.g., in dimension 6 where the size of x5s A is

~ 1.63 times smaller than X%° pes We observe tremendous im-
pact in terms of the running of ‘the motion- -planning algorithm
in experiments. This follows from the fact that the sample
complexity studied here corresponds to the branching factor
of the underlying search algorithm, which is known to have
a significant impact on the running time. In the next session,
we show that the superiority of Xj’f is maintained also for
the collision-check complexity metric.

V. COLLISION-CHECK COMPLEXITY

In this section, we seek to analyze the collision-check
complexity of our sample sets de X gf Xjf , as the length
of the graph edges is a better proxy for the computational
complexity of constructing the resulting PRM than sample
complexity.

Recall that the collision-check complexity of a lattice-based
sample set Xy is CCxy =3, c v, ..
to upper-bound C'C'y, is to multiply the number of points in
a r*-ball (which corresponds to the sample complexity of X»)
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The solid line depicts the practical value, i.e., the number of lattice points

within the +*-ball in practice. Missing values are due to memory limitations.

with the radius r*, i.e.,

9 _ _
CCx, <77 | XaNBus| =71 Tﬂf* + 1 Py(0,).

)

The following is a tighter bound, which reduces the coefficient
of the dominant factor of the naive bound.

Theorem 3 (CC complexity bound). Consider a lattice A €
{74, D3, A%} with a covering radius fa, which yields the
(8, €)-complete set X = ng for some § > 0, > 0 and
dimension d > 2. Then,

d(B)

CCx < ¢-rt . D2
ST

0L+ Pa(Bre), (8

d+2

where 0+ = 2fa (1+%),§ = (l—ﬁ) < 1 and

i ()"

Proof: We improve the naive bound in Equation (7) by
partitioning the r-ball into annuli. Consider a sequence of
k+1 > 2rad110<7"k <...<rg=r* where r; ;= dir and
d:= . This leads to the bound

k—1
CCx < X0 (Br \ Briyy ) + 1| X N By, |
1=0

X 0 By ) + 7 X N By
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Next, it can be shown that

L x ] £d+27£ L x ]
Y=T Hg* (1m) =T Gg*Ca

where 57,1 frl =k =d, and § = dd = d;il d. See the
supplementary material for the full details of this derivation,
including the motivation behind the definitions of r; and &.
By plugging the value of - in Equation (9), Equation (8)
follows. Notice that d < 1. Therefore, d%4t) — 1 < 0 and
dit1 — 1 < 0, so our expression in the parenthesis is less
than 1, which implies an improvement over the trivial bound

(Equation (7)). |

Discussion. Theorem 3 leads to a constant-factor improvement
over the naive bound concerning the coefficient of the main
bound term. The value of ~ ranges from ~ 0.751 for d = 2 and
monotonically increases towards 1 as d — oo (see a plot in the
supplementary material). Although our result currently leads to
modest improvement, we hope it will pave the way for tighter
bounds in the future. Nevertheless, our analysis emphasizes the
impact of the coverage quality of lattices on the running time,
which is more substantial than what the sample-complexity
bound suggests.

See a plot of the theoretical bound, along with the practical
values in Figure 5, where both values show similar trends.
With that said, the discrepancy between the leading value
in Equation (8) and the practical value is bigger than in
the sample-complexity case, which suggests that the result
in Theorem 3 could be tightened. Finally, note that collision-
check complexity is roughly an order of magnitude larger than
the sample complexity, particularly in higher dimensions.

VI. ALGORITHMIC IMPLICATIONS

In this section, we examine the algorithmic implications of
our theoretical results. We discuss the types of sampling-based
planners (SBPs) that can benefit from lattice-based sampling
(LBS), as defined in Theorem 1. We then discuss how to
efficiently generate the points of a given LBS X /‘E’E. Finally,
we provide a pseudo-code for an SBP that we use in the
experimental results, while highlighting algorithmic aspects
that leverage the regularity of LBS.
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A. Batch planners

LBS is well suited for batch SBPs that generate a priori a
batch (or several batches) of samples, implicitly or explicitly
(see below), and process them simultaneously, where the
resulting graph structure is agnostic to ordering between the
samples, as in Equation (1). In our context, an LBS X /f’s
is regarded as a sample batch. The multi-query planners
PRM [19], PRM* [18], and SPARS [6], and the single-
query planners BIT* [11], AIT* [45], TMIT* [48], IRIS [9],
LRA* [32], GLS [33], FMT* [16] and LazySP [5], and the
multi-robot planners dRRT [44] and dRRT* [42], to name just
a few examples, fit this description.

