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Fig. 1: A highly dynamic fish-inspired C-start escape maneuver executed by a multilink eel-robot. The top row (black) shows
execution of the maneuver on the robot, while the middle row (green) is our simulation method and the bottom row (orange) is
a baseline implemented in Genesis [17], an open-source robotics simulator. The C-start gait was optimized using the gradients
from our differentiable simulator and was successfully executed on real-world hardware. Meanwhile, the smoothed-particle
hydrodynamics baseline from Genesis fails to capture the correct dynamics—rolling out the same control trajectory achieves
little lateral movement and does not complete the intended 90◦ turn.

Abstract—Matching the swimming efficiency and agility of fish
has remained an elusive goal in underwater robotics. Such loco-
motion capabilities rely on complex vortex interactions between
the robot’s body and the surrounding fluid. However, simulating
these dynamics, which are governed by coupled ordinary and
partial differential equations, is significantly more difficult than
the multi-body dynamics of classical rigid robotic systems.
We present a differentiable framework for simulating strongly
coupled fluid-robot multiphysics as a unified optimization prob-
lem. The coupled manipulator and incompressible Navier-Stokes
equations are derived together from a single Lagrangian using
the principle of least action. We employ discrete variational
mechanics to derive a stable, well-conditioned, and physically
accurate scheme for jointly simulating articulated bodies and
the surrounding fluid. We leverage the implicit function theorem
to compute derivatives of the fully coupled dynamics. Using this
simulator and its gradients, we realize undulating swimming gaits
and optimize a highly dynamic C-start escape maneuver for a
bioinspired eel robot. We validate both gaits on physical hard-
ware, demonstrating successful sim-to-real transfer. Simulation
code, hardware data, and schematics for the eel robot can be
found here: https://unified-fluid-robot-multiphysics.github.io/

I. INTRODUCTION

In recent years, there has been considerable interest in
designing robot control policies in multiphysics settings such
as deformable-object manipulation [57, 68, 69, 72], fluid
transport [26, 32], and locomotion [10, 49, 71]. However,
real-world data collection and training in such complex envi-
ronments is challenging. As a result, multiphysics simulation
platforms [9, 17, 38] have seen growing interest and ongoing
development, with many robotics applications still lacking
viable physics engines.

Bio-inspired locomotion for underwater vehicles [15, 29,
36, 40, 43, 48] has garnered significant interest as a means to
improve efficiency and maneuverability via intricate shedding
of vortices [7, 61, 62]. Although various bio-inspired hard-
ware designs have been introduced [2, 3, 8, 29], relatively
little work has been done to make these vehicles operate
autonomously with the same performance as their biological
counterparts [3, 66]. We attribute this to the difficulty of
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Fig. 2: An overview of the multiphysics problem we address,
in which a controlled, rigid-body robotic system must interact
with the surrounding incompressible Newtonian fluid (e.g.,
water) to swim. We denote the fluid domain as Ω and its
boundary ∂Ω. Γ and ∂Γ correspond to the robot geometry
and its boundary.

modeling and simulating such systems, where both whole-
body robot dynamics and complex fluid-structure interaction
(FSI) are critical (Fig. 2).

We propose a unified framework for jointly deriving and
simulating differentiable fluid-robot multiphysics to realize
robotic swimming. Specifically, we formulate the combined
Lagrangian using the principle of least action to model
the multiphysics as a single continuous-time optimization
problem, from which we derive the coupled incompressible
Navier-Stokes and manipulator equations (Fig. 3). We show
that the multiphysics coupling stems from a constraint that
enforces the no-slip boundary condition at the fluid-robot
interface. We then employ discrete variational mechanics [41]
to discretize the unified action directly, which results in an
implicit time-integration scheme. We also extend the immersed
boundary method from the computational fluid dynamics
(CFD) literature [53, 59] to derive an integral “weak-form”
version of the no-slip constraint that is amenable to multibody
robotic systems. The implicit function theorem is then used to
compute simulation derivatives for downstream learning and
optimization tasks. Using our unified multiphysics, we realize
bioinspired swimming on an eel robot, which we validate in
real-world hardware experiments. We also benchmark against
a smoothed-particle hydrodynamics (SPH) environment imple-
mented in Genesis [17], a state-of-the-art robotics multiphysics
simulator. We investigate both steady undulatory swimming
and the highly dynamic C-start escape maneuver, which we
optimize to achieve a 90-degree turn. In summary, our contri-
butions are:

• A unified derivation of strongly coupled fluid-robot mul-
tiphysics via the principle of least action.

• A new weak formulation of the no-slip boundary con-
straint at the fluid-robot interface.

• A differentiable fluid-robot multiphysics simulator.
• Realization of accurate, dynamic robotic swimming on a

bioinspired eel robot with validation against real-world
hardware.

The remainder of this paper is organized as follows: In
Section II, we provide a literature review on bioinspired
swimming, fluid-robot interaction simulators, and variational
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Fig. 3: An overview of our multiphysics model, in which the
unified Lagrangian governing the coupled fluid-robot dynam-
ics is formulated using the principle of least action. Rather
than the individual differential equations, the combined action
is discretized directly to achieve consistent strongly coupled
simulation.

mechanics. In Section III, we review background material
on the least-action principle, variational integrators, and the
immersed-boundary method. Section IV then describes our
approach for posing and simulating strongly coupled fluid-
robot multiphysics. In Section V, we provide simulation and
hardware swimming results for an eel-like swimming robot.
Finally, Section VII summarizes our conclusions and discusses
limitations and directions for future work.

