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Abstract—We present GPU-SLS, a GPU-parallelized frame-

work for safe, robust nonlinear model predictive control (MPC)

that scales to high-dimensional uncertain robotic systems and

long planning horizons. Our method jointly optimizes an

inequality-constrained, dynamically-feasible nominal trajectory,

a tracking controller, and a closed-loop reachable set under

disturbance, all in real-time. To efficiently compute nominal

trajectories, we develop a sequential quadratic programming

procedure with a novel GPU-accelerated quadratic program (QP)

solver that uses parallel associative scans and adaptive caching

within an alternating direction method of multipliers (ADMM)

framework. The same GPU QP backend is used to optimize

robust tracking controllers and closed-loop reachable sets via

system level synthesis (SLS), enabling reachability-constrained

control in both fixed- and receding-horizon settings. We achieve

substantial performance gains, reducing nominal trajectory solve

times by 97.7% relative to state-of-the-art CPU solvers and 71.8%

compared to GPU solvers, while accelerating SLS-based control

and reachability by 237→. Despite large problem scales, our

method achieves 100% empirical safety, unlike high-dimensional

learning-based reachability baselines. We validate our approach

on complex nonlinear systems, including whole-body quadrupeds

(61D) and humanoids (75D), synthesizing robust control policies

online on the GPU in 20 milliseconds on average and scaling to

problems with 2→105 decision variables and 8→104 constraints.

I. INTRODUCTION

Safe real-time control is essential for long-duration robotic
operation. This requires methods to both synthesize trajectories
and controllers that satisfy safety and task constraints, and ver-

ify that the resulting closed-loop behavior is robust to distur-

bances. Model-based trajectory optimization methods such as
nonlinear model predictive control (NMPC) [47] address syn-
thesis, while reachability analysis [4], which overapproximates
the set of closed-loop reachable states, enables verification.

Despite their success, constrained trajectory optimization
and reachability methods struggle to scale to large problems.
For legged robots (>60 states), NMPC is often too slow for
real-time, while nonlinear reachability becomes intractable
beyond →10 states [10, 36, 40]. Data-driven reachability
scales better [9, 31, 21], but the resulting estimates are often
inaccurate and compromise safety. System-level synthesis
(SLS) [25, 7] is a scalable alternative, enabling reachability
analysis and the co-design of robust control policies [38, 39].
However, existing SLS methods are too slow for real-time
control of high-dimensional robotic systems. While GPU
acceleration can enable real-time NMPC [5, 49, 2], existing
methods largely ignore inequality constraints and reachability,
and therefore cannot guarantee safety under uncertainty.
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Fig. 1. (a): GPU-accelerated nonlinear constrained whole-body control (61
states, 12 controls) executed on hardware with a Unitree Go2 EDU quadruped,
navigating through an obstacle field in real-time at 50 Hz. (b): Overhead view
of simulated positions reconstructed from hardware-experiment data showing
successful navigation around the obstacles. (c): Graph illustrating minimum
distance to any obstacle, demonstrating zero obstacle collisions.

To close these gaps, we propose a GPU-parallelized
method for robust NMPC ensuring constraint satisfaction
under disturbance. Our key insight is that local dynamics

linearizations reduce constrained trajectory planning and

reachability analysis to GPU-friendly matrix operations,

enabling robust and rapid large-scale robotic control. We
use the alternating direction method of multipliers (ADMM)
and the temporal structure of optimal control problems to
jointly optimize a constrained nominal trajectory and a robust
tracking controller. We achieve computational efficiency by
caching ADMM iteration-invariant computations and applying
logarithmic-depth horizon splitting via parallel associative
scans. We ensure robustness by computing forward reachable
sets of the optimized closed-loop dynamics using SLS on
GPU, with an analogous logarithmic-depth parallelization,
yielding margins that are used to tighten constraints in the
nominal trajectory planning. For a horizon of length N with
state and control dimensions nx and nu, we achieve a runtime
of O(log N log2

nx + log2
nu), improving upon the prior

state-of-the-art O(N(n3
x + n

3
u)) [38], and enabling real-time,

large-scale robotic control. Our contributions are:

• An ADMM-based, GPU-accelerated inequality-
constrained linear quadratic regulator (LQR) solver lever-
aging factorization caching and parallel associative scans.

• A real-time NMPC method embedding the LQR solver in
a sequential quadratic programming (SQP) loop, enabling
nonlinear inequality-constrained trajectory optimization
at a cost of O(log N log2

nx+log2
nu) per SQP iteration.

• A unified method for real-time reachability, trajectory op-

https://trustworthyrobotics.github.io/gpu_sls_site/
https://github.com/trustworthyrobotics/gpu_sls
https://youtu.be/JbViVhenPTw


timization, and disturbance-feedback synthesis via SLS,
with per-iteration complexity O(log N log2

nx+log2
nu).

• Evaluation on large-scale problems, including humanoid
(75D) control and hardware validation of whole-body
quadruped (61D) control, with up to 3 ↑ 103 horizon,
2 ↑ 105 decision variables, and 8 ↑ 104 constraints,
surpassing baselines in safety rate and solve speed.

II. RELATED WORK

A. Robust Control, Reachability Analysis, and SLS

Safety verification is commonly performed via reachability
analysis [4], which computes forward invariant sets. Hamil-
ton–Jacobi (HJ) reachability [10] provides strong guaran-
tees but scales poorly due to high-dimensional PDEs, lim-
iting it to low-dimensional systems. Control barrier func-
tions (CBFs) [6] offer an alternative, yet synthesizing valid
CBFs remains difficult [20]. Data-driven variants scale fur-
ther [48, 50, 53, 21] but are often heuristic and may vio-
late safety in practice [18, 43]; learning-based HJ methods
face similar reliability concerns [9]. Robust and tube-based
MPC [47, 41, 34, 37, 42, 1] enforce constraint satisfaction
by tightening nominal constraints using reachable sets of
the closed-loop system. However, directly enforcing closed-
loop constraints is typically nonconvex [25], leading many
methods to rely on conservative overapproximations, often by
fixing a feedback policy and computing invariant tubes around
nominal trajectories [35] via sums-of-squares [51, 40], HJ
reachability [26], and contraction [16, 33, 17, 52, 32]. While
effective, this can be overly conservative. In contrast, SLS, also
known as disturbance-feedback MPC [25, 8], offers a convex
parameterization of closed-loop responses for linear time-
varying (LTV) systems, enabling robust constraint satisfaction
under disturbance [15, 11]. Recent work extends SLS to non-
linear dynamics and constraints [39, 57]. We build on the SLS
framework and leverage GPU parallelism to scale reachability
and NMPC to large-scale systems, while maintaining sound
reachable-set overapproximations under bounded disturbance.

B. CPU and GPU Parallelization for MPC

Recent work has focused on accelerating MPC solvers
via parallelization and first-order methods like ADMM.
TinyMPC [44] caches factorizations for fast linear solves on
embedded platforms, while ReLU-QP [12] unrolls ADMM
iterations as a neural-network-like forward pass for GPU
speed. However, these methodologies do not extend to NMPC.
MPCGPU [2, 3, 30] accelerates NMPC on GPUs but lacks
native inequality constraint support, and naive penalty ap-
proaches converge slower than our ADMM-based method
(Sec. V). [28] reduces horizon complexity by a constant factor
through a limited number of parallel trajectory segments,
however, does not fully exploit the massive parallelism of
GPUs. [46] performs cyclic reductions on the KKT system,
introducing increased numerical sensitivity, especially under
ill-conditioned systems. [29] uses an augmented Lagrangian
without operator splitting, making convergence sensitive to

inexact solves and the penalty parameter [22, 23]. ADMM-
based OSQP [55] uses a direct LDL

→ factorization of the
KKT matrix, limiting scalability and parallelization.

Interior-point methods handle inequalities but are hard to
parallelize. HPIPM [24] exploits dense CPU linear algebra,
yet its Riccati recursions create sequential horizon depen-
dencies. Just-In-Time Newton [27] adapts interior-point ideas
to GPUs using associative scans, but dense floating point
computations and multiple scans often underperform opti-
mized CPU baselines. Scan-based trajectory optimization, e.g.,
Temporal-in-Time [49] and Primal-Dual iLQR [5], enables
GPU acceleration, yet constraint handling is limited and robust
satisfaction under uncertainty is not addressed. Existing GPU
methods mainly target linear or LTI systems, lack nonlinear
inequality support, or lack robustness guarantees. Furthermore,
second-order methods such as HPIPM are sensitive to ill-
conditioning due to their reliance on multiple factorization
stages and condensing routines. Limited GPU precision, es-
pecially with single-precision arithmetic can degrade stability
and convergence behavior. In contrast, first-order methods such
as ADMM empirically are more robust to ill-conditioning. Mo-
tivated by this, we design a GPU-parallel ADMM method to
efficiently solve robust nonlinear MPC with formal guarantees.

III. PRELIMINARIES AND PROBLEM STATEMENT

Notation: We use subscripts (e.g. xk) to denote the time index
k, superscripts (s) for the SQP outer-iteration index and (t)
for the ADMM inner-iteration index. We denote the Frobenius
norm of a matrix A ↓ Rm↑n as ↔A↔

2
F := Trace(A→

A),
Sn

++ as the set of symmetric positive definite matrices of size
n ↑ n, and [N ] := {0, ..., N ↗ 1} and [M, N ] := {M, ..., N}

for M, N ↓ N. For a matrix A ↓ Rn↑p we define the
row-wise Euclidean norm ↔A↔2,row ↓ Rn by ↔A↔2,row :=
[↔A1,:↔2, . . . , ↔An,:↔2]

→
.

