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Fig. 1: Constrained Riemannian direct trajectory optimization of rigid bodies formulated on matrix Lie groups. The rigid body dynamics can be formulated
in generalized coordinates (¢ € R™) or on maximal coordinates (product space of SO(3) x R3). We compare the landscape of a quadratic cost || Rz — z||?
defined on M = SO(3) projected on S? = SO(3)/SO(2) with different coordinates. With generalized coordinates represented by Euler angles, the landscape
is highly complicated with saddle points. With the matrix Lie group coordinates, the decision variable is in a symmetric homogeneous space. In this work,
we, for the first time, introduce constrained Riemannian optimization to solve motion planning of rigid bodies modeled on matrix Lie groups.

Abstract—Designing dynamically feasible trajectories for rigid
bodies is a fundamental problem in robotics. Although direct
trajectory optimization is widely applied to solve this problem,
inappropriate parameterizations of rigid body dynamics often
result in slow convergence and violations of the intrinsic topo-
logical structure of the rotation group. This paper introduces a
Riemannian optimization framework for direct trajectory opti-
mization of rigid bodies. We first use the Lie Group Variational
Integrator to formulate the discrete rigid body dynamics on
matrix Lie groups. We then derive the closed-form first- and
second-order Riemannian derivatives of the dynamics. Finally,
this work applies a line-search Riemannian Interior Point Method
(RIPM) to perform trajectory optimization with general nonlin-
ear constraints. As the optimization is performed on matrix Lie
groups, it is correct-by-construction to respect the topological
structure of the rotation group and be free of singularities.
The paper demonstrates that both the derivative evaluations
and Newton steps required to solve the RIPM exhibit linear
complexity with respect to the planning horizon and system
degrees of freedom. Simulation results illustrate that the proposed
method is faster than conventional methods by an order of
magnitude in challenging robotics tasks.

1. INTRODUCTION

Direct trajectory optimization [1-4] has been extensively
applied for motion planning of rigid bodies. Most existing
approaches model robot dynamics in generalized coordinates,
which evolve on highly complex Riemannian manifolds [5].
This complexity often leads to slow convergence and computa-
tionally expensive derivative evaluations during optimization.
On the other hand, as the real projective space RIP* cannot
be embedded differentiably into R3 [6], there does not exist
a globally smooth mapping from R3® to SO(3) (rotation

matrices) or SU(2) (unit quaternions). Thus, any effort trying
to parameterize 3D rotational motions by R3, such as Euler
angles, three Degree-Of-Freedom (DOF) parameterization of
quaternion [7] or Rodriguez formula [8], breaks the topological
structures and introduces singularities.

The Euler-Poincaré equations provide an alternative for-
mulation [9, 10], which describe rigid body dynamics on
the matrix Lie group, i.e., a smooth symmetric homogeneous
space with superior computational advantages. Despite its
potential, a unified framework that fully exploits the Lie group
structure for trajectory optimization remains absent. In con-
trast, unconstrained Riemannian optimization [11] has been
widely adopted in robot perception, including Simultaneous
Localization and Mapping (SLAM) [12], sensor registration
[13], and globally optimal pose graph optimization [14, 15].
These perception problems are typically formulated as Max-
imum A Posteriori estimations that do not involve equality
or inequality constraints. However, in motion planning, in-
corporating constraints such as rigid body dynamics (equality
constraints) and collision avoidance (inequality constraints) is
necessary to ensure dynamical feasibility.

To mitigate this gap, this work bridges the discrete rigid
body dynamics on matrix Lie groups and constrained Rieman-
nian optimizations to perform fast and topologically compati-
ble trajectory optimization. The main contribution is illustrated
in Figure 1 and can be summarized as follows:

1) Derivation of the discrete multi-rigid body dynamics and

a unified formulation for direct trajectory optimization of
rigid body systems on matrix Lie groups. The proposed
formulation is correct-by-construction to preserve the



topological structure and conserve the energy.

2) Derivation of the exact closed-form Riemannian second-
order expansion of the dynamics leveraging Lie group
symmetry. We show the complexity to evaluate the first-
and second-order derivatives is linear w.r.t. the number
of rigid bodies.

3) Development of a line-search Riemannian Interior Point
Method to conduct trajectory optimization with general
nonlinear constraints.

4) Verifications of the proposed method on challenging
robotics tasks, including motion planning of drones and
manipulators with full dynamics.

5) Open-source implementation is available at https://github.
com/SangliTeng/RiemannianTrajectoryOptimization.

The remainder of the paper is organized as follows. The
related work is summarized in Section II. The math pre-
liminary is provided in Section III. Then we formulate the
direct trajectory optimization in Section IV. The rigid body
dynamics and its differentiation are presented in Section VI
and V, respectively. A constrained Riemannian optimization
is implemented in Section VII and evaluated in Section VIII.
Finally, the limitations of the proposed method is discussed in
Section IX and the conclusions are summarized in Section X.

II. RELATED WORK

In this section, we review the trajectory optimization of rigid
body systems and Riemannian optimizations.

A. Rigid Body Dynamics

The majority of robotics applications model the dynamics
in generalized coordinates. By expressing the kinetic energy
in terms of joint angles, the robot dynamics evolves on the
Riemannian manifold with the metric defined by inertia [16].
Based on this model, the tracking controller [5] and its variants
in task space [17-19] can be applied for feedback control
of high DOF robots. For optimization-based control, it is
more challenging to evaluate the derivatives. The second-order
derivative in generalized coordinates has cubic complexity
w.r.t. the depth for a kinematic chain, even using the recent
state-of-the-art method [20]. Highly complicated tensor com-
putations are also expected in this line of research [21-23].