II. RELATED WORKS
A. Bioinspired Robotic Swimming

For decades, biological swimmers have captivated re-
searchers with their remarkable swimming efficiency [14,
18, 35] and high maneuverability [11, 65]. While early
work focused on biomechanics [18, 35, 65], later studies
attributed this performance to the detection and exploitation
of vortices [61, 62]. This has driven considerable interest
in the robotics community toward developing bioinspired
hardware for empirical studies, which include robotic fish [3,
29, 66], oscillating foils [2], and lateral-line pressure-sensor
arrays [63, 70]. However, relatively little work has enabled
these swimmers to operate with the robustness achieved by
legged robots [30, 42, 73]—a gap we attribute to the lack of
simulators capable of handling both complex fluid physics and
rigid-body robot dynamics [4, 17, 37].

B. Fluid Simulation for Robotics

Multiphysics simulators for robotics [17, 38] have garnered
recent interest for simulating diverse scenes beyond classical
rigid-body dynamics, such as rigid-soft-body interactions for
deformable-object manipulation [54] and liquid pouring [67].
These simulators generally employ methods originating from
the graphics and particle-based CFD community [25, 39],
leveraging their parallelizability and visual-rendering capabil-
ities. However, due to their Lagrangian (i.e., particle-based)
representations, these simulators are tailored towards fluid-
transport tasks (e.g., liquid pouring) encountered in robotic



manipulation. Compared to their Eulerian (grid-based) coun-
terparts, these fluid simulators are currently unable to simulate
complex boundary conditions (e.g., free stream) and become
intractable when the fluid must be modeled as a continuum.
In addition, SPH-based methods can struggle with maintaining
certain constraints such as incompressibility and conservation
of volume, which are better posed in Eulerian-based meth-
ods [21, 45, 58].

C. Fluid-Structure Interaction (FSI)

Modeling fluid-structure interaction has long been of inter-
est in the CFD community [33, 37, 46, 51], where methods are
typically tailored to single-body systems. Recently, Angelidis
et al. [4] proposed an SPH-based platform for bioinspired,
multibody robotic swimmers. However, the authors note that
smoothed-particle hydrodynamics introduces additional damp-
ing and parameter sensitivity, causing unstable simulation
and sim-to-real gap. Meanwhile, Eulerian methods capable of
handling articulated multibody systems commonly found in
robotics have yet to be fully realized [60]. Previous works
have simplified the fluid dynamics to potential [28] or Stokes
flow [12, 19, 20] for low-Reynolds-number regimes. Nava
et al. proposed a physics-informed, neural-network model
of FSI for the optimization of soft robotic swimmers [46];
however, accuracy is generally poor when generalizing to new
shapes and flow conditions. The industry-standard COMSOL
multiphysics solver [9] provides strongly-coupled, Eulerian-
based FSI via the Arbitrary Lagrangian-Eulerian method, but
requires computationally expensive remeshing that struggles
with large displacements [44]. As a result, Lee et al. [33]
proposed Aquarium, a differentiable incompressible-Navier-
Stokes-based simulator for robotics. However, Aquarium cur-
rently does not jointly solve the fluid and robot dynamics and
relies on a separate dynamics solver to obtain robot states
(i.e., ”weakly” coupled), which can result in unstable simu-
lation [23]. It additionally relies on the classical immersed-
boundary method to represent robot geometry, which is tai-
lored toward single-body systems and suffers from singulari-
ties when bodies move close together. Therefore, we develop
a unified multiphysics formulation to achieve tightly cou-
pled, generalizable simulation of multibody robots in higher-
Reynolds-number fluid environments.

D. Variational Mechanics for Simulation

Over the past two decades, variational integrators have
been developed for accurate simulations of various physical
systems [24, 34, 41]. Specifically, variational integrators dis-
cretize the least-action principle from which the governing
equations of motion are derived. The result is stable simulation
with good constraint satisfaction and momentum and energy-
conservation properties. Although originally for conservative
systems, variational integrators have been extended to damped
systems and continuum mechanics [34], with connections
made to widely used implicit Runge-Kutta schemes [41].
Recent efforts have extended variational integrators to robotics

in the context of multibody simulation with rigid-body con-
tact seen in legged locomotion and manipulation [24]. How-
ever, variational integrators remain an unconventional method
for physics simulation, which we partly attribute to their
configuration-only representation. Therefore, we extend the
variational integrator to a fluid-robot multiphysics setting with
full robot-state representations found in standard robotics
simulators [60].

In the context of fluid dynamics, variational principles have
long been studied [5, 56] to pose fluid physics as continuous-
time optimization problems. This optimization-based treatment
has inspired several practices in CFD, including the treatment
of boundary conditions as constraints with associated dual
variables [1, 52, 59]. We aim to extend these variational
principles to the discrete setting with robot dynamics in mind,
resulting in naturally coupled multiphysics simulation.

III. BACKGROUND

This section provides a brief overview of variational cal-
culus, variational integrators, and the immersed-boundary
method for fluid-structure interaction. We refer the reader to
the comprehensive, existing literature for more details [5, 41,
56, 64].