A. Problem Statement

We consider uncertain discrete-time nonlinear dynamics

xk+1 = f(xk, uk) + E(xk)wk, (1)

where xk ↓ Rnx denotes the system state at time step k,
uk ↓ Rnu denotes the control input, f : Rnx ↑ Rnu ↘ Rnx

the dynamics function, E : Rnx ↘ Rnx↑nx the disturbance
scaling function, and wk ↓ Enx

:= {w ↓ Rnx , ↔w↔2 ≃ 1} the
disturbance, normalized to be contained in a unit ball.

We consider the problem of designing an optimal controller
ω(·) for the following robust nonlinear control problem:

min
ω(·)

J (x̄, ω(·)) (2a)

s.t. xk+1 = f(xk, uk) + E(xk)wk, ⇐k ↓ [N ], (2b)
x0 = x̄0, (2c)
uk = ωk(x0:k), ⇐k ↓ [N ], (2d)
g(xk, uk) ≃ 0, ⇐k ↓ [N ], ⇐wk ↓ Enx , (2e)
g

f (xN ) ≃ 0, ⇐wN ↓ Enx , (2f)



where ω = (ω0, . . . , ωN ) is a sequence of causal control
policies, x̄0 ↓ Rnx is the initial state, g : Rnx ↑ Rnu ↘ Rnc

denotes the stagewise state-input constraints, and g
f : Rnx ↘

Rnf the terminal constraint. As (2) is an intractable infinite-
dimensional policy optimization, approximate methods typi-
cally decompose it by solving for (A) a nominal state-input tra-
jectory and (B) a feedback controller around this nominal so-
lution. Our solution uses the formalism of NMPC for (A) (Sec.
III-B) and system level synthesis (SLS) for (B) (Sec. III-D).

B. Nonlinear Model Predictive Control (NMPC)

NMPC is a strategy that repeatedly solves the following
optimal control problem given an initial state x̄0 ↓ Rnx

min
X, U

J(X, U) := εf (xN ) +
∑N↓1

k=0 ε(xk, uk) (3a)

s.t. xk+1 = f(xk, uk), ⇐k ↓ [N ], (3b)
x0 = x̄0, (3c)
g(xk, uk) ≃ 0, ⇐k ↓ [N ], g

f (xN ) ≃ 0, (3d)

yielding an open-loop nominal state trajectory X := {xk}
N
k=0

and control sequence U := {uk}
N↓1
k=0 over a horizon

of length N that minimizes a nonlinear cost function
J : Rnx(N+1)

↑ RnuN with running ε : Rnx ↑ Rnu ↘ R and
terminal costs εf : Rnx ↘ R, subject to the nominal dynamics
(3b), and the constraints (3d). It is commonly solved using se-
quential quadratic programming (SQP) [45], which linearizes
the nonlinear dynamics and constraints and forms a quadratic
approximation of the Lagrangian around a nominal trajectory.
At each SQP iteration, we form the associated Lagrangian

L(X, U, µ, ϑ, ϖ) = J(X, U) + µ
→
0 (x̄0 ↗ x0)

+
∑N↓1

k=0 µ
→
k+1 (f(xk, uk) ↗ xk+1)

+
∑N↓1

k=0 ϑ
→
k g(xk, uk) + ϖ

→
g

f (xN ),

(4)

where µk ↓ Rnx are the Lagrange multipliers for the dynamics
constraints, ϑk ↓ Rnc

↔0 for the stage inequality constraints, and
ϖ ↓ Rnf

↔0 for the terminal inequality constraint. Linearizing the
dynamics and constraints around the current nominal trajectory
ϱ
(s) := (x(s)

, u
(s)) and forming a quadratic approximation of

the Lagrangian (4) yields the structured LTV-QP (5):

min
εx,εu

JQP(ςx, ςu) :=
N↓1∑

k=0

1

2

[
ςxk

ςuk

]→[
Qk S

→
k

Sk Rk

][
ςxk

ςuk

]

+

[
qk

rk

]→ [
ςxk

ςuk

]
+

1

2
ςx

→
NQNςxN + q

→
NςxN (5a)

s.t. ςxk+1 = Akςxk + Bkςuk + bk, ⇐k ↓ [N ], (5b)

ςx0 = x̄0 ↗ x
(s)
0 , (5c)

Ckςxk + Dkςuk ≃ fk, ⇐k ↓ [N ], (5d)
CNςxN ≃ fN , (5e)

where

ςxk = xk ↗ x
(s)
k ςuk = uk ↗ u

(s)
k (6a)

Ak = ⇒xf |
ϑ(s)
k

, Bk = ⇒uf |
ϑ(s)
k

, (6b)

Ck = ⇒xg |
ϑ(s)
k

, Dk = ⇒ug |
ϑ(s)
k

, (6c)

CN = ⇒xgf |
x(s)
N

, (6d)

fk = ↗g(x(s)
k , u

(s)
k ), fN = ↗gf (x(s)

N ). (6e)

The quadratic terms are approximated by
[
Qk S

→
k

Sk Rk

]
= ⇒

2
(xk,uk)Lk |

ϑ(s)
k

, QN = ⇒
2
xk

LN |
x(s)
N

, (7a)

qk = ⇒xkLk|
ϑ(s)
k

rk = ⇒ukLk|
ϑ(s)
k

(7b)

qN = ⇒xN LN |
x(s)
N

. (7c)

The solution of the LTV-QP (5) yields search direction
ςϱ := (ςx, ςu), which updates the nominal iterate as
x

(s+1) = x
(s) + φςx and u

(s+1) = u
(s) + φςu, with step

size φ ↓ (0, 1]. This reduces NMPC to a sequence of
constrained optimal control problems with linear time-varying
(LTV) dynamics, posed as quadratic programs (QPs), whose
solutions iteratively update the nominal trajectories [47].

C. Alternating Direction Method of Multipliers (ADMM)

The ADMM [14] is a first-order method to efficiently solve
constrained QPs. We consider a generic QP of the form

min
x↗C

f(x) (8)

where f : Rn
↘ R is convex and C ⇑ Rn is a convex set.

ADMM absorbs the set constraints x ↓ C into the objective
via a split variable z and an indicator function, reformulating
(8) into

min
x,z

f(x) + IC(z) s.t. x = z, (9a)

IC(z) =

{
0 z ↓ C

+⇓ otherwise,
(9b)

and solves it using an augmented Lagrangian

LA(x, z,↼) := f(x)+ IC(z)+↼
→(x↗ z)+ ϖ

2↔x↗ z↔
2
2, (10)

where ↼ ↓ Rn is the Lagrange multiplier and ↽ ↓ R>0 is a
scalar penalty parameter. ADMM proceeds by alternating be-
tween 1) minimizing (10) with respect to the primal variables
x and z, and 2) performing a gradient ascent step on the dual
variable ↼, i.e., at iteration t, ADMM performs the updates

x
(t+1) := arg min

x
LA(x, z

(t)
, ↼

(t)), (11)

z
(t+1) := arg min

z
LA(x(t+1)

, z, ↼
(t)), (12)

↼
(t+1) :=↼

(t) + ↽(x(t+1)
↗ z

(t+1)). (13)

In ADMM formulations tailored for QPs, (11) corresponds to
the solution of an unconstrained QP, (12) reduces to a projec-
tion onto C, and the dual variable ↼ is updated via a simple
ascent step (13). By iterating over updates (11)-(13), ADMM
is guaranteed to converge to an optimal solution of (8) [14].



D. System Level Synthesis

NMPC alone does not robustly guarantee safety under
disturbance. To do so, we unify NMPC with SLS, which
optimizes over causal disturbance feedback controllers

uk = vk +
∑k↓1

j=0 !u
k,jwj , (14)

with nominal control vk ↓ Rnu , i.e., we assign a distinct dis-
turbance feedback matrix !u

k,j ↓ Rnu↑nx for each disturbance
wj and control uk for k > j. For uncertain LTV dynamics

xk+1 = Akxk + Bkuk + Ekwk, (15)

it can be shown using standard algebraic manipulations [8] that
the resulting closed-loop state sequence can be expressed as

xk = zk +
∑k↓1

j=0 !x
k,jwj , z0 = x̄0, (16)

where zk ↓ Rnx is the nominal state and !x
k,j ↓ Rnx↑nx

captures the influence of disturbance wj on state xk. Starting
with !x

j+1,j = Ej , SLS propagates the disturbance via

!x
k+1,j = Ak!

x
k,j + Bk!

u
k,j , (17)

for all j ↓ [N ] and k ↓ [j + 1, N ↗ 1]. Since (16) and (14)
describe the true closed-loop trajectory under a disturbance
sequence, enforcing constraints over a worst-case disturbance
set ensures robustness. Using this idea, SLS can be extended
to nonlinear systems by planning a nominal trajectory and
modeling tracking errors as an LTV system (15), where Ek

can be chosen to bound linearization error [57, 39]. We note
that we do not formally consider linearization error, however,
such bounds can be formally incorporated following [39],
albeit at the cost of increased conservativeness. This yields
an approximate solution to the robust NMPC problem (2):

min
X, U,!