Other than modeling the dynamics in generalized coordi-
nates, the maximal coordinates formulation represents each
rigid body explicitly and enforces the constraints [7, 24].
The graph structure of the kinematic chain [7] preserves the
sparsity pattern, thus enabling the computation of gradients to
have linear complexity w.r.t. the DOF. As each rigid body is
explicitly modeled, the manifold structure of the rigid body
can be preserved, such as the rigid body simulator [7, 25] that
applies the variational integrator [26] in quaternion. However,
as [7, 25] considers a three-DOF parameterization of quater-
nion velocities, the representation has singularities. On the
other hand, the Lie Group Variational Integrator (LGVI) [27]
in maximal coordinates [28] derives the discrete dynamics of
matrix Lie groups that naturally admit a smooth representation
that is suitable for Riemannian optimization.

B. Trajectory Optimization

Trajectory optimization aims to synthesize robot motions
subject to dynamics, kinematics, input, and environment con-
straints. The direct trajectory optimization derives the dynam-
ics in discrete time and then conducts optimizations [3, 4, 29—
33]. By the state-of-the-art numerical optimization techniques
[34, 35], the direct methods can handle large-scale problems
with complicated constraints.

For rigid body systems, the single rigid body dynamics
has also been applied for tracking control or planning of
legged robots [36—40]. The simplified models with dynamics
of angular rates neglected are applied in trajectory generation
of quadrotors [41]. However, none of the above methods
can synthesize full dynamic trajectories of the robots. For
full rigid body dynamics, [3, 4] incorporated the dynamics
in generalized coordinates to synthesize the trajectories. The
Differential Dynamic Programming (DDP) is applied in [42]
to synthesize an optimal trajectory on the matrix Lie group.
The variation integrator-based dynamics has been applied to
the Optimal Control Problem (OCP) of satellite [43], while
the Lie group version is not fully explored to consider the 3D
rotations. The OCP with discrete dynamics on the Lie group is
formulated in [44] and can be solved via iterative root finding
to meet the first-order optimality condition. The on-manifold
Model Predictive Control (MPC) [8] synthesized the trajectory
with full dynamics on SO(3) and applied the numerical
optimization by lifting the variable to the Lie algebra [27]. As
[8, 42, 44] are designed on Lie groups, they do not face the
singularity of gimbal locks when using Euler angles. However,
the Rodrigueze formula [8], a three-DOF parameterization
of rotational map, inevitably introduces singularities. Though
such singularities can sometimes be avoided by manually
rounding the velocity vector [45], an optimization framework
that intrinsically handles the topological structures of the
rotation group remains absent.

C. Riemannian Optimization

Riemannian optimization has been extensively applied to
problems involving variables defined on smooth manifolds
[11], such as matrix completion [46] and Semi-Definite Pro-
gramming (SDP) [47, 48]. The Riemannian derivatives and
the retraction map can seamlessly extend traditional first-
and second-order numerical optimizations to the manifold
setting. Since Riemannian optimization inherently finds search
directions on the manifold, it involves far fewer constraints
than formulations in the ambient space. For example, the on-
manifold Gauss-Newton method has been successfully applied
in SLAM [12] on SE(3). Similarly, optimization on the Stiefel
manifold has been proposed to solve the relaxed pose graph
optimization to obtain globally optimal solutions [14]. Fur-
thermore, Riemannian optimization has demonstrated superior
convergence rates in continuous sensor registrations [13].

Beyond perception tasks, OCPs for rigid bodies have been
modeled on matrix Lie groups [28, 39, 49-51] and could
potentially benefit from Riemannian optimization techniques.
However, there is a lack of constrained Riemannian solvers



tailored for motion planning of rigid bodies on matrix Lie
groups. To address this gap, the application of constrained
Riemannian optimization [52-56] holds significant promise to
consider general nonlinear constraints on matrix Lie groups.

III. PRELIMINARIES

In this section, we briefly review the basic concepts of
Riemannian optimization [11] and matrix Lie groups.

A. Riemannian Geometry

Consider a finite-dimensional smooth manifold M, we
denote the tangent space at x € M as T, M. A vector
field is a map V : M — TM with V(z) € T, M, and
TM = J,cn Tz M is the tangent bundle. We denote all
smooth vector field on M as X(M). M is a Riemannian
manifold if an Riemannian metric (-, ), : To MxT, M — R
for each tangent space z € M, such that the map

z = (V(x),U(x)), €y}

is a smooth function from M to R. For a function f : M; —
M, the differential is denoted as D f(x) : Typ My — Ty Mo.
Then we define the gradient and the connection:

Definition 1 (Riemannian Gradient). Let f : M — R be a
smooth function. The Riemannian gradient of f is the vector
field grad f on M uniquely defined by the following identities:

V(z,v) € TM, Df(x)v] = (v,grad f(z))z. 2)

Definition 2 (Connection). An affine connection on a manifold
M is a R-bilinear map V : X(M) x X(M) — X(M) such
that

1) VixY = fVxY, and

2) Vx(fY)=Lxf Y+ fVxY,

where [ is a smooth function, and X and Y are vector fields.

Given a Riemannian metric, there exists a unique affine
connection, called the Levi-Civita connection, which preserves
the metric and is torsion-free; for more details, see e.g.
§6 in [57]. In coordinates, a connection is determined by
its Christoffel symbols Ffj. Let + = (x,...,2™) be local
coordinates, then
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Definition 3 (Covariant Derivative). Let M be a manifold with
connection V, and let ¢ : [a,b] — M be a smooth curve. Let
X be a vector field along the curve c. The covariant derivative

of X along c is
DX -
— = VX,
dt

where X is any extension of X to the whole manifold.

“)

The notion of a covariant derivative allows for the definition
of a geodesic. A curve, ¢(t), is a geodesic if the covariant

derivative of ¢ along c vanishes, i.e.
Deé
c(t) := — =0. 5
i) = = )
In coordinates, the geodesic equation is a system of second-
order differential equations involving the Christoffel symbols:

4y Thi'a =0, k=1,...n. (6)
i

The Hessian on M is defined as differentiating the gradients
w.r.t. the vector field on T M. Given a tangent vector u &
T, M, and a vector field V, the derivative of V along u at x
is denoted as V, V', given the affine connection V determined
by the Riemannian metric {-,-),. Now we proceed to define
the Riemannian Hessian:

Definition 4 (Riemannian Hessian). Let M be a Riemannian
manifold with its Riemannian connection V. The Riemannian
Hessian of [ at x € M is the linear map Hess f(x) : T,M —
T, M defined as follows:

Hess f(x)[u] = Vy grad f,Vu € Ty M. (7

Given the Hessian and gradients at x € M, one could
obtain the search direction v € T, M in the tangent space
for numerical optimization as in Euclidean space. However,
moving along the tangent vector v will generally leave the
manifold. Thus, we need the retraction map:

Definition 5 (Retraction). A retraction on a manifold M is a
smooth map

R:TM = M : (z,v) — Rs(v), (8)

such that each curve c(t) = Ry(tv) satisfies ¢(0) = = and
¢(0) = v.