A. Physics as Optimization

Various differential equations for modeling physics can
be derived from the principle of least action via variational
calculus. Specifically, the principle of least action represents
the dynamics as a continuous-time optimization problem:

minimize
q, v

∫ tf

t0

T
(
v(t)

)
− U

(
q(t)

)
dt

subject to v = q̇,

(1)

where q(t) ∈ Rn is the configuration of the system (e.g., fluid-
particle position and robot pose) as a function of time, t; v(t) ∈
Rm is the velocity; T (v) ∈ R+ is the kinetic energy of the
system; and U(q) ∈ R+ is the potential energy; and v =
q̇ represents the kinematic constraint. We denote L(q, v) =
T (v)−U(q) as the physics Lagrangian, which we can use to
derive an expression for the action,

S(q, v) =

∫ tf

t0

L(q, v) + λT (q̇ − v) dt, (2)

where λ is the dual variable. The first-order necessary (FON)
conditions of the optimization problem (5) form the Euler-
Lagrange equation that governs the system dynamics:

d

dt

∂L

∂q̇
− ∂L

∂q
= 0, (3)

which is commonly rewritten as the manipulator equation in
robotics:

M(q)q̈ + C(q, q̇)j +G(q) = 0. (4)

We note that the least-action principle can be extended
to non-conservative systems via the Lagrange-D’Alambert
principle of virtual work [34]; to more complex kinematics
v = f(q, q̇) as encountered e.g. with different parametrizations
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Fig. 4: A midpoint variational integrator, where a quadrature
rule is traditionally used to discretize the time integral of
Fig. 3 to simulate robot configurations, qk. However, the fluid
is represented as a velocity field, v̄k that is approximated
at the midpoint, causing a temporal mismatch. Therefore, a
new variational integrator is formulated for the fluid-robot
multiphysics.

of attitude [27]; and to include constraints such as joints in
manipulator arms [6]:

minimize
q, v

∫ tf

t0

T (q, v)− U(q) + F (t)T q(t) dt

subject to v = f(q, q̇),

c(q, v) = 0,

(5)

where F (t) ∈ Rn represents external forces such as damping
and motor torques.

B. Variational Integrators

Robotics simulators commonly integrate (4) via a Runge-
Kutta (RK) scheme [60]. However, most RK schemes are
known to exhibit unstable behavior or introduce artificial
damping. Meanwhile, variational integrators provide implicit
time-integration schemes that are known to conserve energy
and momentum, making them attractive for robotics simula-
tors.

First, the continuous-time action integral is discretized via
numerical quadrature. As a particular example (Fig. 4), a
midpoint quadrature rule results in the following optimization
problem:

minimize
qk

2∑
k=1

Ld(qk, qk+1) +
h
2F (tk + h

2 )
T (qk + qk+1)

subject to c(qk) = 0,
(6)

where qk is the configuration at time tk; h ∈ R is the time step;
and Ld(qk, qk+1) ∈ R+ is the discrete Lagrangian, which is
expressed as:

Ld(qk, qk+1) = hL( qk+qk+1

2︸ ︷︷ ︸
q̄k+1

, qk+1−qk
h︸ ︷︷ ︸

v̄k+1

), (7)

Fig. 5: The immersed boundary method, where the fluid do-
main and robot geometry are discretized separately into a grid
and boundary-mesh. Originally, the fluid-robot coupling is re-
alized by a convolution matrix E that maps fluid-cell velocities
(blue) to those at the robot-boundary nodes (orange). This can
lead to fluid-penetration and singularities at duplicate nodes
(purple) that correspond to multiple bodies. Therefore, we
introduce an extension that integrates the immersed boundary
method across the boundary (green), improving both physical
accuracy and compatibility with multibody representations,
which are common in robotics.

where q̄k+1 and v̄k+1 are the configurations and velocities
defined at the midpoint between tk and tk+1.

We then obtain the discrete Euler-Lagrange equation, which
is the FON condition of (6) w.r.t. qk:

D2Ld(qk−1, qk) +D1Ld(qk, qk+1)

+ hF̄k + hλT
kD1c(qk)︸ ︷︷ ︸

constraint force

= 0, (8)

c(qk+1) = 0, (9)

where λk ∈ Rz is the dual variable. Upon inspection,
λk provides the impulse needed to enforce the constraint
c(qk+1) = 0. Dk denotes partial differentiation with respect
to a function’s kth argument, and F̄k represents the averaged
external force F (t) at the midpoints:

F̄k = 1
2 (F (tk − h

2 ) + F (tk + h
2 )). (10)

By initializing qk and qk−1, (8)-(9) can be solved to
compute qk+1. However, this integration method only inte-
grates over configurations, with a half-time-step delay present
between qk and v̄k. This introduces a temporal inconsistency
due to the fluid being modeled as a velocity field, v̄k(qk),
while the robot’s pose is defined by qk. Marsden and West
[41] previously connected this variational integrator to the
implicit midpoint RK scheme over the full state, x = [q; v],
via the discrete Legendre transform. However, doing so with
constraints can be difficult and unintuitive. Therefore, we
aim to provide a simpler approach for performing variational
integration over the full variational state, x = [q; v̄].



C. The Immersed Boundary Method

To account for the representation discrepancy between the
Eulerian fluid-velocity grid and Lagrangian (free-floating)
robot geometry, Peskin [53] formulated the immersed bound-
ary method to model the no-slip boundary condition at the
robot-fluid interface as shown in Fig. 5. Specifically, the fluid
velocity is set equal to the robot velocity at its boundary, which
is expressed as the following integration over the fluid-velocity
field: ∫

Ω

vfδ(qf − bqr) dΩ = bvr(vr) ∀ bqr ∈ ∂Γ, (11)

where Ω is the fluid domain; ∂Γ is the robot geometry’s
boundary; vf is the fluid velocity at position qf ; qr, vr are
the solid body (i.e., robot) configuration and velocity; and bvr

is the velocity at a point bqr along ∂Γ. δ() is the dirac delta
function. In addition, the corresponding forcing term acting
on the fluid is explicitly defined as an inverse mapping:

F f =

∫
Γ

F rδ(qf − bqr) dΓ ∀ qf , (12)