J(X, U) + H̃0(!) (18a)

s.t. xk+1 = f(xk, uk), ⇐k ↓ [N ], x0 = x̄0, (18b)

!x
k+1,j = A

(s)
k !x

k,j + B
(s)
k !u

k,j , (18c)
⇐j ↓ [N ], ⇐k ↓ [j + 1, N ↗ 1],

!x
j+1,j = E(xj), (18d)

g(xk, uk) + hk(!) ≃ 0, ⇐k ↓ [N ], (18e)
g

f (xN ) + h
f (!) ≃ 0, (18f)

where A
(s)
k , B

(s)
k are the linearized dynamics (5b) at stage k.

We define the stacked constraint tightenings as

hk(!) =
∑k↓1

j=0

∥∥(C(s)
k

)
!x

k,j +
(
D

(s)
k

)
!u

k,j

∥∥
2,row

(19a)

h
f (!) =

∑N↓1
j=0

∥∥(C(s)
N

)
!x

N,j

∥∥
2,row

. (19b)

where C
(s)
k , D

(s)
k , C

(s)
N are the linearized constraints (5d)-(5e).

The vectors hk(!) and h
f (!) quantify conservative margins

induced by the propagation of disturbances through the
closed-loop dynamics, and are used to robustly enforce the
constraints. We define

H̃0(!) =
N↓1∑

j=0

(N↓1∑

k=j

(
↔Q̄

1
2 !x

k,j↔
2
F + ↔R̄

1
2 !u

k,j↔
2
F

)

+ ↔Q̄

1
2
N!x

N,j↔
2
F

)
,

(20)

where ! collects all !x
,!u and Q̄ ↓ Snx

++, R̄ ↓ Snu
++, Q̄N ↓

Snx
++ define a quadratic cost on the system-level responses

!. The state-of-the-art solver for (18) is FastSLS [38], which
decomposes (18) into an iterative procedure that alternates
between optimizing a (A) nominal trajectory and a (B) robust
controller. The nominal trajectory (X,U) is computed by
solving a constraint-tightened NMPC,

min
X, U

J(X, U) (21a)

s.t. xk+1 = f(xk, uk), ⇐k ↓ [N ], x0 = x̄0, (21b)
g(xk, uk) + hk(!) ≃ 0, ⇐k ↓ [N ], (21c)
g

f (xN ) + h
f (!) ≃ 0. (21d)

By defining g
↘(xk, uk) := g(xk, uk) + hk(!) and

g
f→

(xN ) := g
f (xN )+h

f (!), (21) mirrors the structure of (2)
and can be solved using the method described in Sec. III-B
and Sec. IV-A. After the nominal trajectory update, FastSLS
solves for the robust controller update to obtain ! using:

min
!x,!u

N↓1∑

j=0




N↓1∑

k=j

↔Qk,j!k,j↔
2
F + ↔QN,j!

x
N,j↔

2
F



 (22a)

s.t. !x
k+1,j = A

(s)
k !x

k,j + B
(s)
k !u

k,j , (22b)
!x

j+1,j = Ej , ⇐j ↓ [N ], ⇐k ↓ [j + 1, N ↗ 1], (22c)

where !k,j :=
[
!x

k,j
→ !u

k,j
→
→

. We define the concatenation
and block decomposition

Qk,j =


diag

(⇔
⇀k,j

) [
C

(s)
k D

(s)
k


,

[
Q̄

1
2 0

0 R̄
1
2

]
,

QN,j =
(

diag
(⇔

⇀N,j

)
C

(s)
N , Q̄

1
2
N

)
,

[
Q

x
k,j Q

xu
k,j

Q
ux
k,j Q

u
k,j

]
:= Q

→
k,jQk,j .

(23)

where ⇀ is the Lagrange multiplier that enforces consistency
between the nominal optimization and controller synthesis and
Q

x
k,j ↓ Snx

++, Q
u
k,j ↓ Snu

++, Q
xu
k,j ↓ Rnx↑nu , Q

ux
k,j ↓ Rnu↑nx .

IV. METHOD

We present an efficient framework to solve (2) using NMPC
and SLS on the GPU. First, Sec. IV-A introduces a GPU
accelerated ADMM-based method for efficiently solving the
structured LTV-QPs in each SQP iteration, accelerating nomi-
nal NMPC. Second, Sec. IV-B details our parallelized solution
of the robust SLS control synthesis problem, accelerating
control design and reachability analysis. Sec. IV-C describes
the Real-Time Iteration (RTI) approach used to enable online
simultaneous reachability analysis and trajectory optimization.

A. GPU ADMM QP Solver

We solve LTV-QPs of the form (5) using a GPU-parallelized
ADMM QP solver. We introduce the split variable z :=
(z0, . . . , zN ) that tracks the left-hand side of the linearized
inequality constraints (5d)-(5e), i.e., we define

zk = Ckςxk + Dkςuk, ⇐k ↓ [N ]; zN = CNςxN . (24)



GPU ADMM QP Solver (Sec. IV.A)

QP update

Projection

Dual ascent

Caching + log-depth PAS:

GEMM:

GPU SLS Control Design (Sec. IV.B) Closed-loop Reachability 
via SLS (Sec. III.D)

SLS 
duals

Jacobian computations,    Gauss-Newton Hessian estimates,    offset computations:

Backward 
pass 

Forward 
pass

Constraint tightenings
(i.e., reachable sets)

Log-depth PAS:

Log-depth PAS:
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<latexit sha1_base64="7DiA+btCOey+nLY7tlcH40A/g6w=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCtYWZoWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknSgU34LrfTmVldW19o7pZ29re2d2r7x88GpVpyjpUCaV7ETFMcMk6wEGwXqoZSSLButH4tvC7T0wbruQDTFIWJmQoecwpASv5QUJgFMVBe8T79YbbdGfAy8QrSQOVaPfrX8FA0SxhEqggxviem0KYEw2cCjatBZlhKaFjMmS+pZIkzIT5LPIUn1hlgGOl7ZOAZ+rvjZwkxkySyE4WEc2iV4j/eX4G8XWYc5lmwCSdfxRnAoPCxf14wDWjICaWEKq5zYrpiGhCwbZUsyV4iycvk8ezpnfZvLg/b7Ruyjqq6Agdo1PkoSvUQneojTqIIoWe0St6c8B5cd6dj/loxSl3DtEfOJ8/PK6RPQ==</latexit>

�

<latexit sha1_base64="7DiA+btCOey+nLY7tlcH40A/g6w=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCtYWZoWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknSgU34LrfTmVldW19o7pZ29re2d2r7x88GpVpyjpUCaV7ETFMcMk6wEGwXqoZSSLButH4tvC7T0wbruQDTFIWJmQoecwpASv5QUJgFMVBe8T79YbbdGfAy8QrSQOVaPfrX8FA0SxhEqggxviem0KYEw2cCjatBZlhKaFjMmS+pZIkzIT5LPIUn1hlgGOl7ZOAZ+rvjZwkxkySyE4WEc2iV4j/eX4G8XWYc5lmwCSdfxRnAoPCxf14wDWjICaWEKq5zYrpiGhCwbZUsyV4iycvk8ezpnfZvLg/b7Ruyjqq6Agdo1PkoSvUQneojTqIIoWe0St6c8B5cd6dj/loxSl3DtEfOJ8/PK6RPQ==</latexit>

�
<latexit sha1_base64="hnLXyj98SyWJxboWlxO2Ayd1ueI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpl26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVlLVoLGLdCYlhgivWQo6CdRLNiAwFa4fj29xvPzFteKwecJKwQJKh4hGnBHOphyTtV2te3ZvBXSZ+QWpQoNmvfvUGMU0lU0gFMabrewkGGdHIqWDTSi81LCF0TIasa6kikpkgm906dU+sMnCjWNtS6M7U3xMZkcZMZGg7JcGRWfRy8T+vm2J0HWRcJSkyReeLolS4GLv54+6Aa0ZRTCwhVHN7q0tHRBOKNp6KDcFffHmZPJ7V/cv6xf15rXFTxFGGIziGU/DhChpwB01oAYURPMMrvDnSeXHenY95a8kpZg7hD5zPHyRtjlI=</latexit>

⌧

<latexit sha1_base64="MhI7EqBuRNhBGUJ1UvkKx51sAIw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsCCURX8uiG1dawT6gCWEynbRDJ5MwMxFL6Ce48VfcuFDErUt3/o2TtIJWDwxzOOde7r3HjxmVyrI+jcLM7Nz8QnGxtLS8srpmrm80ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPzjO/dUuEpBG/UcOYuCHqcRpQjJSWPHPXCZHqY8TSq1HFYVEPXsL8494d3P+myZ5nlq2qlQP+JfaElMEEdc/8cLoRTkLCFWZIyo5txcpNkVAUMzIqOYkkMcID1CMdTTkKiXTT/KAR3NFKFwaR0I8rmKs/O1IUSjkMfV2ZrS+nvUz8z+skKjh1U8rjRBGOx4OChEEVwSwd2KWCYMWGmiAsqN4V4j4SCCudYUmHYE+f/Jc0D6r2cfXo+rBcO5vEUQRbYBtUgA1OQA1cgDpoAAzuwSN4Bi/Gg/FkvBpv49KCMenZBL9gvH8BjBObow==</latexit>

O(log N log nx + log nu)

