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Fig. 1: Demonstration of DHAL performance across various indoor and outdoor terrains, including slopes, carpets, sidewalks, step, and scenarios with additional
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payloads or disturbance. The controller enables the robot to perform smooth and natural skateboarding motions, with reliable mode identification and transitions

under disturbances.

Abstract—Hybrid dynamical systems, which include contin-
uous flow and discrete mode switching, can model robotics
tasks like legged robot locomotion. Model-based methods usually
depend on predefined gaits, while model-free approaches lack
explicit mode-switching knowledge. Current methods identify
discrete modes via segmentation before regressing continuous
flow, but learning high-dimensional complex rigid body dynamics
without trajectory labels or segmentation is a challenging open
problem. This paper introduces Discrete-time Hybrid Automata
Learning (DHAL), a framework to identify and execute mode-
switching without trajectory segmentation or event function
learning. Moreover, we embed it in a reinforcement learning
pipeline and incorporate a beta policy distribution and a multi-
critic architecture to model contact-guided motions, exemplified
by a challenging quadrupedal robot skateboard task. We validate
our method through sufficient real-world tests, demonstrating
robust performance and mode identification consistent with
human intuition in hybrid dynamical systems.

I. INTRODUCTION

In state space representation, systems that exhibit flow-
based continuous and jump-based discrete dynamics are

known as hybrid dynamical systems [1]. Such systems are
prevalent in many real-world environments, particularly those
involving discontinuities, contact events, or mode switching—
examples include legged robotics, power systems (e.g., ther-
mostat systems [2], DC-DC converters), and even neurobio-
logical models such as the integrate-and-fire neuron [3].

In robotics, the walking behavior of bipedal robots is
a quintessential example of a hybrid dynamical system. In
model-based control, the hybrid automata framework has been
proposed as a powerful tool to describe systems encompassing
discrete and continuous dynamics [4, 5]. This framework has
been widely adopted for behavior planning [6] and legged
locomotion. However, these approaches typically rely on sim-
plified dynamic models, and contact events are often pre-
defined, as in manually crafted walking gaits.

With the rise of data-driven paradigms and world models,
recent research has begun exploring learning-based approaches
for hybrid dynamics [7, 8, 9]. However, these efforts focus on
low-dimensional or single-trajectory scenarios, and inefficient



Fig. 2: The potholes on the downhill slope caused the robot dog’s right front leg to get stuck, preventing it from smoothly getting onto the board. Both of its
hind legs even lost contact with the board. Nevertheless, the policy could still guide the robot dog to jump back onto the board and complete the recovery
behavior.

training. Designing methods that can generalize to high-
dimensional systems, handle complex real-world dynamics,
and effectively identify discrete modes remains an open prob-
lem.

Towards this goal, we propose a generalized approach
for mode identification and prediction in hybrid dynami-
cal systems. We design a set of hybrid dynamics modules
that integrate discrete hybrid automata(DHA) with a vari-
ational autoencoder (VAE) framework, enabling the system
to learn mode identification and flow dynamics heuristically.
To demonstrate its effectiveness, we evaluated our approach
in contact-guided scenarios involving complex sequences of
contact events [10].

Designing such contact-rich scenarios is highly non-trivial.
Unlike model-based methods, model-free reinforcement learn-
ing (RL) has shown promise in solving optimal control prob-
lems (OCPs) by modeling dynamics as a Markov Decision
Process. Model-free RL requires minimal assumptions and
can be applied to various tasks across diverse dynamical
systems [11, 12]. We integrate a multi-critic architecture with
a Beta distribution policy to address contact-rich tasks and
embed our hybrid dynamics system into the RL pipeline.

We tackle the challenging task of enabling a quadrupedal
robot to skateboard. This task exemplifies a highly dynamic,
contact-guided, and hybrid underactuated system, requiring
precise handling of mode transitions and contact events. The
key contributions of this work are summarized as follows:

1) Discrete hybrid automata framework: We propose
a discrete hybrid automata framework that eliminates
the need for explicit trajectory segmentation or event
labeling in mode identification and dynamics learning.

2) Contact-guided task design: We combined the multi-
critic architecture and the beta distribution to effectively
address the contact-guided problem in hybrid systems.

3) Sim2Real of underactuated skateboarding motion:
We achieved agile and robust sim-to-real performance in
the highly underactuated and hybrid task of skateboard
motion.

II. RELATED WORK
A. Legged Robot Control

The Model Predictive Control (MPC) [13, 14, 15] with
simplified single rigid body has been successfully applied to
motion planning of legged robot [16, 17, 18, 19], achieving
robust locomotion on flat ground under diverse gait patterns.

Corbéres et al. [16], Grandia et al. [17] further integrated
motion planning and perception, enabling quadruped robots to
navigate complex terrains. However, such approaches depend
highly on accurate global state estimation, which poses limi-
tations in outdoor and long-range scenarios. Additionally, the
gait pattern of the model-based approach is designed manually,
which can not scale in complicated scenarios.