In discrete form, the fluid domain and robot geometry are
discretized into a separate grid and mesh respectively, allowing
for decoupled movement of the robot. Meanwhile, the dirac
delta is approximated by a smoothed version. This results in
the discretized immersed boundary method:

c(vf , vr) = Evfd − bvrd(v
r) = 0, (13)

F f
d = ETF r

d , (14)

where E is a convolution matrix that maps discrete fluid
velocities on the grid to those of the robot-boundary nodes.
However, upon inspection, this discretized constraint is only
satisfied at finite nodes of the boundary mesh, allowing fluid
to penetrate the boundary if the nodes are far apart. On
the other hand, overlapping points can cause numerical ill-
conditioning due to redundant no-slip constraints, which can
occur in multibody robots as shown in Fig. 5. Therefore, we
extend the immersed boundary method to derive an integral-
form that will properly enforce no-slip in between nodes while
being unaffected by overlapping ones.

IV. METHODOLOGY

A. Fluid-Robot Multiphysics as Optimization

As previously mentioned, existing simulators [17, 38] typi-
cally integrate over the individual differential equations before
coupling the physics via a force term such as (12). We propose
the least-action principle as an alternative, unified perspective
of multiphysics from which the differential equations are
derived.

We begin by proposing the least-action principle for the
combined multiphysics problem between a rigid multibody

robot and an incompressible, Newtonian fluid (e.g., water):

minimize
qrk, q

f , vr, vf

∫ tf

t0

Lf (qf , vf ) + Lr(qr, vr) + F (t)T qf dt

subject to c1(v
f ) = q̇f − vf (qf ) = 0 ∀ qf ∈ Ω,

c2(v
f ) = ∇ · vf = 0 ∀ qf ∈ Ω,

c3(v
f ) = vf − vbc = 0 ∀ qf ∈ ∂Ω,

c4(v
r) = q̇r − vr = 0 ∀ qr,

c5(q
r) = 0 ∀ qr,

c6(v
f , vr) = vf − bvr = 0, ∀ qf ∈ Γ,

(15)

where Ω,Γ represent the fluid domain and robot geometry
respectively with corresponding boundaries, ∂Ω, ∂Γ; qr, qf are
the configurations of the robot and fluid particle respectively
and vr, vf are the corresponding velocities. c1(vf ) encodes the
kinematics constraint for the fluid-velocity field (i.e., an array
of velocity sensors). c2(vf ) encodes the conservation-of-mass
constraint while c3(v

f ) enforces boundary conditions along
the fluid-domain boundary (e.g., walls, free-stream velocity,
etc.). c4(q

r) encodes the kinematics constraint of the robot
while c5 enforces other robot-configuration constraints, such
as joint constraints found in manipulator arms. c6(v

f , vr)
encodes the no-slip constraint, which couples the robot and
fluid physics.

We first define the fluid and (single) rigid-body Lagrangians:

Lf (qf , vf ) =

∫
Ω

1
2ρ(v

f )T vf − ρgT qf dV, (16)

Lr(qr, vr) = 1
2 (v

r)TMrvr − gTMrqr, (17)

where ρ is the fluid density; Mr is the mass matrix of the robot
body; dV denotes the volume differential; and g is gravity. In
this problem, damping is introduced by the fluid viscosity:

F (t) =

∫
Ω

µ∆vf dV, (18)

where µ is the dynamic viscosity of the fluid. In a manner
similar to (2), we write down the action for the combine
problem:

S(qr, qf , vf , vr) =

∫ tf

t0

Lf + Lr + FT qf +

6∑
i=1

λici dt. (19)

The FON conditions of (38) can be expressed by the vari-
ations w.r.t. qr, vr and qf , vf , which results in the coupled
incompressible Navier-Stokes and manipulator equations, re-
spectively:

ρ(v̇f + (vf · ∇)vf ) = −∇p+ µ∇2vf − ρg

− ∂c3
∂vf

T

λ̇3 −
∂c6
∂vf

T

λ̇6, (20)

∇ · vf = 0, (21)

(4)︷ ︸︸ ︷
Mr v̇r +Mrg = −∂c5

∂qr

T

λ5 −
∂c6
∂vr

T

λ̇6. (22)

q̇r = vr, (23)

where p = λ̇2 ∈ Rm is the fluidic pressure, which Lagrange
[31] originally realized as the dual variable that enforces the



conservation of mass. (20) also provides the same constraint-
based treatment of fluid-boundary conditions of Allmaras [1],
in which coupling forces arise from the no-slip constraint at
the fluid-robot interface.

B. Coupled Discretization of the Fluid-Robot Multiphysics

Using the unified least-action principle of (38), we develop
a variational integrator to simulate fluid-robot multiphysics.
However, we again note that qr and vf have a half-time-step
lag in traditional variational integrators. Therefore, we aim to
derive a new variational integrator that can integrate qk and
vk while handling this temporal inconsistency.

First, we discretize the fluid domain spatially using a
second-order finite-volume method [13], which provides a
discrete counterpart to the following continuous operators:∫

Ω

ρvf dV ⇒ Mfvf ,

∫
Ω

∇p dV ⇒ Gp,∫
Ω

(vf · ∇)vf dV ⇒ N(vf ),

∫
Ω

∆vf dV ⇒ Lvf .