Fully parallel:
<latexit sha1_base64="cHU2yjTbF+bNgrqLxo5YZlXJHXY=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyURX8uiG3dWsA9oY5lMJ+3QySTMTJQS8h9uXCji1n9x5984abPQ1gMDh3Pu5Z45XsSZ0rb9bRWWlldW14rrpY3Nre2d8u5eS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+Drz249UKhaKez2JqBvgoWA+I1gb6aEXYD0imCe3adU57pcrds2eAi0SJycVyNHol796g5DEARWacKxU17Ej7SZYakY4TUu9WNEIkzEe0q6hAgdUuck0dYqOjDJAfijNExpN1d8bCQ6UmgSemcxSqnkvE//zurH2L92EiSjWVJDZIT/mSIcoqwANmKRE84khmEhmsiIywhITbYoqmRKc+S8vktZJzTmvnd2dVupXeR1FOIBDqIIDF1CHG2hAEwhIeIZXeLOerBfr3fqYjRasfGcf/sD6/AHK0ZIP</latexit>

O(1)

<latexit sha1_base64="BQFI/6KZOGUflb7xWdIF9qXwpaM=">AAACC3icbZDLSsNAFIYn9VbrLerSzdAiVJSSiLdl0Y3LCvYCbSyTyaQdOrkwcyKW0L0bX8WNC0Xc+gLufBunbQSt/jDw851zOHN+NxZcgWV9Grm5+YXFpfxyYWV1bX3D3NxqqCiRlNVpJCLZcoligoesDhwEa8WSkcAVrOkOLsb15i2TikfhNQxj5gSkF3KfUwIadc1ix2MCCL67Scuwb++NDnBGkm/SNUtWxZoI/zV2ZkooU61rfnS8iCYBC4EKolTbtmJwUiKBU8FGhU6iWEzogPRYW9uQBEw56eSWEd7VxMN+JPULAU/oz4mUBEoNA1d3BgT6arY2hv/V2gn4Z07KwzgBFtLpIj8RGCI8DgZ7XDIKYqgNoZLrv2LaJ5JQ0PEVdAj27Ml/TeOwYp9Ujq+OStXzLI482kFFVEY2OkVVdIlqqI4oukeP6Bm9GA/Gk/FqvE1bc0Y2s41+yXj/AixomTw=</latexit>

�x
(t+1)

, �u
(t+1)

<latexit sha1_base64="1RYW+1SG+JLv9hDPjg+FkvKY99c=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAiQtgVX8egF48RzEOSNcxOZpMhM7PLzKwQl3yFFw+KePVzvPk3TpI9aGJBQ1HVTXdXEHOmjet+OwuLS8srq7m1/PrG5tZ2YWe3rqNEEVojEY9UM8CaciZpzTDDaTNWFIuA00YwuB77jUeqNIvknRnG1Be4J1nICDZWun96SEvm2DsadQpFt+xOgOaJl5EiZKh2Cl/tbkQSQaUhHGvd8tzY+ClWhhFOR/l2ommMyQD3aMtSiQXVfjo5eIQOrdJFYaRsSYMm6u+JFAuthyKwnQKbvp71xuJ/Xisx4aWfMhknhkoyXRQmHJkIjb9HXaYoMXxoCSaK2VsR6WOFibEZ5W0I3uzL86R+UvbOy2e3p8XKVRZHDvbhAErgwQVU4AaqUAMCAp7hFd4c5bw4787HtHXByWb24A+czx/daI/P</latexit>

z
(t+1)

<latexit sha1_base64="ENkh4QCeW16+amYjevgklDF1kCM=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQEUoivpZFNy4r2Ae0sUwmk3boZBJmJkIN/RI3LhRx66e482+ctllo64GBwznncu8cP+FMacf5tpaWV1bX1gsbxc2t7Z2SvbvXVHEqCW2QmMey7WNFORO0oZnmtJ1IiiOf05Y/vJn4rUcqFYvFvR4l1ItwX7CQEayN1LNLXW7CAX7IKvrEPR737LJTdaZAi8TNSRly1Hv2VzeISRpRoQnHSnVcJ9FehqVmhNNxsZsqmmAyxH3aMVTgiCovmx4+RkdGCVAYS/OERlP190SGI6VGkW+SEdYDNe9NxP+8TqrDKy9jIkk1FWS2KEw50jGatIACJinRfGQIJpKZWxEZYImJNl0VTQnu/JcXSfO06l5Uz+/OyrXrvI4CHMAhVMCFS6jBLdShAQRSeIZXeLOerBfr3fqYRZesfGYf/sD6/AG7GZJ/</latexit>

�
(t+1)

<latexit sha1_base64="cHU2yjTbF+bNgrqLxo5YZlXJHXY=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyURX8uiG3dWsA9oY5lMJ+3QySTMTJQS8h9uXCji1n9x5984abPQ1gMDh3Pu5Z45XsSZ0rb9bRWWlldW14rrpY3Nre2d8u5eS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+Drz249UKhaKez2JqBvgoWA+I1gb6aEXYD0imCe3adU57pcrds2eAi0SJycVyNHol796g5DEARWacKxU17Ej7SZYakY4TUu9WNEIkzEe0q6hAgdUuck0dYqOjDJAfijNExpN1d8bCQ6UmgSemcxSqnkvE//zurH2L92EiSjWVJDZIT/mSIcoqwANmKRE84khmEhmsiIywhITbYoqmRKc+S8vktZJzTmvnd2dVupXeR1FOIBDqIIDF1CHG2hAEwhIeIZXeLOerBfr3fqYjRasfGcf/sD6/AHK0ZIP</latexit>

O(1)

<latexit sha1_base64="tgfVY73nRGeaNh+a9Q/I18ipj8w=">AAACFHicbVDLSgMxFM34rPU16tJNsAiVQpkpvpZFN660gn1AZxwyadqGZjJDkhHL0I9w46+4caGIWxfu/Bsz7YDaeiHk5Jx7uTnHjxiVyrK+jLn5hcWl5dxKfnVtfWPT3NpuyDAWmNRxyELR8pEkjHJSV1Qx0ooEQYHPSNMfnKd6844ISUN+o4YRcQPU47RLMVKa8sySEyDVx4glV6Oiw8IevITpdVuB3LuHpZ9HfOCZBatsjQvOAjsDBZBVzTM/nU6I44BwhRmSsm1bkXITJBTFjIzyTixJhPAA9UhbQ44CIt1kbGoE9zXTgd1Q6MMVHLO/JxIUSDkMfN2ZWpDTWkr+p7Vj1T11E8qjWBGOJ4u6MYMqhGlCsEMFwYoNNUBYUP1XiPtIIKx0jnkdgj1teRY0KmX7uHx0fVionmVx5MAu2ANFYIMTUAUXoAbqAIMH8ARewKvxaDwbb8b7pHXOyGZ2wJ8yPr4BDEyc6w==</latexit>

O(log N log2
nx + log2

nu)

<latexit sha1_base64="MhI7EqBuRNhBGUJ1UvkKx51sAIw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsCCURX8uiG1dawT6gCWEynbRDJ5MwMxFL6Ce48VfcuFDErUt3/o2TtIJWDwxzOOde7r3HjxmVyrI+jcLM7Nz8QnGxtLS8srpmrm80ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPzjO/dUuEpBG/UcOYuCHqcRpQjJSWPHPXCZHqY8TSq1HFYVEPXsL8494d3P+myZ5nlq2qlQP+JfaElMEEdc/8cLoRTkLCFWZIyo5txcpNkVAUMzIqOYkkMcID1CMdTTkKiXTT/KAR3NFKFwaR0I8rmKs/O1IUSjkMfV2ZrS+nvUz8z+skKjh1U8rjRBGOx4OChEEVwSwd2KWCYMWGmiAsqN4V4j4SCCudYUmHYE+f/Jc0D6r2cfXo+rBcO5vEUQRbYBtUgA1OQA1cgDpoAAzuwSN4Bi/Gg/FkvBpv49KCMenZBL9gvH8BjBObow==</latexit>

O(log N log nx + log nu)

Closed-
loop

response
<latexit sha1_base64="4ehIrLtT5gBLz7JytCouEkMyS5U=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpICURX8uiG5cV7AOaGCbTSTN0MgkzE6GE/oEbf8WNC0XcunXn3zhps9DWAxcO59zLvff4CaNSWda3UVpYXFpeKa9W1tY3NrfM7Z22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzhde53HoiQNOZ3apQQN0IDTgOKkdKSZx6G3rDmREiFfpA5zZCOj45heB/MaJ5ZterWBHCe2AWpggJNz/xy+jFOI8IVZkjKnm0lys2QUBQzMq44qSQJwkM0ID1NOYqIdLPJP2N4oJU+DGKhiys4UX9PZCiSchT5ujO/Us56ufif10tVcOlmlCepIhxPFwUpgyqGeTiwTwXBio00QVhQfSvEIRIIKx1hRYdgz748T9ondfu8fnZ7Wm1cFXGUwR7YBzVggwvQADegCVoAg0fwDF7Bm/FkvBjvxse0tWQUM7vgD4zPH/w7nAM=</latexit>

hk(�), hf (�)