Given the retraction map, we have the second-order Taylor
expansion on curves:

Definition 6 (Second-order Retraction). Consider c(t) as the
retraction curve:

C(t) =Ry (tl)), )

for x € M and v € T, M. We have the second-order
retraction:

S (Ra(tv)) =f(z) + t{grad f(z),v)s + %<H€SS f(@)[v], 0)z
+ 4 fgrad (@), 60)), + O (7).
(10)

Remark 1. In the case that the retraction R, (-) is the
Riemannian exponential map, the acceleration of c(t), i.e,

¢(0) =0.
B. Matrix Lie Group

Let G be an n-dimensional matrix Lie group and g the as-
sociated Lie algebra, i.e, the tangent space of G at the identity.



For convenience, we define the following isomorphism

(Y R* —g, ():g—R™ an

that maps between the vector space R™ and g. Then, V¢ € R”,
we can define the Lie exponential map as

eXp(') : Rn — ga eXp(¢) - eXpm(¢A)a

where expy, () is the exponential of square matrices. We also
define the Lie logarithmic map as the inverse of the Lie
exponential map:

(12)

log(:) : G — R™. (13)

For every X € @, the adjoint action, Adx : g — g, is a Lie
algebra isomorphism that enables change of frames:

Adx (") = X¢" X (14)

Its derivative at the identity gives rise to the adjoint map in
Lie Algebra as

adg(n) = [¢", 1",

where ¢™, 7™ € g and [, ] is the Lie bracket.
We say a Riemannian metric is left (resp. right) invariant if
they are invariant under left (resp. right) group translation:

<X¢/\5X77A>TXQ - <¢/\an/\>ga
<¢/\Xa UAX>TXg - <¢Aa77/\>g-

A metric is bi-invariant if it is both left and right invariant.
In general, the Lie exponential and Riemannian exponential
are not identical, as bi-invariant metrics may not exist for G.
In particular, for a bi-invariant metric to exist, Ad, must be
an isometry on g [58]; this is always possible when the group
is either compact or Abelian. In our work, we assume G is
equipped with a bi-invariant metric, which is not restrictive for
robotics applications as rigid body motion in R™ space can be
modeled on SO(n) x R™, a product space of a compact and
an Abelian group:

(15)

(left-invariant metric)

(right-invariant metric)

Assumption 1. We assume the group we study, namely G,
admits a bi-invariant metric, and the Riemannian exponential
is identical to the Lie exponential in the following derivation.

IV. PROBLEM FORMULATIONS

Now we formally define the direct trajectory optimization of
rigid bodies in 3D spaces. For a rigid body system composed
of N, single rigid bodies modeled on SO(3) x R3, we define
the configuration space as the product space:

Mgg = (SO(3) x R?) x --- x (SO(3) x R?).

Ny

(16)

We define the time step At € R and the time sequence
{tx =kAt| k=0,...,N} CR. We assume that the set of
all feasible control inputs is u € & C R™, and we have the
implicit rigid body dynamics:

Ja(@rir, me,up) = 0,2 € Mgp,u €U, (17

that relates the discrete configuration states at time ¢, and
tx+1. Then we have the optimization:

Problem 1 (Direct Trajectory Optimization of Rigid Bodies).
Consider the configuration space Mgy of a Ny rigid body
system and the set of feasible control input U, we synthesize
the optimal trajectory of x € Mgp Vvia the optimization:

min
N—1
{Ik}g:gv{uk}kzo

s.t.

N—1
P(zy)+ > L(zk, up)
k=0

Ja(xpy1, or,ur) = 0,

g(zry1) <0,

ug € u,ka € Mgp

k—0,1,2,-- N—1,

Lo = Linit-

(18)

with L(-,-) the stage cost, P(-,-) the terminal cost, g(-) the
inequality constraints, and Tiny, the initial condition.

As the state z € Mpyp admits manifold structure on matrix
Lie groups, in the following sections, we apply Riemannian
optimization to solve Problem 1. The key to this goal is to
formulate the discrete dynamics on matrix Lie groups and
derive their Riemannian derivative.

V. DISCRETE RIGID BODY DYNAMICS

In this section, we derive the rigid body dynamics based on
the variational integrators on MRgg.

A. Variation-based Discretization

Consider a mechanical system with the configuration space
M. We denote the configuration state as x € M and
the generalized velocity as & € T, M. Then we have the
Lagrangian given the kinetic and potential energy 7'(&), V(x):

L(z, &) =T(z) — V(x). (19)

The key idea of a variational integrator is to discretize the
Lagrangian (19) to obtain the discrete-time EoM [26]. The
discretization scheme ensures that the Lagrangian is conserved
in discrete time, thus having superior energy conservation
properties over long durations. The discrete Lagrangian Ly :
M x M — R could be considered as the approximation of
the action integral via:

[ ]
Ld(xk, :EkJrl) ~ / L(x, .CC)dt (20)
ty
Then the discrete variant of the action integral becomes:
N-1
Sa=Y_ Lalar. qr1)- 1)
k=0

Finally, we take variation in T M and group the term cor-
responding to dzp € T, M as the discrete version of



integration by parts [26]:

5Sd = <D1Ld($0,$1), 5$0> -+ <D2Ld($]\[71, .CCN), 5£CN>
N-1
+ (DoLg(xr—1, k) + D1 La(Tr, Try1), 07k).