Through a slight abuse of notation, we will use qf , vf , and
p to refer to their discrete versions throughout the rest of
this section. We may now express the spatially discrete fluid
Lagrangian as:

Lf (qf , vf ) = 1
2 (v

f )TMfvf −MfgT qf dV, (24)

To handle temporal lag, we will define the constraints corre-
sponding to qk and v̄k at their respective time steps, resulting
in the following discretized action:

minimize
qrk, q

f
k

2∑
k=1

Lf
d(q

f
k , q

f
k+1) + Lr

d(q
r
k, q

r
k+1) + hF (tk + h

2
)T q̄fk+1

subject to c2(v̄
f
k ) = GT v̄fk = 0,

c3(v̄
f
k ) = Bv̄fk − vbc = 0,

c5(q
r
k) = 0,

c6(v̄
f
k , v̄

r
k) = Ev̄fk − bv̄r(v̄rk) = 0,

(25)
where Bv̄fk extracts fluid velocities located at the fluid-domain
boundary, and c6(v̄

f , v̄r) is expressed using the discretized
immersed boundary method posed in (13). The external force
is additionally modified to account for the convective term,
N(vf ):

F (tk + h
2 ) = Lv̄fk+1 +N(v̄fk+1). (26)

Upon inspection, we note that the derivatives of (8) can be
expressed in terms of q̄f and v̄r using the chain rule:

D2Ld(qk−1, qk) = h( ∂L
∂q̄k

∂q̄k
∂qk︸︷︷︸
1
2

+ ∂L
∂v̄k

∂v̄k
∂qk︸︷︷︸
1
h

), (27)

D1Ld(qk, qk+1) = h( ∂L
∂q̄k+1

∂q̄k+1

∂qk︸ ︷︷ ︸
1
2

+ ∂L
∂v̄k+1

∂v̄k+1

∂qk︸ ︷︷ ︸
− 1

h

). (28)

We can now substitute (27)-(28) into (8). This results in the
following FON conditions for (25) corresponding to the robot

dynamics:

qrk+1 = qrk + hv̄rk+1, (29)

1
2
Mr v̄rk+1 − h

(
∂c5
∂qr

k

)T
λ5,k

− h
(
∂c6
∂v̄r

k

)T
λ6,k = 1

2
Mr v̄rk − hMrg, (30)

as well as that corresponding to the fluid dynamics:
1
2

(
Mf − µhL

)
v̄fk+1 −

h
2
N(v̄fk+1)

+Gpk +Bλ3,k − h( ∂c6

∂v̄
f
k

)Tλ6,k

= 1
2

(
Mf + µhL

)
v̄fk + h

2
N(v̄fk )− hMfg. (31)

Finally, the constraints of (25) form the rest of the FON
conditions:

GT v̄fk+1 = 0, (32)

Bv̄fk+1 − vbc = 0, (33)

Ev̄fk+1 −
bv̄r(v̄rk+1) = 0, (34)

c5(q
r
k+1) = 0. (35)

The system of equations defined by (29)-(35) can be solved
using Newton’s method. Specifically, qrk+1, v̄

r
k+1, v̄

f
k+1 and

the corresponding dual variables can be solved for given
qrk, v̄

r
k, v̄

f
k . Derivatives can then be computed using the implicit

function theorem on the entire multiphysics problem [33].
Upon further inspection, we also note that this integration
scheme results in a 2nd-order implicit leap-frog method [22].

C. An Integral-Form Immersed Boundary Method

As previously mentioned, the immersed boundary method
can be both ill-posed and ill-conditioned due to enforcing
the no-slip constraint at a set of (possibly changing) discrete
node locations. Therefore, we propose a new formulation that
integrates the original immersed boundary method along the
solid-body boundary as shown in Fig. 5:∮

∂Γ

∫
Ω

vfδ(qf − bqr(qr)) dV dS =

∮
∂Γ

bvr(qr, vr)dS, (36)

where
∮
dS denotes a surface integral. We discretize (36)

with piecewise-linear interpolation along the boundary. The
discrete delta function is then integrated along each linear
interpolant, resulting in another convolution matrix for the
following discretized immersed-boundary method:

Ēvf − bvr(vr) = 0, (37)

where Ē is the integrated convolution matrix. Rather than
explicitly formulating a forcing term such as (12), we simply
differentiate through (37) as seen in (30)-(31).

D. Optimization With Fluid-Robot-Multiphysics Gradients
By leveraging its differentiability, we integrate the unified

fluid-robot multiphysics into a gradient-based optimization
process. We begin with the general problem:

minimize
β

J(x1:N )

subject to f(xk+1, xk;β) = 0,
(38)



 cm

9.8 cm

Fig. 6: Our experimental setup, where a bioinspired eel robot
is navigating through a walled cavity of initially still water
measuring 122 × 122 cm. In this work, we parameterize the
robot configuration in maximum coordinates where all link
configurations, [xi, yi, θi], are specified. Joint (i.e., motor)
angles between links i and i+ 1 are denoted as θ̄i.

where β are the optimization parameters; xk = [qr, v̄r, v̄f ]k is
the full fluid-robot state at timestep k; J(x1:N ) is the objective;
and f(xk+1, xk;β) are the implicit dynamics constraints of
our unified fluid-robot multiphysics described by (29)-(35).
Gradient-based optimizers such as L-BFGS [47] solve (38)
using the objective gradient, ∇βJ , which can be computed
via the chain rule:

∇βJ =
( ∂J

∂xN

∂xN

∂β
+

∂J

∂xN

∂xN

∂xN−1

∂xN−1

∂β
+ · · ·

)T
, (39)

where ∂xk

∂β and ∂xk+1

∂xk
are computed by applying the implicit

function theorem [33] to f(xk+1, xk;β). By differentiating
through the unified multiphysics, the gradients also take into
account the sensitivity between the robot and fluid states.