<latexit sha1_base64="cUCQOcOMyW9q9PIW4E8qP/ow3TY=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VoQUoivpZFNy4r2Ae0IUwmk3bo5MHMjVhCt278FTcuFHHrH7jzb5y2WWjrgYFzz7mXO/d4ieAKLOvbKCwtr6yuFddLG5tb2zvm7l5LxamkrEljEcuORxQTPGJN4CBYJ5GMhJ5gbW94PfHb90wqHkd3MEqYE5J+xANOCWjJNXGl5zMBBD+4WUVVx8c4r9NZXXXNslWzpsCLxM5JGeVouOZXz49pGrIIqCBKdW0rAScjEjgVbFzqpYolhA5Jn3U1jUjIlJNNLxnjI634OIilfhHgqfp7IiOhUqPQ050hgYGa9ybif143heDSyXiUpMAiOlsUpAJDjCexYJ9LRkGMNCFUcv1XTAdEEgo6vJIOwZ4/eZG0Tmr2ee3s9rRcv8rjKKIDdIgqyEYXqI5uUAM1EUWP6Bm9ojfjyXgx3o2PWWvByGf20R8Ynz8wRJjB</latexit>

(�x(s), �u(s))

<latexit sha1_base64="g51vFB/uK2wWNLMzdqohrASdNa4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCC1KScTbsujGZQV7gTaEyXTSDp1cmJmIJXbhq7hxoYhbX8Odb+O0jaDVHwY+/nMO58zvxZxJZVmfRm5ufmFxKb9cWFldW98wN7caMkoEoXUS8Ui0PCwpZyGtK6Y4bcWC4sDjtOkNLsf15i0VkkXhjRrG1AlwL2Q+I1hpyzV3SnduWpIHdnl0iJJvLLtm0apYE6G/YGdQhEw11/zodCOSBDRUhGMp27YVKyfFQjHC6ajQSSSNMRngHm1rDHFApZNO7h+hfe10kR8J/UKFJu7PiRQHUg4DT3cGWPXlbG1s/ldrJ8o/d1IWxomiIZku8hOOVITGYaAuE5QoPtSAiWD6VkT6WGCidGQFHYI9++W/0Diq2KeVk+vjYvUiiyMPu7AHJbDhDKpwBTWoA4F7eIRneDEejCfj1XibtuaMbGYbfsl4/wLJTJQJ</latexit>

(x(s+1), u(s+1))
Fully parallel:

<latexit sha1_base64="cHU2yjTbF+bNgrqLxo5YZlXJHXY=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyURX8uiG3dWsA9oY5lMJ+3QySTMTJQS8h9uXCji1n9x5984abPQ1gMDh3Pu5Z45XsSZ0rb9bRWWlldW14rrpY3Nre2d8u5eS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+Drz249UKhaKez2JqBvgoWA+I1gb6aEXYD0imCe3adU57pcrds2eAi0SJycVyNHol796g5DEARWacKxU17Ej7SZYakY4TUu9WNEIkzEe0q6hAgdUuck0dYqOjDJAfijNExpN1d8bCQ6UmgSemcxSqnkvE//zurH2L92EiSjWVJDZIT/mSIcoqwANmKRE84khmEhmsiIywhITbYoqmRKc+S8vktZJzTmvnd2dVupXeR1FOIBDqIIDF1CHG2hAEwhIeIZXeLOerBfr3fqYjRasfGcf/sD6/AHK0ZIP</latexit>

O(1)

Fully parallel:
<latexit sha1_base64="cHU2yjTbF+bNgrqLxo5YZlXJHXY=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyURX8uiG3dWsA9oY5lMJ+3QySTMTJQS8h9uXCji1n9x5984abPQ1gMDh3Pu5Z45XsSZ0rb9bRWWlldW14rrpY3Nre2d8u5eS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+Drz249UKhaKez2JqBvgoWA+I1gb6aEXYD0imCe3adU57pcrds2eAi0SJycVyNHol796g5DEARWacKxU17Ej7SZYakY4TUu9WNEIkzEe0q6hAgdUuck0dYqOjDJAfijNExpN1d8bCQ6UmgSemcxSqnkvE//zurH2L92EiSjWVJDZIT/mSIcoqwANmKRE84khmEhmsiIywhITbYoqmRKc+S8vktZJzTmvnd2dVupXeR1FOIBDqIIDF1CHG2hAEwhIeIZXeLOerBfr3fqYjRasfGcf/sD6/AHK0ZIP</latexit>

O(1)

<latexit sha1_base64="kM4ME3KMPmoUKWIK1emyHq0kgn8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBhZREfC2LblxJq/YBbQiT6aQdOnkwMxFL6K+4caGIW3/EnX/jpM1CWw/M5XDOvdw7x4s5k8qyvo3C0vLK6lpxvbSxubW9Y+6WWzJKBKFNEvFIdDwsKWchbSqmOO3EguLA47Ttja4zv/1IhWRR+KDGMXUCPAiZzwhWWnLNcsMdHaP7rNxlpeHeumbFqlpToEVi56QCOequ+dXrRyQJaKgIx1J2bStWToqFYoTTSamXSBpjMsID2tU0xAGVTjq9fYIOtdJHfiT0CxWaqr8nUhxIOQ483RlgNZTzXib+53UT5V86KQvjRNGQzBb5CUcqQlkQqM8EJYqPNcFEMH0rIkMsMFE6rpIOwZ7/8iJpnVTt8+pZ47RSu8rjKMI+HMAR2HABNbiBOjSBwBM8wyu8GRPjxXg3PmatBSOf2YM/MD5/ADNNkp8=</latexit>

Qk, Sk, Rk, QN
<latexit sha1_base64="1DT5ksdmpIRmkWWGR4xsplkoCP0=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuJCSiK9lbV24kgr2AW0Ik+mkHTp5MDMRSujGX3HjQhG3foY7/8ZJm4W2HpjL4Zx7uXOPF3MmlWV9GwuLS8srq4W14vrG5ta2ubPblFEiCG2QiEei7WFJOQtpQzHFaTsWFAcepy1vWMv81iMVkkXhgxrF1AlwP2Q+I1hpyTX3r93hCapmpZaVmym7c82SVbYmQPPEzkkJctRd86vbi0gS0FARjqXs2FasnBQLxQin42I3kTTGZIj7tKNpiAMqnXRywBgdaaWH/EjoFyo0UX9PpDiQchR4ujPAaiBnvUz8z+skyr9yUhbGiaIhmS7yE45UhLI0UI8JShQfaYKJYPqviAywwETpzIo6BHv25HnSPC3bF+Xz+7NSpZrHUYADOIRjsOESKnALdWgAgTE8wyu8GU/Gi/FufExbF4x8Zg/+wPj8AbSsk+0=</latexit>

Ak, Bk, Ck, Dk, CN

<latexit sha1_base64="aOTIIll95xm1e5KCU3HjIWVSOig=">AAAB9HicbVDJSgNBEK1xjXGLevTSGAQPEmbE7Rj04kkimAWSIfR0apImPT1jd08gDPkOLx4U8erHePNv7CwHTXxQxeO9Krr6BYng2rjut7O0vLK6tp7byG9ube/sFvb2azpOFcMqi0WsGgHVKLjEquFGYCNRSKNAYD3o3479+gCV5rF8NMME/Yh2JQ85o8ZKftDun5Jw2u7bhaJbcicgi8SbkSLMUGkXvlqdmKURSsME1brpuYnxM6oMZwJH+VaqMaGsT7vYtFTSCLWfTY4ekWOrdEgYK1vSkIn6eyOjkdbDKLCTETU9Pe+Nxf+8ZmrCaz/jMkkNSjZ9KEwFMTEZJ0A6XCEzYmgJZYrbWwnrUUWZsTnlbQje/JcXSe2s5F2WLh7Oi+WbWRw5OIQjOAEPrqAMd1CBKjB4gmd4hTdn4Lw4787HdHTJme0cwB84nz8inpEN</latexit>

bk, fk, fN

Nominal X, U update:
<latexit sha1_base64="Dvo0vvm2HAVpYAzFjaDAHEPs4f0=">AAACFHicbZDLSsNAFIYnXmu9VV26GSxCpVAS8bYRim5cVrAXaEI5mUzaoZNJmJkIJfQh3Pgqblwo4taFO9/G6UXQ1h8GPv5zDmfO7yecKW3bX9bC4tLyympuLb++sbm1XdjZbag4lYTWScxj2fJBUc4ErWumOW0lkkLkc9r0+9ejevOeSsVicacHCfUi6AoWMgLaWJ1COe1kJVV2job4Eo/ZUBm7wJMeYDegXMOP3ykU7Yo9Fp4HZwpFNFWtU/h0g5ikERWacFCq7diJ9jKQmhFOh3k3VTQB0ocubRsUEFHlZeOjhvjQOAEOY2me0Hjs/p7IIFJqEPmmMwLdU7O1kflfrZ3q8MLLmEhSTQWZLApTjnWMRwnhgElKNB8YACKZ+SsmPZBAtMkxb0JwZk+eh8ZxxTmrnN6eFKtX0zhyaB8doBJy0DmqohtUQ3VE0AN6Qi/o1Xq0nq03633SumBNZ/bQH1kf3xI9nF8=</latexit>

u(s+1) = u(s) + ↵�u(s)