k=1
(22)

where D; denotes the derivative with respect to the i-th
argument and (-,-) the canonical inner product. By the least
action principle, the stationary point can be determined by

letting the derivative of dxj be zero:
Dy Lg(zg, xp1) + DaLa(zp—1, 1) = 0. (23)

For the holonomic constraints specified by the manifold:

h(r) =0¢eR™, 24)
another action integral can be considered:
thtt At
[ b~ S 0t), I
t
' At )
+ o Altke1)s J (s 1)02 1)
with ()
py— :rk
J(zg) = Bz, (26)

the Jacobian of the constraints, §h(xy) = J(xg)dxy, and A
the constrained force. By adding these terms to the uncon-
strained Lagrangian and taking variation w.r.t x3, we have the
constrained dynamics:

Dy La(xx, 2k1) + DaLa(zr—1, 1) = J(z) T ALAL, (27)
h(zys) = 0. (28)

The constraints h(xr+1) = 0 are needed to ensure the states
in discrete time do not leave the manifold, which is essential
in the multi-body case. To consider the external force u we
consider the action integral of control input u(t):

tetr At At
/ <u(t), 5£C>dt ~ ?<u(tk), 5$k> -+ 7<u(tk+1), 5$k+1>-
23

29)

B. Dynamics on SO(3) x R?

Now, we derive the EoM on SO(3) x R3. Consider the

discrete equation of motion:
Ryy1 = RipFy € SO(3),
E+1 kLK (3) (30)
Pr+1 = Pk + vEAL,

with Ry the orientation, F}, the discrete pose change, p; the
position, and vy, the linear velocity. The mid-point approxima-
tion can be applied:

F,— T

Fk = R;leJrl ~ I+ Atw,:, L(.J]: ~ At s

€1y

o PRl = DK

AL (32)

Dk = Uk

The kinetic and potential energy can be approximated by:

1 1
Ty = ——tr((Fy — DIYF, — D7)+ —— — prl]?
4= o ((Ee = DI (F = D7) + gmpreer — el

+ T
‘@:m<ﬁﬂ_ﬁ>gm,

7 (33)

where and I® the nonstandard moment of inertia [59] that
relate the standard moment of inertia I, by I, = tr(1°)I3—I°.
Via the taking variation on SO(3) x R?, we have the dynamics:

By I —I°F, = I"F, — F] I, (34)
mugy1 = muy + mgAt. (35)

With the constraints formulated on SO(3) x R3, we can obtain
the dynamics for multi-body systems. Compared to an explicit
integration scheme, the LGVI naturally obeys the manifold
constraints and conserves the energy [26, 27]. As the LGVI is
completely in matrix form, there is no need to move back and
forth between the Lie group and its Lie algebra for integration.
The reader can refer to [28] for a detailed comparison of
integrators on Lie groups for motion planning,

VI. DIFFERENTIATE THE RIGID BODY DYNAMICS

In this section, we derive the first- and second-order Rie-
mannian derivatives of kinematics and dynamics of rigid body
motion. Under Assumption 1 and remembering Remark 1, the
BCH formula is sufficient to obtain the Riemannian gradients
and Hessians via the retraction in Definition 6.

A. Differentiate the Kinematic Chain

Without loss of generality, we consider the kinematic chain
constraints on G with finite length n:

X1 Xs-- X, 1 X, =1€g. (36)

Now we leverage the BCH formula to derive the second-order
retraction at the operating point X, X5, --- , X,,. We denote
Y := X; X, - Xy. To avoid operating points other than I €
G, we reformulated constraints (36) as:

Y 1XiXe X, 1 X, =Y 1, (37)
and vectorize it via the logarithmic map:
log(V ' X1 Xo -+ X, 1 X,,) = log (Y 1). (38)

Consider the tangent vector X;¢ € T %, U, the retraction by
the Riemannian exponential under Assumption 1 is:

With Xi,j = XiXi+1"'Xj)i S ] and Xi+17i = I, the
second-order retraction of (38) can be derived as:

log (¥ Xy exp (€1) - X1 exp (16, 1) X exp (6,)) =

n t2
> Adys &+ Z[Adxlﬁl JGnAdya G+ ot%)
i=1 ’ i<j ’ ’ 40)



TABLE I: Summary of equations of motions for discrete rigid body dynamics and conventional constraints.

Constraints Second-order Expansions
Rotational Y R G
logY := log (R; | RiFy) = 0 € s0(3) 0.5[-Y " F e + 0.5y el &)
Kinematics + 0,5[Fk*1§]§, eh
Translational
Pri1 — pr — vpAt =0 € R3 Ehn — & — &AL
Kinematics
Rotational IkaHﬁlirl - Ikaff
(Fua I’ — IPFY, — (I'Fy — FT )Y = 0 € so(3) FO5(Fy €521 — NPT, )
Dynamics HO5(IPFRéf ™ — PRI
Translational
Moy, — muy, — mgAt =0 € R3 méy.  —mé&}
Dynamics
Pivot Ry(EFN +0.568°2)py P
Riry +p1 — (Rera +p2) =0 € R3 & SE RS
R ( RA 40 5£R/\2) +£p
Constraints 2152 oSz T2 2
Axis —(Rye;)T (Rael )65 — (Raez) T (Rue e
(Rie;)T(Roe.) = 0,i = z,y +0.5(Rae;) (Rats™"ez)
Constraints +0.5(Rae.) T (R1650e;)

The Riemannian gradient and Hessian can be obtained by
evaluating the first- and second-order terms of ¢. For clarity,
the detailed derivation is deferred to Appendix A.