LBS does not fit, in its current form, within incremental
SBPs (e.g., RRT [24], RRG, or RRT* [18]), which require the
ability to add new samples one by one as time permits (as
in, e.g., uniform random sampling or Halton sequences). The
resulting graph structure in those algorithms depends not only
on the physical location of the samples but also on the order
in which they were processed. (We do believe that LBS could
be adapted for incremental processing, as we discuss in the
final section.)

B. Construction of lattice points

Next, we provide details for generating the lattice A points
within an R-ball in Algorithm 1. Note that if R = r*, the
above point set can be viewed as the neighbor set of the origin
vertex of the graph Gaqa,,+) (assuming that B,.- C Cy). To
compute AN R, we run a BFS search over the integer vectors
7.4 starting from the origin vertex, and compute for each vector
v the resulting lattice point through = := vG while discarding
points outside of R, where G is the generator matrix of A.

Algorithm 1: getLatticeNeighbors(Ga, R)

1 OPEN = {0} // initiallize search with center vertex

2 OPEN, o = 0 // next layer of OPEN

3 VISITED= 0;

4 while /OPEN.empty() V /OPENe.empty() do

5 if OPEN.empty() then

/* switch to the next layer of neighbors */
OPEN=OPEN ex;
OPENex = 0;

p = OPEN.pop();

if p € VISITED then

10 continue

1 VISITED.insert(p) ;

/* iterate over basis integer vectors {ej,... ez},
where e; contains "1" in the 7’th coordinate, and
"0" elsewhere, in both directions */

2 for i € {1,...,d},sign € {£1} do

13 e = Sign - €;;

14 Dnew = P+ e+ Go // obtain next lattice point

15 if Prew ¢ VISITED U OPEN U OPEN,ey; and
Ipl| < R then

16 | OPEN ex..insert(ppew);

17 return VISITED

C. Implicit A*

To demonstrate the impact of LBS in practice, we use
a single-query planner where an implicitly-represented PRM
graph G, , (X5 o) is explored using a search heuristic, similar
to BIT* [11] and GLS [33]. Those state-of-the-art approaches
are well-suited for settings where samples are generated in
large batches, as LBS facilitates. We focus on the single-
query setting, as it allows us to experiment with more complex
problem scenarios (e.g., in terms of dimensions and tightness)
than in a multi-query setting, where the entire configuration
space needs to be explored, which requires additional memory
and compute time.

The planner we use, which is termed for simplicity implicit
A* (1A*), can be viewed as a simplified version of BIT* with
a single sample batch searched using the A* algorithm. iA*
generates a sample set X from a given sample distribution
(ng,)( Se Xjf or uniform random sampling). Instead of
constmctmg thé entire PRM graph G := G pq(x ) resulting
from X and a given radius parameter r, iA* constructs a partial
graph G’ C G in an implicit manner, where the construction is
guided by the underlying A* search. That is, when a vertex v
of GG is expanded, its neighbors NN,, within an r-neighborhood
are retrieved from &, and the edges between v and every
u € N, are collision-checked and added to the explored
portion of the graph G'. For LBS, we set r := ™.

We consider two flavors of 1A*. In the first flavors, denoted
by GLO, vertex neighbors (as N, above) are retrieved by
calling a global nearest-neighbor (NN) data structure. Before
starting the A* search, this data structure is initialized with



the set X.

Although the benefits of LBS over randomized sampling
are already apparent for the GLO flavor (especially Xj’g ),
as will be shown in the next section, the performance of
iA* can be further improved by exploiting the local regular
structure of lattices. In the second flavor of iA*, denoted by
LoC, which only applies to lattice-based sets, vertex neighbors
are efficiently retrieved without NN data structures. Given a
lattice-based sample set X’ and a connection radius r > 0,
denote by N, := B,(z) N X the r nearest-neighbors of a
vertex x € X. Then, for another sample =’ € X, it holds that
Ny = B.(2')NX = (&' —x)+ N,, i.e., N, is a translation of
N,. Hence, the computation of the neighbor set Ny, discussed
above, is only performed from scratch once at the beginning
of the run of the search algorithm, where the N, is easily
obtained from vector operations.