<latexit sha1_base64="QWqlZgQEBoYoIpPsb3aYP0uROzI=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARKoWSiLeNUHTjsoK9QBPKyXTaDp1cmJmIJfQh3Pgqblwo4taFO9/GaRpBW38Y+PjPOZw5vxdxJpVlfRm5hcWl5ZX8amFtfWNzy9zeacgwFoTWSchD0fJAUs4CWldMcdqKBAXf47TpDa8m9eYdFZKFwa0aRdT1oR+wHiOgtNUxy/edpCTL9uEYX+CUNZWxAzwaAHa6lCv48Ttm0apYqfA82BkUUaZax/x0uiGJfRoowkHKtm1Fyk1AKEY4HRecWNIIyBD6tK0xAJ9KN0mPGuMD7XRxLxT6BQqn7u+JBHwpR76nO31QAzlbm5j/1dqx6p27CQuiWNGATBf1Yo5ViCcJ4S4TlCg+0gBEMP1XTAYggCidY0GHYM+ePA+No4p9Wjm5OS5WL7M48mgP7aMSstEZqqJrVEN1RNADekIv6NV4NJ6NN+N92pozspld9EfGxzcgy5xo</latexit>

x(s+1) = x(s) + ↵�x(s)

SQP Re-linearization and Nominal Trajectory Update (Sec. III.B)

<latexit sha1_base64="4ehIrLtT5gBLz7JytCouEkMyS5U=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpICURX8uiG5cV7AOaGCbTSTN0MgkzE6GE/oEbf8WNC0XcunXn3zhps9DWAxcO59zLvff4CaNSWda3UVpYXFpeKa9W1tY3NrfM7Z22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzhde53HoiQNOZ3apQQN0IDTgOKkdKSZx6G3rDmREiFfpA5zZCOj45heB/MaJ5ZterWBHCe2AWpggJNz/xy+jFOI8IVZkjKnm0lys2QUBQzMq44qSQJwkM0ID1NOYqIdLPJP2N4oJU+DGKhiys4UX9PZCiSchT5ujO/Us56ufif10tVcOlmlCepIhxPFwUpgyqGeTiwTwXBio00QVhQfSvEIRIIKx1hRYdgz748T9ondfu8fnZ7Wm1cFXGUwR7YBzVggwvQADegCVoAg0fwDF7Bm/FkvBjvxse0tWQUM7vgD4zPH/w7nAM=</latexit>

hk(�), hf (�)

QP Update

Backward pass

Forward pass

<latexit sha1_base64="OkBB3MwJswl4bicB0YGpcTUmlow=">AAAB9HicbVDLTsJAFL3FF+ILdelmIjFx0ZDW4GOJsnGJiTwSaMh0mMKE6bTOTElIw3e4caExbv0Yd/6NA3Sh4ElucnLOvbn3Hj/mTGnH+bZya+sbm1v57cLO7t7+QfHwqKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf1Sb+a0xlYpF4lFPYuqFeCBYwAjWRvLqNoptdGujmo38XrHklJ050CpxM1KCDPVe8avbj0gSUqEJx0p1XCfWXoqlZoTTaaGbKBpjMsID2jFU4JAqL50fPUVnRumjIJKmhEZz9fdEikOlJqFvOkOsh2rZm4n/eZ1EBzdeykScaCrIYlGQcKQjNEsA9ZmkRPOJIZhIZm5FZIglJtrkVDAhuMsvr5LmRdm9Kl8+VErVuyyOPJzAKZyDC9dQhXuoQwMIPMEzvMKbNbZerHfrY9Gas7KZY/gD6/MHTLaP3A==</latexit>

P, p, A, C, b

<latexit sha1_base64="vrsYPSMaEs9HMLZosI02xxyns4k=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgQcKuxMcx6EXwEsE8IFnC7GQ2GTIzu8zMCmHJL3jxoIhXf8ibf+NssgdNLGgoqrrp7gpizrRx3W+nsLK6tr5R3Cxtbe/s7pX3D1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/NJKa+wEPJQkawyaT7MzTulytu1Z0BLRMvJxXI0eiXv3qDiCSCSkM41rrrubHxU6wMI5xOS71E0xiTMR7SrqUSC6r9dHbrFJ1YZYDCSNmSBs3U3xMpFlpPRGA7BTYjvehl4n9eNzHhtZ8yGSeGSjJfFCYcmQhlj6MBU5QYPrEEE8XsrYiMsMLE2HhKNgRv8eVl0jqvepfVi4dapX6Tx1GEIziGU/DgCupwBw1oAoERPMMrvDnCeXHenY95a8HJZw7hD5zPHyrKja4=</latexit>

K, k

Caching + log-depth PAS:
<latexit sha1_base64="tgfVY73nRGeaNh+a9Q/I18ipj8w=">AAACFHicbVDLSgMxFM34rPU16tJNsAiVQpkpvpZFN660gn1AZxwyadqGZjJDkhHL0I9w46+4caGIWxfu/Bsz7YDaeiHk5Jx7uTnHjxiVyrK+jLn5hcWl5dxKfnVtfWPT3NpuyDAWmNRxyELR8pEkjHJSV1Qx0ooEQYHPSNMfnKd6844ISUN+o4YRcQPU47RLMVKa8sySEyDVx4glV6Oiw8IevITpdVuB3LuHpZ9HfOCZBatsjQvOAjsDBZBVzTM/nU6I44BwhRmSsm1bkXITJBTFjIzyTixJhPAA9UhbQ44CIt1kbGoE9zXTgd1Q6MMVHLO/JxIUSDkMfN2ZWpDTWkr+p7Vj1T11E8qjWBGOJ4u6MYMqhGlCsEMFwYoNNUBYUP1XiPtIIKx0jnkdgj1teRY0KmX7uHx0fVionmVx5MAu2ANFYIMTUAUXoAbqAIMH8ARewKvxaDwbb8b7pHXOyGZ2wJ8yPr4BDEyc6w==</latexit>

O(log N log2
nx + log2

nu)

Log-depth PAS:
<latexit sha1_base64="MhI7EqBuRNhBGUJ1UvkKx51sAIw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsCCURX8uiG1dawT6gCWEynbRDJ5MwMxFL6Ce48VfcuFDErUt3/o2TtIJWDwxzOOde7r3HjxmVyrI+jcLM7Nz8QnGxtLS8srpmrm80ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPzjO/dUuEpBG/UcOYuCHqcRpQjJSWPHPXCZHqY8TSq1HFYVEPXsL8494d3P+myZ5nlq2qlQP+JfaElMEEdc/8cLoRTkLCFWZIyo5txcpNkVAUMzIqOYkkMcID1CMdTTkKiXTT/KAR3NFKFwaR0I8rmKs/O1IUSjkMfV2ZrS+nvUz8z+skKjh1U8rjRBGOx4OChEEVwSwd2KWCYMWGmiAsqN4V4j4SCCudYUmHYE+f/Jc0D6r2cfXo+rBcO5vEUQRbYBtUgA1OQA1cgDpoAAzuwSN4Bi/Gg/FkvBpv49KCMenZBL9gvH8BjBObow==</latexit>

O(log N log nx + log nu)
<latexit sha1_base64="YAunPd+Y4B2NPaGJAgrttswu0QE=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFKIt6WRTcuK9gLtKFMJtN26GQSZk7EGoqv4saFIm59D3e+jdM2C239YeDjP+dwzvx+LLgGx/m2cguLS8sr+dXC2vrG5pa9vVPXUaIoq9FIRKrpE80El6wGHARrxoqR0Bes4Q+ux/XGPVOaR/IOhjHzQtKTvMspAWN17L1SO2ACCH44xhklRx276JSdifA8uBkUUaZqx/5qBxFNQiaBCqJ1y3Vi8FKigFPBRoV2ollM6ID0WMugJCHTXjq5foQPjRPgbqTMk4An7u+JlIRaD0PfdIYE+nq2Njb/q7US6F56KZdxAkzS6aJuIjBEeBwFDrhiFMTQAKGKm1sx7RNFKJjACiYEd/bL81A/Kbvn5bPb02LlKosjj/bRASohF12gCrpBVVRDFD2iZ/SK3qwn68V6tz6mrTkrm9lFf2R9/gClgZQT</latexit>

(�x, �u)

Feedback

<latexit sha1_base64="i8eOkusbPCbKvm/1LlJy79Y/d00=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsyIr2XRjSutYB/QGUomzbShmWRIMsIw1F9x40IRt36IO//GTDsLbT0QOJxzL/fkBDGjSjvOt7W0vLK6tl7aKG9ube/s2nv7bSUSiUkLCyZkN0CKMMpJS1PNSDeWBEUBI51gfJ37nUciFRX8Qacx8SM05DSkGGkj9e2KFyE9wohld5Oax8QQ3h737apTd6aAi8QtSBUUaPbtL28gcBIRrjFDSvVcJ9Z+hqSmmJFJ2UsUiREeoyHpGcpRRJSfTcNP4JFRBjAU0jyu4VT9vZGhSKk0CsxkHlXNe7n4n9dLdHjpZ5THiSYczw6FCYNawLwJOKCSYM1SQxCW1GSFeIQkwtr0VTYluPNfXiTtk7p7Xj+7P602roo6SuAAHIIacMEFaIAb0AQtgEEKnsEreLOerBfr3fqYjS5ZxU4F/IH1+QPq/5RN</latexit>

O(log N)