V. EXPERIMENTAL RESULTS

This section presents the results of several validation studies
to evaluate our fluid-robot multiphysics approach. Specifically,
we look at the locomotion problem of an eel robot swimming
through an initially-still fluid environment. We first realize the
simulation of a steady forward-swimming gait before opti-
mizing a C-start escape maneuver to achieve robotic turning
in a desired heading direction. We compare our simulated
trajectories with that of an SPH-based baseline implemented
in Genesis [17] and real-world hardware.

A. Experimental Setup

As shown in Fig. 6, we simulate a swimming pool of
122× 122 cm by defining a cavity of initially still water with
walled boundary conditions. We utilize a 1 cm fluid cell with
an equivalently-sized particle for the SPH baseline to maintain
consistent fidelity. The eel robot consists of 6 segments, each
9.8 cm in length, approximated as rigid, thin plates connected
at their ends via revolute joints. Servo motors drive the joints,

Camera

Pool

Robot Micro-
controller

Motors

Body

Fin

Fig. 7: Experiment setup for sim-to-real validation of bioin-
spired swimming. The walled cavity is recreated in a pool of
equal dimensions, while the eel robot is fully realized on real-
world hardware. The robot hardware is fully untethered with
an onboard battery, a Robotis OpenRB-150 microcontroller,
and Dynamixel XC-330-M288-T servo motors to actuate the
joints. 3D-printed hollow bodies keeps the eel robot afloat
while thin fins are attached beneath to maintain a thin-plate
profile. The head-link configuration is tracked by a top-down-
facing camera via AprilTags [50].

whose PD controllers we simulate to apply joint torques. We
parameterize the robot configuration in maximal coordinates,
which includes all link configurations, {[xi, yi, θi]}6i=1. We
refer to joint angles as θ̄i, i = 1, 2, . . . , 5.

We recreate the simulated environment on real-world hard-
ware as shown in Fig. 7. The eel-robot hardware is designed
to be fully untethered with an onboard 900-mAh battery and a
Robotis OpenRB-150 microcontroller on the head (i.e., first)
link. Subsequent links consist of Dynamixel XC330-M288-T
servo motors to drive the joint angles. The electronics hard-
ware are housed in buoyant, 3D-printed bodies to avoid contact
with the fluid. Thin, rigid fins are attached underneath the
bodies to replicate the thin-plate profile realized in simulation.
A camera is used to track the configuration of the head link
using AprilTags [50].

B. Steady Undulatory Swimming

We first perform steady undulation to realize forward swim-
ming of the eel robot. The joint angles are driven by a
sinusoidal profile with the same amplitude, each with the
appropriate phases to create a traveling wave that undulates at
1 hz with a wavelength equal to the length of the robot body. In
this study, we evaluate swimming performance across multiple
amplitudes of 10◦, 20◦, 30◦, 40◦. Specifically, we compute the
root-mean-square error (RMSE) across a 4-s trajectory of the
head link configuration. This was performed over 20 trials
for each amplitude to compute the mean RMSE and standard
deviations reported in Fig. 8.
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Fig. 8: Average root-mean-square error (RMSE) and associated standard deviations for simulated versus hardware-validated
trajectories of an eel robot’s head-link configuration during steady undulatory swimming. This is performed for joint-angle
amplitudes of 10◦, 20◦, 30◦, and 40◦ across 20 trials per amplitude. Our unified fluid-robot multiphysics (green) consistently
outperforms the smoothed-particle-hydrodynamics baseline (orange) across all undulation amplitudes, with the improvement
becoming more pronounced at higher amplitudes. At 40° amplitude, we achieve error reductions as high as 75% compared to
the baseline, demonstrating that strongly coupled fluid-robot simulation significantly improves fidelity for robotic swimming.
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Fig. 9: Time-lapse sequences showing a multilink eel-robot executing an undulating gait with a 40◦ joint-angle amplitude. The
top row (black) demonstrates the real-world robot, while the middle row (green) is our method and the bottom row (orange) is
the smoothed-particle-hydrodynamics-based (SPH-based) baseline. While our cell-based method is able to closely follow the
forward-swimming seen in the real world, the SPH-based baseline achieves comparatively little forward progress.

As shown in Fig. 8, our unified-multiphysics approach is
able to qualitatively realize the forward-swimming motion
seen on hardware for a 40◦ amplitude. Meanwhile the SPH
baseline achieves comparatively little forward progress. This
appears to be the case for all amplitudes, with our method con-

sistently achieving much lower RMSE error. In the forward-
swimming direction (y), the baseline’s RMSE error appears to
increase with amplitude while our method maintains a more
consistent, slightly decreasing, trend. This results in a nearly
75% improvement for the 40◦ case and suggests that the
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Fig. 10: Kinematic sequence of the eel robot performing a
C-start escape maneuver to achieve rapid turning. During the
bending phase (0–1 second), the robot curls its body into a
characteristic C-shape parameterized by the bending angles
at the joints, θ1:5. In the propulsion phase (1–3 seconds),
the body rapidly straightens and propagates a traveling wave
toward the tail, generating a strong fluid interaction to ac-
celerate in a new heading direction (purple arrows). This
is parameterized by the the traveling wave’s phase, ϕ and
wavelength, λ. In this work, we aim to optimize this gait
(orange) to perform a 90-degree turn from initial rest.

SPH baseline is unsuitable for more dynamic swimming. We
attribute this to the particle-based fluid representation’s poor
satisfaction of physical constraints such as incompressibility
and volume conservation [45, 58].