We provide pseudo-code for iA*-LOC in Algorithm 2. The
algorithm follows the structure of the standard A* algorithm
by extracting vertices from the open list, with some small
modifications. The algorithm returns a path from ¢, to ¢, on
the graph G a(X, r*) (or reports that none exists otherwise),
where X' = X/‘E’E. Without loss of generality, we assume
that ¢, € A, and moreover, ¢; is the origin. Notice that X
is given to the algorithm as an implicit parameter, as is the
free space Cy. As mentioned earlier, the neighbor set of the
origin vertex is computed once (line 5), and this information is
then reused to compute the neighbor set of a general vertex g
(line 10). This is where iA*-LoC differs from iA*-GLO, where
the latter computes the neighbor set by running a nearest-
neighbor search algorithm, as is common in SBPs (i.e., iA*-
GLO requires an explicit representation of the full sample set).

From an implementation standpoint, we mention that addi-
tional improvements can be obtained for iA*-LOC by associat-
ing every sample ¢ € Xy with the integer vector v € Z¢ such
that ¢ := vG . This allows for efficient tracking of explored
vertices. For simplicity, we omit those fine details from the
pseudo-code, which can be found in our code repository.

VII. EXPERIMENTAL RESULTS

We study practical aspects of our theoretical findings in
motion planning for multi-robot systems and a manipulator
arm. We report comparisons between the three lattice-based
sets, as well as uniform random sampling. An additional
experiment studying the effect of the parameters ¢ and ¢ is
reported in the supplementary material.

A. Implementation details and planners

We evaluate the performance of the iA* planner for LBS
using the Loc and GLO flavors, and for uniform random sam-
pling using the GLO variant. The experiments were performed
on an ASUS Vivobook 16x laptop equipped with an Intel
Core 19-13900H CPU, 32GB DDR4 RAM, and SSD storage,
running Ubuntu 22.04.5 LTS OS.

The planners were implemented in C++ within OMPL [46],
with FCL [36] for collision detection, and GNAT [12] for
nearest-neighbor search (where applicable). The manipulator

Algorithm 2: iA*-LoC (Cf, X, 77, s, qg)

1 g(gs) = 0 // cost-to-go of ¢,

2 OPEN = {¢.};

3 VISITED = {q,} ;

4 PREV|g,] = 0 // Predecessor vertices along shortest
path to gs

5 Ny < getLatticeNeighbors(X, 7*) // neighbors of ¢,

¢ while OPEN not empty do

/* extract vertex ¢ minimizing g(q) + ||gg — ¢|| */
7 ¢ < OPEN.pop_min();
8 if ¢ == ¢. then
9 ’ return path reconstructed using PREV
/* compute neighbors of g */
10 Ny = No+q;
n if | — g4/ <r* then
12 | Ny < NqU{qq} // add ¢4 to neighbor set
13 for n in N, do
/* collision-check edge from ¢ to n */
14 if gn ¢ C; then
15 | continue
16 gnew(n) = g(q) + |l¢ — nl| // potential
cost-to-come of n
17 Jeur (1) = 00 // current cost-to-come of 7
18 if n € VISITED then
19 | Geur () = g(n);
20 if Gnew (1) < Geur(1) then
21 if n ¢ VISITED then
2 | VISITED.insert(n)
23 9(n) = grew(n) ; PREVIn] =q;
24 if n ¢ OPEN then
25 | OPEN.insert(n);
26 return ()

simulations also rely on the VAMP library [47], which signif-
icantly speeds up collision checking via fine-grain paralleliza-
tion of edge collision checking.

B. Scenarios

We test the planners on various motion-planning problems
in two settings.

Multi-robot system. The first setting considers multi-robot
systems with a total number of degrees of freedom d &
{4,6, 8,10, 12}, where an m disc-robot system is viewed as
a single-robot system whose configuration space is R¥™. As
such, we construct sample sets in R¥™ by relying on 2m-
dimensional lattices (or uniform random sampling).