B. Differentiate the Dynamics and Constraints

Consider the rotational dynamics in (34), we again use the

the retraction curve along the direction £ € 50(3):
c(t) = Fyexp (&) € SO(3). (41)

As the (34) is already a skew matrix, the vectorized perturbed
dynamics can be obtained by substituting the retraction curve
and applying the (-)¥ map:

(Fryrexp (t5, 1) 1" — I exp (—t&11 1) Fylq)Y =

42
(1" Fi exp (t€]) — exp (1)1 “
Via the Taylor expansion of the exponential map:
N t? N2
exp (t&) ~ 1 + % + ; +O(t?), (43)

the second-order expansion can be obtained by substituting the
series and keeping the first and second-order terms of t.
Then we apply the second-order retraction again to dif-
ferentiate the holonomic constraints. Here, we consider two
common constraints: pivot constraints and axis constraints.
Given two rigid bodies connected by a pivot joint, we have:

Riry +p1 = Rars + pa, (Pivot Constraints)

where I?; is the orientation of the rigid body in the world
frame, p; is the position of the rigid body, and 7; is the position
vector pointing from the center of mass (CoM) of each rigid
body to the joint, represented in each rigid body frame. The
associated second-order retraction can be computed from:

Ryexp (t&")r1 + (p1 + t€8) = Raexp (t65)ra + (p2 + t£5).
(44)
To constrain the rotation to one axis, e.g, e,, we have:

(Rie)) T (Rae,) = 0,i = m,y, (Axis Constraints)

where e; is the unit vector of each axis. Then, the second-order
retraction can be computed from:

(Ryexp (t&7)es) T (Roexp (t63)ez) = 0,0 = z,y,

Finally, we summarize all the constraints and the correspond-
ing second-order retraction in Table 1.

(45)

C. Complexity of Differentiation

As the maximal coordinate formulation admits a graph
structure [7], we conclude that the complexities of evaluating
the first- and second-order derivatives are linear w.r.t. the
number of rigid bodies and kinematic pairs. The derivative
for each rigid body can be evaluated by the first four rows of
Table 1. As the kinematic pair only involves the configuration
state of two rigid bodies, the Hessian only involves the
variables involved in the two rigid bodies. An example of the



Jacobian is illustrated in Figure 2.

VII. CONSTRAINED RIEMANNIAN OPTIMIZATION

In this section, we apply the Riemannian Interior Point
(RIPM) to conduct trajectory optimization. Though an RIPM is
implemented in [56], we provide a customized implementation
without dependencies on Manopt [60]. We mainly refer to
IPOPT [34] for the line-search implementation.

A. Riemannain KKT Condition

We introduce the optimality condition of constrained op-
timization defined on smooth manifolds. By the language
of Riemannian geometry, the condition coincides with its
counterparts in Euclidean space [61]. Consider an optimization
problem with general nonlinear constraints:

Problem 2 (Constrained Riemannian Optimization).
min  f(z)
hz(:r) :052: 1525"' ala
gi()<0,5=1,2,--- ,m.

(46)

with the variable x defined on smooth wmanifold M,
{hi(x)},_, the equality constraints and {g;(x)}™, the in-
equality constraints.

With the multiplier y € R! and z € R™, we further have the
Lagrangian defined on the product manifold M x R’ x R™:

m

l
L(z,y,z):= f(z)+ Zylhl(x) + Zzlgl(x) 47

The Riemannian gradients can then be obtained:

l
gradr ﬁ(SE, Y, Z) - grada: f(ZC) + Zyl gradr hl(x)

=1

+ Z z; grad,, g;(x)

=1

(48)

Then we have the following optimality conditions:

Definition 7 (First-Order Optimality Conditions). & € M is
said to satisfy the KKT conditions if exist the multipliers 7
and %, such that:
1) Stationary condition: grad, L£(Z,§
2) Primal feasibility: h;(£) =0, g;(&
3) Dual feasibility: Z; > 0,Vj,
4) Complementarity condition: Z;g;(Z) = 0,Vj.

) =0,

We then proceed to introduce the RIPM to search for the
critical point that satisfies the KKT condition.

B. Riemannian Interior Point Method

In our application, we apply a line-search RIPM to find the
KKT pair (£, , 2) € M xR! xR™ that satisfies the optimality
condition in Definition 7. We consider the log-barrier problem
with homotopy parameter ;. and slack variables s:

Problem 3 (Log-barrier Problem).

min - o, ::f(x)*u;bgsi
hi(z)=0,i=1,2,--- 1
gi(z)+s5;,=0,7=1,2,--- ,m,
s> 0.

(49)

The convergence to Problem 2 (¢g) can be guaranteed if
p — 0 [62]. The KKT condition of the barrier function can
be written as:

grad, f(z) + Ag(z)y + Ar(z)z = 0

h(r)=0 (50)
g(z) +s=0
Sz—pe=20

with the Jacobian evaluated at x € M defined as:
Ag(z) : R T, M : Ag(z)y = iyl grad, h;(x), (51)
i=1
Ar(z) :R™ = Ty M : Ar(z)z = i z grad,, gi(z). (52)
i=1
Then we differentiate the KKT vector field:

Hessy L(z,y,2z) AL(x) Af(z) O dy
Ar(x) 0 o I ||d |
0 0 S Z ds 53
Vi(z)+ ALy + Afz (53)
h(zx)
g(x) +s
Sz — pe

with (dy,dy,d.,ds) € T, M x RE x R™ x R™ the search
direction, Z = diag(z), S = diag(s) and A* the adjoint of
A. The Hessian of the Lagrangian can be obtained by:

!
Hess, L(x,y, z) =Hess, f(z) + Z y; Hess, h; ()
m =1 (54)
+ Z z; Hess,, gi(x).

=1

After obtaining the search direction via Riemannian New-
ton’s method according to (53), we implement a backtracking
line-search method to decide the step size [34]. The procedure
is summarized in Algorithm 1. The logic of Algorithm 1 is
to accept the Newton step only if the improvement in feasi-
bility or the reduction in cost is sufficient. The condition for
adjusting the homotopy parameter for the log-barrier problem

is determined by the violation of the optimality condition F,:
E,, = max {ekKkrT, €g, €1, | , (55)

with the violation of the KKT condition, equality constraints
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Fig. 2: Example of a rigid body system in maximal coordinates and its Jacobian. The blue block indicates the Jacobians with nonzero elements. The lighter
gray box indicates zero block, while the darker gray box indicates the Jacobians of the autonomous single rigid body dynamics.