C. Optimizing a Highly Dynamic C-Start Maneuver

We leverage our method’s differentiability to optimize a
highly dynamic C-start escape maneuver inspired by fish [11,
16, 55]. As shown in Fig. 10, the maneuver involves the
robot curling into a C-shape from an initial vertical orientation
during a bending phase (0-1 seconds), followed by a powerful
transition into undulation during the propulsion phase (1-3
seconds) to achieve fast reorientation and acceleration. We
optimize the gait to perform a 90◦ turn, which is expressed
by the following quadratic objective:

J(xN ) =
1

2
(qcom

N − qgoal)TQ(qcom
N − qgoal), (40)

where qcom
N is the robot’s final-time center-of-mass configura-

tion; qgoal is the goal configuration representing a successful
90◦ turn; and Q is the cost matrix. We optimize over the
joint bending angles, θ̄1:5 during the bend phase, the initial
phase of θ̄1, ϕ, and the wavelength of the undulating wave,
λ, We fix the amplitude per joint to 25◦ to prevent the robot
from hitting the wall. The optimization is performed using
the gradient-based box-constrained L-BFGS algorithm [47]
with bounds of 10◦ ≤ θ̄1:5 ≤ 36◦, −π

2 ≤ ϕ ≤ 0 rad, and
0.5LB ≤ λ ≤ LB , where LB is the body length of the robot.
We begin the optimization with an initial guess of θ̄ig

1:5 = 10◦,
ϕig = −π

3 rad, and λig = 0.6LB . The optimized values
are θ̄∗1:5 = [17◦, 18◦, 20◦, 24◦, 36◦], ϕ∗ = −1.16 rad, and
λ∗ = 0.57LB . The resulting gaits are rolled out in an open-
loop manner, and the corresponding time-lapse sequences are
visualized in Fig. 1.

As shown in Fig. 1, our optimization process is able to cal-
culate gait parameters that successfully realize the desired 90◦

turn. We do note that our method consistently undershoots the
travel distance observed in the real world, which is likely due
to unmodeled free-surface dynamics, servo compliance, thin-
plate geometry approximations, and uncertainty in physical
parameters such as robot mass properties and fluid viscosity.
Despite this sim-to-real gap, the 90◦ turn is still fully realized
on hardware. Meanwhile, the SPH baseline fails to realize both
the appropriate turning and propulsion, further suggesting its
unsuitability for highly dynamic robot-swimming tasks.

D. Computational Cost

Regarding computational cost, a 3-second C-start simulation
at a 100 Hz sample rate in our unified multiphysics frame-
work requires approximately 261 seconds (0.87 seconds per
timestep) on the CPU of an M3-Ultra Mac Studio (28 cores).
The same rollout in Genesis [17] requires approximately 2727
seconds (9.09 seconds per timestep) on the M3-Ultra CPU and
300 seconds (1 seconds per timestep) on an NVIDIA RTX
3070-Ti GPU.

VI. LIMITATIONS

Our unified framework for modeling strongly coupled mul-
tiphysics has several limitations: First, the computational com-
plexity of performing implicit time integration is high, espe-
cially when extended to 3D. Future work is needed to develop
efficient sparsity-exploiting solvers to scale our method to
large-scale problems. Additionally, while the Eulerian fluid
representation is well suited for dynamic tasks like swimming,
it is less convenient for visual rendering than particle-based
methods.

VII. CONCLUSIONS

We have presented a unified framework for deriving and
simulating fluid-robot multiphysics as a single optimization
problem. Specifically, we model the unified least-action princi-
ple from which the coupled differential equations are derived.
We build upon previous works in variational mechanics to dis-
cretize the action directly to simulate the fluid-robot interaction
in a stable, tightly coupled manner. We additionally modify
the original immersed-boundary method to handle articulated
multibody systems found in robotics. We validate our approach
on a bioinspired eel robot, where we realize both undulatory
swimming and fast C-start escape maneuvers via gradient-
based optimization. Compared to a weakly coupled, particle-
based baseline, the resulting swimming behaviors align much
more closely with real-world experiments, showcasing the
importance of representation and coupling for improved sim-
to-real transfer in fluid-robot multiphysics settings.

In future work, we aim to address the computational scala-
bility of our variational method for downstream design and
trajectory-optimization tasks. We also wish to explore the
connections to other CFD methods like implicit large-eddy
simulations. Finally, we hope to extend our framework to other
multiphysics problems such as rigid-soft robots that experience
contact.
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ume 1. Mallet-Bachelier, 1853.

[32] Alex LaGrassa, Moonyoung Lee, and Oliver Kroemer.
Task-Oriented Active Learning of Model Preconditions
for Inaccurate Dynamics Models, 2024.

[33] Jeong Hun Lee, Mike Y. Michelis, Robert Katzschmann,
and Zachary Manchester. Aquarium: A Fully Differ-
entiable Fluid-Structure Interaction Solver for Robotics
Applications. In 2023 IEEE International Conference on
Robotics and Automation (ICRA), pages 11272–11279,
2023. doi: 10.1109/ICRA48891.2023.10161494.

[34] Adrian Lew, Jerrold E Marsden, Michael Ortiz, and
Matthew West. An overview of variational integrators.
Finite element methods, pages 98–115, 1970.

[35] Michael James Lighthill. Large-amplitude elongated-
body theory of fish locomotion. Proceedings of the
Royal Society of London. B. Biological Sciences, 179
(1055):125–138, November 1971. ISSN 0080-4649. doi:
10.1098/rspb.1971.0085.

[36] Xiaozhu Lin, Xiaopei Liu, and Yang Wang. Learning
Agile Swimming: An End-to-End Approach Without
CPGs. IEEE Robotics and Automation Letters, 10(2):
1992–1999, 2025. doi: 10.1109/LRA.2025.3527757.