Each scenario consists of a multi-robot system of m labeled
planar disc robots that need to (simultaneously) exchange
positions (i.e., tobot i € {0,...,m — 1} moves to the start
position of robot i+1 mod m) while avoiding collisions with
each other and static obstacles.

This setting is considered for two reasons. First, such
multi-robot systems can be viewed as Euclidean systems,
which allows applying our theoretical results (see discussion



(a) Kehﬁy (1), Narrow (|) (d) Bugtrap

Fig. 6. A subset of the scenarios used in the experimental results for the multi-robot setting. Some of the figures depict several scenarios, where each
scenario consists of a workspace environment, along with an initial configuration specifying the number of robots, their initial positions, and a permutation of
their target positions. Each configuration is drawn in a different color, where the scenario name is indicated by the first letters of the workspace name along
with a number. (a) (Top) For the "Kenny" workspace, there is a single scenario K1, where robot 1 starts in the bottom position, robot 2 in the top position,
and robot 3 in the remaining position, where the disc size corresponds to the robot geometry. In this map, the robots are forced to perform a simultaneous
movement. (a) (Bottom) For the "Narrow Room" workspace, we illustrate the scenarios N3,N4, and N5. Due to overlap, the discs in N4 are slightly shrunk
for better visualizations. (b) The Zigzag scenario contains narrow, winding passages in which one of the robots can hide in a pocket to let the other robot

(b) Zigzag (c) Unigue Maze

pass. Swaps can also occur in the top or bottom corners, albeit with greater care. (c),(d) Those workspaces are taken from OMPL [46].

in Section VIII of extensions to more general systems).
(Specifically, the configuration space of an m-robots system is
R?™ ) Second, this setting allows us to test systems of various
dimensions while still being able to visualize the problem
setting (which is in 2D). Third, it provides a simple approach
for determining the value & (see below).

A subset of the multi-robot test scenarios is found in
Figure 6 (additional scenarios are found in the supplementary
material along with a detailed description). The scenarios
present various difficulty levels for the planners, where the
most difficult scenarios consist of narrow passages for the
individual robots and a significant amount of coordination
between the robots, giving rise to narrow passages in the full
configuration space.

Unless stated otherwise, the parameters 4 and ¢ were
specified in the following manner. We assigned € := 10 to
focus on running time scalability rather than solution quality.
The parameter § was initially set to be the clearance of the
start configuration (capturing both distances from obstacles
and between robots), which was decreased until a solution
using xos An was found. We discuss the automatic tuning of §
and ¢ in Section VIIL.

Manipulator arm The second setting considers a single Panda
manipulator arm with d = 7 (see scenarios in Figure 7).
Here, we demonstrate the integration of lattice-based sampling
within the novel VAMP library, which significantly speeds up
collision checking [47].

Below, we evaluate several aspects of the lattice-based
sampling, which we first consider in the multi-robot setting.
The final part of this section considers the manipulator case.

C. Comparison between lattice-based sample sets

In the first set of experiments, we study the running time
and solution quality (in terms of path length) of the three
lattice-based sample sets XZf, X D’g , and X within the LoC
flavor of iA* for a selected set of scenarios. z&lthough in some
scenarios, the performance between the sample sets can be

comparable in terms of running time, especially for x5° and

xoe A here we highlight situations where large gaps occur.

The results are reported in Table I. (Results for additional
scenarios are provided in the supplementary material.) In terms
of running time, X5 A outperforms the other sample sets, as
predicted by our théoretical results with respect to sample
complexity and collision-check complexity. de results in at
least one order of magnitude (up to 2 orders) slower mnning
times than the other two sample sets. X s outperforms x3e Do
being at least 3x, and sometimes as much as 10x, faster.
The notations "dnf" and "-" indicate a running time threshold
of 1000 seconds was exceeded and failure to find a solution,
respectively.

Regarding solution quality, ngf outperforms the other
sample sets, except for the last scenario (unless it does not
manage to find a solution) due to a denser graph. The dif-
ference in the solution length suggests that the completeness-
cover relation Lemma 1 can be tightened by, e.g., reducing
the value of [3*, albeit we emphasize this is a worst-case
bound. From a practical perspective, the difference in the path
length can be reduced via post-processing techniques with
negligible computational cost. To summarize, Xj’f -sampling
can drastically reduce computational cost while achieving
comparable solution quality to the other sample distribution.


