Algorithm 1 Line-Search Riemannian Interior Point Method

Require: Initial guess (z1,y1,21,81) € M X R x R™ x R™, homotopy
parameter 4, parameters in Table IV
for k=1,..., Nmax do
// Decide the search direction
(dg, dz, di, di) < solving (53) evaluated at (zx, Y, 2k, Sk)
// Check the termination condition
if Eg(di,dz,dz,dZ) < €to) then
break
end if
// Update the homotopy parameter
if E#(di,dz,di,dZ) < 10y then
p < max{ el min{s,pu, pfu}}
end if
// Step size by fraction to boundary rule
T ¢ max {Trnirn 1- /J'}
ag < max{a € (0,1] | z+ adg > (1—7;)z}
oy — mza)i{ase (0, 11 |Ss +oad; > (1 —75)s}
dk - akdk, dk — akdk
// Backtracking line-search
QDZ‘,]f — @#»(mk)
85" [Ih(zk) |1 + g1 (o0y30 96(aH)
for j=1,...,Jmax do
# < Rg, (df) // Apply the retraction map
// Log barrier loss and constraints violation
G 0u(@), 0 < [B(@)] ¢ ¢ (grad, F(), d2)
if 0] < Oy and ¢ < 0 and oy, jc¢ > §0*5¢ then
if ¢, (&) < pu(ar) +nec then
break // Armijo condition satisfied
end if _
else if ¢, < F , — g0y or 0 < (1 —~9)0; then
break // Feasibility or cost is improved
end if
dy < Bdf // Update step size
end for
// Update the variables
Tyt & &, Yoyl < Y + A5y 2pp1 < 2p + df, Spp1 sy dj
end for
return (2x, Y, 2k, Sk)

and inequality constraints being
| grad, f(z) + Ay + Arze

Sd
(56)

Sz — el

5 = [h@)lloo, & = 12— Helo

Se

EKKT —

respectively. The s; and s, are normalizing parameters, and
the termination condition for Problem 2 is Fjy. The parameters
are shown in Table IV in the Appendix. B.

VIII. NUMERICAL EXPERIMENTS

In this section, we provide a comprehensive evaluation of
the proposed method.

A. System setup

1) Cost function design: We consider the quadratic cost
function on SO(3) x R? to indicate the difference between
the desired and the current configurations. For orientation and
the discrete angular velocity, we consider the square of the
weighted chordal distance [63]:

1
Lsos) (R, Ra) = 5 tr (RRG — DWr(RRG —1)T), (57)

where W, is a positive-definite weighting matrix. The deriva-
tive of the cost function can be obtained by considering the
retraction curve:

LSO(B)(ReXp (tf), Rd)ag € 50(3)'

For distance, we consider the quadratic cost function in R3:

(58)

1
Lps(p,pa) = 5(10 — pa) Wy(p — pa)- (59)

where W, is a positive-definite weighting matrix.

2) Software setup: The main loop of Algorithm 1 is imple-
mented in MATLAB with the internal linear system solvers
for the Newton steps. We use CasADi[64] to evaluate the
second-order retraction curve in Table I to obtain the first-
and second-order derivatives. To improve the performance, we
use code generation to obtain the C++ file and compile it in
MATLAB as MEX files for execution. We consider CasADi as
our interface for implementing direct trajectory optimization
for the baselines using IPOPT and YALMIP [65] when using
SNOPT [35]. Due to the difference between the evaluation of
the derivatives, we compare the time spent in the solver and
the number of iterations as the metric.

3) Hardware setup: We use a laptop with an Intel i7-
11850H CPU to run all the experiments.

B. Single Rigid Body

In the first experiment, we demonstrate the proposed method
on a single rigid body. We consider a quadrotor modeled as a
full rigid body with input limits. The input is assumed to be
a 4-DOF vector composed of the total linear force along the



Fig. 3: Testing cases for drone docking from randomly generated initial poses
in SO(3) x R3.

z—axis in the body frame and a 3-DOF torque. As a result,
the dynamics part can be expressed as:

FpaI® —I'Fl, = I°F, — FJ 1" + 7" A,

(60)
Mok = mug + mgAt + Ry e u, At.

We assume that the torque admit a symmetric box limits 7 €
[~ Tiim, Tiim|®> and the linear force is within a non-negative
interval uy € [0, %z 1im].

As the minimal dimension of a singularity-free representa-
tion of SO(3) is 4, we do not consider the 3-DOF parameter-
ization, such as Euler angle, Rodriguez formula, or the mod-
ified quaternion representation [7]. We compare the proposed
formulation with a sigularity-free quaternion-based variational
integrator. As the quaternion parameterizes the rotation with
a four-dimensional vector g := [qv, Q> Gy, qz] € R4, it does
not have singularities. However, the constraint [|¢||? = 1 is
required to ensure q € S?, and Gy > 0 is necessary to
ensure the state lies in one branch of the manifold. Consider
the integrator [7]! with the singularity-free representation of
quaternions, we directly apply the CasADi and its default
IPOPT solver to conduct trajectory optimization with the
gradient derived in the ambient space.

We consider the task of docking the drone from randomly
sampled initial poses to the origin with an identity pose and
zero twists as shown in Figure 3. The location of the drone
is uniformly sampled from a box. The orientation is also
randomly sampled such that log (Ry) is uniform in the interval
[0, 7] and all directions. We apply an initialization strategy that
uniformly interpolates the geodesic curves between the initial
and the goal states. The convergence result of the RIPM is
presented in Figure 4. As we can see, 82 out of 100 cases
converge while 93 out of 100 of the unconstrained cases
converge to the tolerance e;,) = le 4. The ability to converge
super-linearly to such high precision demonstrates the power
of the proposed second-order method. For the constrained
cases, more than 50% cases converge in 50 iterations if the

'The original implementation of [7] considers g, = /1 — ¢2 — q2 —q2
to avoid manifold constraints and reduce dimensions, which, however, intro-
duces a singularity that results in NaN error in numerical optimizations.

tolerance is set to the default value of IPOPT 1e©.