[37] Wenji Liu, Kai Bai, Xuming He, Shuran Song, Changxi
Zheng, and Xiaopei Liu. FishGym: A High-Performance
Physics-based Simulation Framework for Underwater
Robot Learning. In 2022 International Conference on
Robotics and Automation (ICRA), pages 6268–6275,
2022. doi: 10.1109/ICRA46639.2022.9812066.

[38] Miles Macklin. Warp: A High-performance Python
Framework for GPU Simulation and Graphics, March
2022.

[39] Miles Macklin, Matthias Müller, Nuttapong Chentanez,
and Tae-Yong Kim. Unified particle physics for real-
time applications. ACM Trans. Graph., 33(4), July 2014.
ISSN 0730-0301. doi: 10.1145/2601097.2601152.

[40] Audrey P. Maertens, Amy Gao, and Michael S. Tri-
antafyllou. Optimal undulatory swimming for a single
fish-like body and for a pair of interacting swimmers.

Journal of Fluid Mechanics, 813:301–345, 2017. doi:
10.1017/jfm.2016.845.

[41] JE Marsden and M West. Discrete mechanics and
variational integrators. Acta Numerica, pages 357–514,
2001.

[42] Takahiro Miki, Joonho Lee, Jemin Hwangbo, Lorenz
Wellhausen, Vladlen Koltun, and Marco Hutter. Learning
robust perceptive locomotion for quadrupedal robots in
the wild. Science Robotics, 7(62):eabk2822, 2022. doi:
10.1126/scirobotics.abk2822.

[43] Jason G Miles and Nicholas A Battista. Don’t be jelly:
Exploring effective jellyfish locomotion. arXiv preprint
arXiv:1904.09340, 2019.

[44] Rajat Mittal and Jung Hee Seo. Origin and evolution
of immersed boundary methods in computational fluid
dynamics. Phys. Rev. Fluids, 8(10):100501, October
2023. doi: 10.1103/PhysRevFluids.8.100501.

[45] Prapanch Nair and Gaurav Tomar. Volume conservation
issues in incompressible smoothed particle hydrodynam-
ics. Journal of Computational Physics, 297:689–699,
2015. ISSN 0021-9991. doi: 10.1016/j.jcp.2015.05.042.

[46] Elvis Nava, John Z Zhang, Mike Yan Michelis, Tao Du,
Pingchuan Ma, Benjamin F Grewe, Wojciech Matusik,
and Robert Kevin Katzschmann. Fast Aquatic Swimmer
Optimization with Differentiable Projective Dynamics
and Neural Network Hydrodynamic Models. In Interna-
tional Conference on Machine Learning, pages 16413–
16427. PMLR, 2022.

[47] Jorge Nocedal and Stephen J. Wright. Numerical Opti-
mization. Springer, second edition, 2006.

[48] Guido Novati, Siddhartha Verma, Dmitry Alexeev, Diego
Rossinelli, Wim M Van Rees, and Petros Koumoutsakos.
Synchronisation through learning for two self-propelled
swimmers. Bioinspiration & biomimetics, 12(3):036001,
2017.

[49] Michael O’Connell, Guanya Shi, Xichen Shi, Kamyar
Azizzadenesheli, Anima Anandkumar, Yisong Yue, and
Soon-Jo Chung. Neural-Fly enables rapid learning for
agile flight in strong winds. Science Robotics, 7(66):
eabm6597, 2022. doi: 10.1126/scirobotics.abm6597.

[50] Edwin Olson. AprilTag: A robust and flexible visual
fiducial system. In 2011 IEEE International Conference
on Robotics and Automation, pages 3400–3407, 2011.
doi: 10.1109/ICRA.2011.5979561.

[51] Francisco Palacios, Thomas D Economon, Aniket
Aranake, Sean R Copeland, Amrita K Lonkar, Trent W
Lukaczyk, David E Manosalvas, Kedar R Naik, Santiago
Padron, Brendan Tracey, et al. Stanford university
unstructured (SU2): Analysis and design technology for
turbulent flows. In 52nd Aerospace Sciences Meeting,
page 0243, 2014.

[52] T. C. Papanastasiou, N. Malamataris, and K. Ellwood. A
new outflow boundary condition. International Journal
for Numerical Methods in Fluids, 14(5):587–608, 1992.
doi: 10.1002/fld.1650140506.

[53] Charles S Peskin. The immersed boundary method. Acta



numerica, 11:479–517, 2002.
[54] Yiling Qiao, Junbang Liang, Vladlen Koltun, and Ming

Lin. Differentiable simulation of soft multi-body sys-
tems. Advances in Neural Information Processing Sys-
tems, 34:17123–17135, 2021.

[55] Stefan Schuster. The archerfish predictive C-start. Jour-
nal of comparative physiology. A, Neuroethology, sen-
sory, neural, and behavioral physiology, 209(5):827–837,
September 2023. ISSN 1432-1351 0340-7594. doi:
10.1007/s00359-023-01658-2.

[56] Robert L Seliger and Gerald Beresford Whitham. Vari-
ational principles in continuum mechanics. Proceedings
of the Royal Society of London. Series A. Mathematical
and Physical Sciences, 305(1480):1–25, 1968.

[57] Haochen Shi, Huazhe Xu, Samuel Clarke, Yunzhu Li,
and Jiajun Wu. Robocook: Long-horizon elasto-plastic
object manipulation with diverse tools. arXiv preprint
arXiv:2306.14447, 2023.

[58] Pratik Suchde, Christian Leithäuser, Jörg Kuhnert, and
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