In contrast to the model-based approach, model-free rein-
forcement learning (RL) has demonstrated remarkable capabil-
ities in legged robot control, including high-speed locomotion
[20, 21, 22, 23], complex terrain traversal [24, 25, 26, 27],
manipulation, and interaction [28, 29, 30]. The primary focus
of RL-based quadruped control in recent years is on the
paradigm of sim-to-real transfer [31, 26], safe reinforcement
learning [22], and gait control [32, 33, 34]. In this paper,
we primarily focus on exploring sparse motion patterns and
embedding hybrid dynamics learning.

B. Contact-guided locomotion pattern

The hybrid nature of contact dynamics makes it challenging
to synthesize optimal motions for contact-rich tasks [35, 36,
37]. In model-based methods, the discontinuities introduced
by contact create obstacles for gradient-based optimization.
Kim et al. [38] and [39] address this issue by formulating it
as a linear complementarity problem (LCP) and relaxing the
complementarity constraints. In contrast, Westervelt et al. [4]
adopts a hybrid dynamic system combined with automata to
handle contact.

In the realm of reinforcement learning (RL), the specifica-
tion of sparse or contact-guided motion patterns has not been
widely investigated or solved, such as explicitly prescribing
contact-based motion [10] or relying solely on key frame tra-
jectory tracking [40]. Considering real-world robot collisions
and constraints, sparse reward design in a high-dimensional
sampling space severely limits effective exploration [10]. In
contrast, under a multi-critic framework [40] combined with
a Beta action distribution [41], this paper achieves contact-
specified skateboarding motion on a quadruped robot, with
on-the-fly adjustments of the gait pattern.

C. Hybrid Dynamics

Hybrid dynamic systems are employed to describe systems
that feature continuous states and discrete modes, and they are
widely used in model-based control and cyber-physical sys-
tems [42]. For instance, floating-base robots are often treated
as hybrid dynamic systems due to the discontinuities and
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Fig. 3: Discrete-time Hybrid Dynamics Learning (DHAL) Framework: (a) During training, the network learns to select the mode and activate the corresponding
dynamics module (yellow-highlighted) to predict transition dynamics and contact. Here, P; represents the probability of the robot being in mode 7 at time ¢.
(b) The temporal features extracted by the encoder are combined with the current state and last action into the actor. The actor updates «, 8, which define
the probability density function of the Beta distribution, and then samples joint actions from the Beta distribution. (¢) In a real-world deployment, we use
different LED colors to indicate the active modes, showcasing smooth transitions and mode-specific behaviors.

jumps caused by contact. Recently, Ly and Lipson [7], Chen
et al. [8], Poli et al. [9], Teng et al. [43] have leveraged data-
driven approaches to construct either discrete or continuous
hybrid dynamic systems.

Unlike previous work, we integrate reinforcement learning
with hybrid dynamics, enabling the robot to learn a hybrid
dynamics automata for explicit mode switching and control
without requiring labels or segmentation.

IT1I. BACKGROUND AND PROBLEM SETTING

For clarity and reference, Table I provides an overview of
the key symbols and abbreviations used throughout this paper.

A. Markov Decision Process

We model the robot control problem as an infinite-horizon
partially observable Markov decision process (POMDP), com-
posed by tuple M = (S,0,A,p,r,v), with s; € S the
full states, o; € O the partial observation of the agents
from the environment, a; € A the action the agent can
take to interact with the environments, and p(s¢41|s¢, a:) the
transition function of state s;. Each transition is rewarded by a
reward function r : S x A — R with -y representing a discount
factor. The optimization objective of reinforcement learning is

to maximize the expected total return [E [ZtT:o ’ytrt].

B. Discrete Hybrid Dynamical System

The hybrid dynamical system involves discrete and contin-
uous dynamics or states. The system has a continuous flow in
each discrete mode and can jump between these modes [44, 9].

Although using a set of ordinary differential equations (ODEs)
with transition maps modeled by neural networks has shown
some promising results [9, 8], the continuous integration is
computationally expensive and challenging to apply in real-
world robot control, which is a digital control system. In this
work, inspired by Borrelli et al. [45] and Ly and Lipson [7],
we adopt discrete hybrid automata to model the dynamics of
legged robots, which naturally exhibit hybrid behaviors.

For embedding discrete hybrid automata, we utilize the
concept of switched systems to model the hybrid dynamics
for legged robots. The dynamics of the legged robot in each
mode can be described as

see1 = f(st, ar), (D

where s; € R™ is the states, a; € R™ is the input, i; € 7 =
{1,2,..., K} is the modes at time step £, f% : R® x R" — R”
is the dynamics on mode i. The mode 7; is determined by
an extra mode selector. We assume that all system states are
continuous-valued, not considering any discrete-valued state.
Dynamics for each mode is unique, ie., f* # f7,Vi,j € T.
The maximum possible number of mode K is assumed to be
known.

In this work, we use neural networks to model both the
dynamics and the automata (mode selector), aiming to extract
a latent representation that informs the actor. To maintain
consistency with the stochastic nature of the MDP, we utilize
a §-VAE to model the state transition in equation (1). Unlike
hybrid systems described by continuous flow [44, 9], we omit
the explicit jump mapping between different modes, as it is










