We also present the result of the quaternion-based method
in Table II. We consider the baseline solver as the IPOPT
based on the Interior Point Method and the SNOPT [35]
based on Sequential Quadratic Programming (SQP). Due to
the polynomial nature of the dynamics and the manifold
constraints, most cases do not converge in 1000 iterations
with the baselines. As the gradient-based nonlinear program-
ming is sensitive to initializations, we also provide high-
quality initialization from the globally optimal motion plan-
ning methods [28] based on moment relaxation (dual of sum-
of-square optimization)[66, 67]. We apply the open-source
code in [28] to generate a certified optimal trajectory and
perturb the solutions with different levels of Gaussian noise
as initialization. We perturbed the position and velocity of the
SDP-based solution by Gaussian noise with covariance 0.11.
We perturb the orientation and the discrete angular velocity on
a quaternion with Gaussian noise with covariances 3; = 0.017
and X5 = 0.051, project them to S* by rounding the norm to
1. As shown in Table II, the convergence rate of IPOPT and
SNOPT soon degrades when the perturbation increases.

Finally, we show that the proposed method is capable of
handling general nonlinear constraints by designing trajec-
tories for the drone in cluttered environments as shown in
Figure 5. We consider nonconvex norm constraints (z—xz.)?+
(y —y.)? > r2 for the drones to avoid the cylindrical regions.
As the proposed RIPM considers general nonlinear constraints,
future work can also incorporate more sophisticated represen-
tations of collision-free regions, such as [68, 69].

C. Multi-Rigid Body

Complexity analysis: We verify the complexity of the
proposed differentiation via a kinematic chain on SO(3) x R3
with a single branch and different depths. We compare the time
to evaluate the zeroth- to the second-order differentiation of
the dynamics. As is shown in Figure 6, the time scales linearly
w.r.t. the depth of the kinematic chain. The sparsity pattern of
a kinematic chain and the Hessian of the Lagrangian of the
following example is shown in Figure 7. The block diagonal
structure indicates that the KKT system scales linearly w.r.t.
the planning horizon.

Motion planning of manipulator: In the second example,
we apply the proposed method to motion planning of a 7-
DOF KUKA iiwa manipulator. We model each link of the
manipulator and enforce the revolute joint constraints via
considering one pivot constraint and a 2-DOF axis constraint
as shown in Table I. We consider the baseline as the direct
methods with full dynamics in the generalized coordinates:

Qr+1 = @k + GrAL,
le+1 — 4k C
M(%)% + Clak, g )gx + Glqr) = 7k
We consider moving the manipulator from the initial pose
to the target pose while avoiding obstacles, a cylinder with

fixed location and radius. For simplification, we only penalize
the distance between the center of mass of each link and the

(61)
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Fig. 4: Convergence of RIPM on drone on SO(3) x R3 with full dynamics with 100 different initial conditions. The tolerance for convergence is set to
Ey = le~ . The convergence rate of unconstrained cases in (a) is much faster than that of constrained cases in (b). The dashed lines indicate the cases
that do not converge, while the others are converged cases. Accelerated convergence or super-linear convergence is observed to indicate the success of the
second-order method. In (c), we compared the iterations to converge. We can see that it takes fewer iterations for both cases to stop with the default tolerance
of IPOPT €;o; = 1le~%. The convergence rate and speed outperform the quaternion-based method IPOPT computed in the ambient space.

TABLE II: Comparison of convergence rate of single rigid body case. We summarize the convergent cases for the proposed method and baselines. Otherwise
noted, all the cases are without input inequality constraints. Without certified optimal solutions (SDP), the baseline can not converge for either IPOPT with
exact Hessian or SNOPT with approximated Hessian. With certified initialization, more than half of the cases using IPOPT can converge, while the performance
degrades soon after noises are present. Similar performance is observed for SNOPT, which is even more sensitive to noise. The time in each iteration for the
IPM-based method is also listed. The proposed method also takes only about 30% of the time as in IPOPT for the unconstrained cases in each iteration. The

planning horizon is 40 steps.

Convergence in 1000 Iters.

Iters. to Convergence Avg Time per Iteration (sec)

Methods — Initialization Strategy (in 100 Iters. for proposed) Madn Avg w/o function evaluation
. . 82/100 (constrained) 19 24 0.0078
Proposed Straight line 93/100 9 19 0.0046
Straight line 0 — — 0.0136
SDP 68/100 ) 73 0.0133
IPOPT SDP(31) 45/100 106 211 0.0113
SDP(%5) 31/100 317 382 0.0101
Straight line 0 — — —
SDP 56/100 170 177 —
SNOPT SDP(S1) 1/100 975 075 -
SDP(3s) 0 — — —

TABLE III: Comparison of proposed formulation using RIPM on Mgp with IPOPT in generalized coordinates. Without infeasibility restoration, the proposed
method has a 25% convergence rate. With the infeasibility restoration, IPOPT greatly outperforms the proposed method at the cost of more iterations to solve
feasibility sub-problems. In terms of iterations to converge, the proposed method greatly outperforms IPOPT, while the time consumed in each iteration is

three times higher, due to the increasing number of variables.

Convergence in 500 Iterations

Iters. to Convergence Time per Iteration (sec)

Methods (w/o infeasibility restoration) Mdn Avg Max  w/o function evaluation
RIPM (MRgg) 21/100 21 20 42 0.1159
n 64/100 147 201 498 0.0319
IPOPT (¢ € R™) (16/100) 57 76 197 0.0329

obstacle. Thus, the proposed method will have constraints for
the ¢ — ¢h link as:

(zi — xobS)z +(yi — yobs}2 z szs’i =12---,7. (62)

For generalized coordinates formulation, forward kinematics
is required to map the joint angle ¢ € R™ to the task space.