GEMM:
<latexit sha1_base64="i8eOkusbPCbKvm/1LlJy79Y/d00=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsyIr2XRjSutYB/QGUomzbShmWRIMsIw1F9x40IRt36IO//GTDsLbT0QOJxzL/fkBDGjSjvOt7W0vLK6tl7aKG9ube/s2nv7bSUSiUkLCyZkN0CKMMpJS1PNSDeWBEUBI51gfJ37nUciFRX8Qacx8SM05DSkGGkj9e2KFyE9wohld5Oax8QQ3h737apTd6aAi8QtSBUUaPbtL28gcBIRrjFDSvVcJ9Z+hqSmmJFJ2UsUiREeoyHpGcpRRJSfTcNP4JFRBjAU0jyu4VT9vZGhSKk0CsxkHlXNe7n4n9dLdHjpZ5THiSYczw6FCYNawLwJOKCSYM1SQxCW1GSFeIQkwtr0VTYluPNfXiTtk7p7Xj+7P602roo6SuAAHIIacMEFaIAb0AQtgEEKnsEreLOerBfr3fqYjS5ZxU4F/IH1+QPq/5RN</latexit>

O(log N)

GEMM:
<latexit sha1_base64="i8eOkusbPCbKvm/1LlJy79Y/d00=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsyIr2XRjSutYB/QGUomzbShmWRIMsIw1F9x40IRt36IO//GTDsLbT0QOJxzL/fkBDGjSjvOt7W0vLK6tl7aKG9ube/s2nv7bSUSiUkLCyZkN0CKMMpJS1PNSDeWBEUBI51gfJ37nUciFRX8Qacx8SM05DSkGGkj9e2KFyE9wohld5Oax8QQ3h737apTd6aAi8QtSBUUaPbtL28gcBIRrjFDSvVcJ9Z+hqSmmJFJ2UsUiREeoyHpGcpRRJSfTcNP4JFRBjAU0jyu4VT9vZGhSKk0CsxkHlXNe7n4n9dLdHjpZ5THiSYczw6FCYNawLwJOKCSYM1SQxCW1GSFeIQkwtr0VTYluPNfXiTtk7p7Xj+7P602roo6SuAAHIIacMEFaIAb0AQtgEEKnsEreLOerBfr3fqYjS5ZxU4F/IH1+QPq/5RN</latexit>

O(log N)

GPU-SLS

Fig. 2. Schematic of our method, GPU-SLS. At each SQP iteration (s), we compute a nominal trajectory update (ωx, ωu) using a GPU-parallelized
ADMM-based QP solver that exploits caching and parallel associative scans (PASs) for acceleration. The resulting dual variables are post-processed into SLS-
compatible duals ε (App. B), which inform the objective in the SLS controller optimization problem (18a). This optimization is likewise GPU-parallelized via
PASs, yielding closed-loop response matrices ! that implicitly define the controller. These matrices define constraint tightenings (18e) and (18f), i.e., closed-
loop reachable sets, which are used to tighten the constraints of the subsequent nominal trajectory solve, ensuring robust feasibility under closed-loop control.
The next SQP iteration then proceeds after fully parallelizable Jacobian and Hessian updates, along with state, input, and function evaluations. Green denotes
nominal trajectory computations; blue denotes feedback controller and reachable set computations. GEMM is a O(logN) matrix multiplication routine.

Let f := (f0, . . . , fN ) denote the stacked constraint offsets.
The inequality constraints in (5), i.e., (5d)-(5e), can then
equivalently be written as z ≃ f (elementwise). For com-
pactness, we define ςϱk := (ςxk, ςuk) and the linear mapping
G : Rnx(N+1)

↑ RnuN
↘ RncN+nf ,

G(ςϱ) := G(ςx, ςu) = (G0, . . . , GN ), with
Gk(ςϱk) := Ckςxk + Dkςuk, GN (ςxN ) := CNςN .

(25)

The split constraints (9a) can be then written as G(ςx, ςu) =
z. Define the convex set C := {z ↓ RncN+nf : z ≃ f}, we
can equivalently form (5) as

min
εx,εu

JQP(ςx, ςu) + IC(z)

s.t. ςxk+1 = Akςxk + Bkςuk + bk, ⇐k ↓ [N ],

G(ςx, ςu) = z.

(26)

Now, we define the augmented Lagrangian of (26).

LA(ςϱ, ↼, ↽) = JQP(ςϱ) + IC(z) + ↼
T (G(ςϱ) ↗ z)

+ ϖ
2↔G(ςϱ) ↗ z↔

2
2

s.t. ςxk+1 = Akςxk + Bkςuk + bk, ςx0 = x̄0 ↗ x
(s)
0 ,

(27)

where ↼ is the Lagrange multiplier associated with the consen-
sus constraint and ↽ is the penalty parameter. ADMM proceeds
by (11), (12), and (13) to solve this optimal control problem.

First, the primal update (equivalent of (11)) reduces to
solving an equality-constrained QP of the form

min
εx,εu

N↓1∑

k=0

1

2

[
ςxk

ςuk

]→ [
Q̂k Ŝ

→
k

Ŝk R̂k

] [
ςxk

ςuk

]
+

[
q̂k

r̂k

]→ [
ςxk

ςuk

]

+
1

2
ςx

→
N Q̂NςxN + q̂

→
NςxN (28a)

s.t. ςxk+1 = Akςxk + Bkςuk + bk, ⇐k ↓ [N ], (28b)

ςx0 = x̄0 ↗ x
(s)
0 , (28c)

where the augmented costs are defined as

Q̂k = Qk + ↽C
→
k Ck, q̂k = qk + C

→
k (↼k ↗ ↽zk),

R̂k = Rk + ↽D
→
k Dk, r̂k = rk + D

→
k (↼k ↗ ↽zk),

Ŝk = Sk + ↽C
→
k Dk, ⇐k ↓ [N ],

Q̂N = QN + ↽C
→
NCN , q̂N = qN + C

→
N (↼N ↗ ↽zN ).

(29)

As in common ADMM practice, we reformulate (29) by
introducing the scaled dual variables y := (y0, . . . , yN ), where
yk := ↼k/↽ for all k ↓ [N ] and yN := ↼N/↽:

q̂k = qk + ↽C
→
k (yk ↗ zk), r̂k = rk + ↽D

→
k (yk ↗ zk),

q̂N = qN + ↽C
→
N (yN ↗ zN ).

(30)

Next, the z-update (12) becomes a simple linear projection
onto the convex set C, after which the dual ascent step (13)
is performed as vector operations:

z
(t+1) = min

(
G(ςx(t+1)

, ςu
(t+1)) + y

(t)
, f

)
, (31a)

↼
(t+1) = ↼

(t) + ↽
(
G(ςx(t+1)

, ςu
(t+1)) ↗ z

(t+1)
)
. (31b)

Note that z- and ↼-updates are fast and fully component-wise
parallelizable across time and constraints. Thus, the dominant
computational cost of our ADMM formulation is in the primal
update (28). To accelerate this structured equality-constrained
solve on GPUs, we build on recent GPU-parallel optimal
control solvers that exploit temporal parallelism via associative
scans [5].

1) Efficiently Solving (28) via Associative Scans: Note that
(28) is a linear quadratic regulator (LQR) problem, which is
traditionally solved via Riccati recursions [47], yielding an
optimal solution of the form (ςx, ςu := Kςx+k) [56]. How-
ever, Riccati recursions are solved sequentially across time-
steps, leading to a computational bottleneck. To accelerate
the solution of (28), we use reverse parallel associative scan

operations to temporally parallelize the solution of the primal
update (28). Given elements a1, . . . , aN and an associative
binary operator ↖, a reverse parallel associative scan computes
a sequence of suffix reductions (s1, s2, . . . , sN ) := s1:N where

s1:N := (a1 ↖a2 ↖ · · ·↖aN , a2 ↖ · · ·↖aN , . . . , aN ), (32)

in O(log N) depth on parallel hardware [13]. A more detailed
overview is given in App. A. To exploit this associative scan
to solve (28), we first define the conditional value function
(CVF) of (28), building on the result of [5] and extending it
to solve the modified LQR problem given by ADMM (28):

Vi≃j(xi, xj) = max
ϱ

1

2
x
→
i P̃i,jxi + p̃

→
i,jxi ↗

1

2
⇁
→

C̃i,j⇁

↗ ⇁
→(

xj ↗ Ãi,jxi ↗ b̃i,j

)
,

(33)



where i < j. Following [5], we can define the associative
operator ↖ for combining Vi≃k and Vk≃j , when both are of
the form in (33), to produce Vi≃j . The constituent terms of
Vi≃j , as seen in (33), are obtained according to the following
combination rules:

P̃i,j = P̃i,k ↖ P̃k,j := !i,jP̃k,jÃi,k + P̃i,k, (34a)

p̃i,j = p̃i,k ↖ p̃k,j := !i,j

(
p̃k,j ↗ P̃k,j b̃i,k

)
+ p̃i,k, (34b)

Ãi,j = Ãi,k ↖ Ãk,j := ”i,jÃi,k, (34c)
C̃i,j = C̃i,k ↖ C̃k,j := ”i,jC̃i,kÃ

→
k,j + C̃k,j , (34d)

b̃i,j = b̃i,k ↖ b̃k,j := ”i,j

(
b̃i,k ↗ C̃i,kp̃k,j

)
+ b̃k,j , (34e)

where !i,j = Ã
→
i,k

(
I + P̃k,jC̃i,k

)↓1
, (34f)

”i,j = Ãk,j

(
I + C̃i,kP̃k,j

)↓1
. (34g)

The initial values of the associative scan are defined as

P̃i,i+1 = Q̂i ↗ Ŝ
→
i R̂

↓1
i Ŝi, p̃i,i+1 = q̂i ↗ Ŝ

→
i #i (35a)