We initialize the trajectory via linear interpolation of joint
space in both cases. As the manipulator is fully actuated, we
can warm start the trajectory with feasible primal solutions by
computing the constrained force and the input torque through
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inverse dynamics. In all cases, we consider a fixed target
pose with a random initial pose and a fixed obstacle and
target pose. The convergence rates are shown in Table III. As
IPOPT admits advanced features like infeasibility restoration
that is not applied in this method, we list the results of IPOPT
with and w/o this feature for fair comparison. We find that
our method outperforms IPOPT w/o infeasibility restoration
in terms of convergence rate and number of iterations to
converge. With infeasibility restoration, the performance of
IPOPT improves at the cost of more iterations to converge.
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Fig. 6: Average time to evaluate the zeroth-, first-, and second-order derivative
of rigid body dynamics w.r.t. the DOF of a kinematic chain with one branch.
The proposed formulation scales linearly w.r.t. the DOF.

For both cases, we consider e, = le % as the termination
condition.

IX. LIMITATIONS AND DISCUSSIONS

Here, we analyze the limitations of the proposed algorithm.

Increasing number of variables: The proposed method
considers all the degrees of freedom of the rigid body, thus
making the KKT system multiple times larger than the version
in the generalized coordinates. Thus, the trade-off between the
number of iterations and computational time in each iteration
should be carefully investigated. First-order Riemannian op-
timization [55] can be considered in future work to bypass
the need to solve the expensive Newton steps. The discrete
null space mechanics [70-72] can also be applied to eliminate
the constrained force, while the null space of the Jacobians of
constraints needs to be carefully computed.

Guarantees on global optimality: The proposed method is
based on local gradients. As a result, global optimality is not
guaranteed. Conducting optimization landscape analysis is also
challenging due to the nonconvex nature of motion planning
problems. However, we note that SO(3) x R? is constrained by
polynomial quality, thus can be seamlessly integrated with the
globally optimal motion planning framework using moment
relaxations [28, 73, 74].

Holonomic constraints: The proposed method only con-
siders the holonomic constraints, while it does not incorpo-
rate more complicated structures, such as complementarity
constraints [3], nonholonomic constraints [10], or the hybrid
zero dynamics [75]. As the RIPM is a general framework for
constrained optimization, we plan to include these constraints
by taking these special structures into consideration [4, 76, 77].
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Code optimization: The proposed RIPM is implemented
in MATLAB and does not fully replicate all the features of
IPOPT [34]. As we do not include the advanced features, such
as inertial correction, second-order correction, and infeasibility
restoration, the proposed method is not as robust as IPOPT. It
is crucial to include these features to improve the performance
of the proposed solver further.

X. CONCLUSIONS

In this work, we, for the first time, applied the constrained
Riemannian optimization to the paradigm of direct trajectory
optimization, which is fast and preserves the topological
structure of rotation groups. We first model the multi-body
dynamics on matrix Lie groups using the Lie group varia-
tional integrator. Then we derive the closed-form Riemannian
derivative and apply the line-search Riemannian Interior Point
Method to conduct trajectory optimization. We demonstrate
that the complexity in the derivative evaluation and Newton
steps is linear w.r.t. both the system DOF and the planning
horizon. We also show that the proposed method outperforms
the conventional methods by an order of magnitude in chal-
lenging robotics tasks.
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APPENDIX A
DERIVATION OF SECOND-ORDER RETRACTION OF
KINEMATIC CHAIN

Consider the vectorized kinematic chain (38):

log(Y ' X1 Xy X, _1X,) =log (Y 1).

Denote X’L,] — X’L'X'L'+1 ¥8 X] when 1 < ] and X’H’l,’i — I,
we have the identity using the property of adjoint action:
exp (tﬁ))_(m- = )_(iyj()_(;jl exp (tﬁ))_(m-) (63)

= _i,j exp (tAdX_f‘l f)
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Fig. 7: lllustration of the Hessian of the Lagrangian and Jacobians of the rigid body dynamics of the manipulator example. The block diagonal structure shows
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The perturbed kinematic chain becomes:

TABLE IV: Part of hyper-parameters in Algorithm 1.

Y ' X exp (t1) - X1 exp (t,-1) X exp (t€5,)

=Y 1X1 exp (tgl) cee

X, _1X, exp (t Ad)—(l En—1)exp (t&,)

=Y le exp (tgl) n 2

Xn 1X (X Xn 1eXp(t£n 2) n— IX)

exp (¢ Adg-1 §n—1) eXP (t&n)

=Y Xl exp(t{l) n 2Xn 1X exp(tAdX 1 )

exp (t Ad g1 &n1) exp ()

Parameter Notation  Value

Maximal iteration Nmax 200

Maximal iteration in line search Jmax 30
Tolerance to KKT of Problem 2 €rol le 11
Linear decaying rate of p Ky 0.99
Superlinear decaying rate of p 0, 1.99
Minimal fraction to boundary Tmin 0.995
Barrier problem cost progress Yo le ©
Minimal infeasibility Omin le*
Progress of barrier cost Ny le~?
Progress of feasibility Yo le~?

Decaying rate for line search B8 0.5

=Y X exp(t AdX;i &1)exp (t Ad)—(; &a) -+ -exp (t&,)

=exp (¢ AdX;i &1)exp (t Ad)—(; &a) - exp (t,).

’ ’ (64)
Then we proceed to apply the BCH formula to obtain the
second-order retraction:

log <ﬁ exp (t Ad)—(all,n &))
i=1

We note that the derivation does not involve the Jacobian of
the matrix logarithmic map due to the shift of the operating
point by Y.

APPENDIX B
IMPLEMENTATION DETAILS OF RIPM

—tAdg 1 & +log ﬁ exp (t Adgs &) . We consider the folllowing pfclrameters shown in Table IV to
2n * - i+1ln implement the RIPM in Algorithm 1.

+ O(t?)

(65)
By repeated application of BCH formula to
log (H?fk exp (t Adg 51)),/4 > 2, we have the [2]
= it1,n
second-order retraction as:

log <f[ exp (1 AdXI_TM g)) _ 3]

=1

tAdX;’Tll &1, log <H exp (t Adefl,n &))

1=2

(1]

tZAdxl 51+Z Adxl JGnAdya G14H0(8) 4
1<g
(66)
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