Ãi,i+1 = Ai ↗ BiR̂
↓1
i Ŝi, C̃i,i+1 = BiR̂

↓1
i B

→
i , (35b)

b̃i,i+1 = bi ↗ Bi#i, #i = R̂
↓1
i r̂i ⇐i ↓ [N ] (35c)

P̃N,N+1 = Q̂N , p̃N,N+1 = q̂N , (35d)

ÃN,N+1 = 0, C̃N,N+1 = 0, b̃N,N+1 = 0. (35e)

As shown by [5], using the CVF (33) and combination
rules (34) with initialization (35), we can recover the Riccati
terms Pi = P̃i,N+1 pi = p̃i,N+1 through a reverse parallel
associative scan (32). We can then recover the feedback terms

Ki = ↗$i

(
Ŝi + B

→
i Pi+1Ai

)
, (36a)

ki = ↗$i

(
B

→
i (pi+1 + Pi+1bi) + r̂i

)
, (36b)

where $i = (R̂i + B
→
i Pi+1Bi)

↓1
. (36c)

To recover the nominal updates ςx, ςu, we can use a forward

parallel associative scan to similarly parallelize the procedure.
We define the conditional optimal trajectory (COT) as

h̄i≃j(ςxi, ςxj) = Āi,jςxi + b̄i,j (37)

and using the combination rules with associated initialization,

Āi,j = Āi,kĀk,j b̄i,j = Āk,j b̄i,k + b̄k,j ,

Āi,i+1 = Ai + BiKi b̄i,i+1 = Biki + bi, ⇐i ↓ [1, N ]

Ā0,1 = 0 b̄0,1 = A0ςx0 + b0,

(38)
we can recover the solution to (28) in parallel by

ςxi = h̄0≃1 ↖ h̄1≃2 ↖ · · · ↖ h̄i↓1≃i

ςui = Kiςxi + ki.
(39)

Therefore, the solution to (28) can be calculated in
O(log N log2

nx + log2
nu) time on parallel hardware. This

follows because each step of the reverse parallel associative
scan requires inverting an nx ↑ nx matrix, which can be per-
formed in O(log2

nx) time in parallel [19]. Since the scan has
depth O(log N), the total cost of the scan is O(log N log2

nx).
The initialization step additionally requires matrix inversions
of size nx and nu, contributing O(log2

nx + log2
nu).

2) Caching to Accelerate Associative Scans: A common
strategy to improve ADMM convergence is to update the
penalty parameter ↽ only every σ ↓ N>1 iterations instead of
every iteration. We adopt a similar ↽ update scheme as OSQP
[55] presented in Section 5.2. By exploiting this structure, we
cache and reuse matrix factorizations across iterations in which
↽ remains fixed, substantially reducing computational cost.

To solve (28) when ↽ is fixed, only the augmented linear
terms in (30) change between ADMM iterations, i.e., Q̂(·),
R̂(·), and Ŝ(·) are unchanged. Thus, in the reverse parallel as-
sociative scan (34), only the quantities p̃i,j (34b) and b̃i,j (34e)
must be recomputed. Since the dominant computational cost
arises from matrix inversions, we also cache the invariant inter-
mediate quantities P̃i,j (34a), C̃i,j (34d), !i,j , and ”i,j (34f)-
(34g), which are needed to compute p̃i,j and b̃i,j , so that they
can be reused across iterations. Thus, for ADMM iterations in
which ↽ is unchanged, the combination rules (34) reduce to

p̃i,j = !cache
i,j

(
p̃k,j ↗ P̃

cache
k,j b̃i,j

)
,

b̃i,j = ”cache
i,j

(
b̃i,k ↗ C̃

cache
i,k p̃i,j

)
+ b̃j,k,

(40)

where !cache
i,j , P̃

cache
k,j , ”cache

i,j , C̃
cache
i,k are the cached terms from

the ↽-updated iteration (34). The initial values are set as

p̃i,i+1 = q̂i ↗ Ŝi#cache
i , b̃i,i+1 = bi ↗ Bi#cache

i , ⇐i ↓ [N ]

p̃N,N+1 = q̂N , b̃N,N+1 = 0,

(41)
where #cache

i are the cached term from (35c). We can then
obtain the feedback terms Ki and ki as

Ki = K
cache
i , ki = ↗$cache

i

(
B

→
i (pi+1 + P

cache
i+1 bi) + r̂i

)
(42)

where $cache
i is the cached term from (36c). Using these

feedback terms, we can follow the same procedure (37)–(39)
to recover the nominal update ςx, ςu. Because procedures
(40)–(42) and (37)–(39) require no inverses, we perform
one iteration in O(log N log nx + log nu), a reduction from
O(log N log2

nx + log2
nu) without caching.

B. Robust Nonlinear MPC via System Level Synthesis

To solve for the robust SLS controller (22), FastSLS uses
N independent Riccati recursions, as shown in [38]:

G
(j)
N = Q

x
N,j , K

(j)
k = ↗G

(j)
k B

(j)
k ,

P
(j)
k = Q

x
k,j +

(
A

(s)
k

)→
P

(j)
k+1A

(s)
k +

(
K

(j)
k

)→
B

(j)
k ,

G
(j)
k =

(
Q

u
k,j +

(
B

(s)
k

)→
P

(j)
k+1B

(s)
k

)↓1
,

B
(j)
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(43)

and N independent forward propagations

!x
j+1,j = Ej ,

!u
k,j = K

(j)
k !x

k,j , !x
k+1,j = (A(s)

k + B
(s)
k K

(j)
k )!x

k,j ,
(44)

for all j ↓ [N ] and for all k ↓ [j +1, N ↗1], where j indexes
the time at which the disturbance is injected, and k indexes
the state and input responses at time k for the corresponding
disturbance. The superscript (j) denotes the Riccati variables
associated with the disturbance injected at time j.



We use parallel associative scans to calculate both (43) and
(44) to get the solution for (22). For a given Riccati recursion
for the j-th disturbance, we define the CVF

V
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→
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)
,

(45)

and the associated combination rules as
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We define the initial values as
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(47)

We can perform a reverse parallel associative scan (32) using
combination rules and initialization (46) for each disturbance
Ej independently in parallel to recover the Riccati terms by
P

(j)
k = P̃

(j)
k,N+1. Using the backward pass terms (43), we can

recover all Riccati feedback gains K
(j)
k . To retrieve the forward

pass terms (44), we follow a similar procedure as the forward
propagation of the nominal trajectory (37)–(39). We define the
Conditional Optimal Propagation (COP) N̄i≃l(!x

i,j ,!
x
l,j) =

Ā
(j)
i,l !

x
i,j with combination rule and initialization

Ā
(j)
i,l = Ā

(j)
i,kĀ

(j)
k,l , Ā

(j)
i,i+1 = A

(s)
i + B

(s)
i Ki,j , (48)

for i = 1, . . . , N , while for i = 0 we set Ā0,1 = 0. From the
associative scan, we obtain the solution to (22) by

!x
i,j = N̄0≃1 ↖ . . . ↖ N̄i↓1≃i, !u

i,j = Ki,j!
x
i,j .

(49)
Therefore, we similarly can calculate the robust control policy
in O(log N log2

nx + log2
nu) time on parallel hardware.

C. Real-Time Iteration

As standard practice for achieving real-time performance
in MPC, we employ a Real-Time Iteration (RTI) scheme in
Fig. 1. In RTI, only a single SQP iteration is performed per
control step, sacrificing linearization accuracy for speed. This
approximation is typically acceptable, as subsequent MPC up-
dates relinearize the dynamics around the newly executed state,
thus correcting the linearization error. By only performing one
iteration, this drastically improves the computation time for
one control, making these MPC loops suitable for real-time.

We adopt an RTI framework for our solver, leading to the
RTI GPU-SLS solver. In this setting, we modify our algorithm
to instead perform a single linearization of the dynamics and
constraints. We warm-start the controller update using the
previous iteration’s ⇀ variables, from which we can calculate
the new constraint tightenings. These are then used to solve the
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Fig. 3. (a): Comparison of average solve-time scaling with horizon length for
various NMPC solvers on a torque-constrained 10-link pendulum stabilization
task under random external disturbances. Our method consistently outperforms
all baselines for long-horizon problems. (b): Solve-time scaling of GPU-SLS
with a family of n-link torque-constrained pendulums.

tightened nominal trajectory optimization, which is applied for
the current control step. Thus, the total solve time for one RTI
update consists of the required time for one linearization, one
controller update, and one tightened nominal trajectory update.

V. RESULTS

In this section, we evaluate the computational efficiency of
our nonlinear MPC framework against state-of-the-art CPU
and GPU-based solvers (Sec. V-A), assess the robustness and
speedups of our proposed SLS solver against existing methods
(Sec. V-B), and demonstrate the practical applicability of our
work through both simulation and hardware experiments on
legged locomotion systems (Sec. V-C). All CPU benchmarks
were run on a desktop computer equipped with an AMD Ryzen

9900X processor (12 cores, 24 threads). GPU-based hardware
experiments were conducted on a system with an NVIDIA

RTX 4070 Ti Super, while all other remaining GPU simulation
experiments were conducted using a NVIDIA RTX 4090.

A. Constrained Nonlinear MPC Benchmarks

To show the scalability of our formulation to long horizons
and large problem sizes, we compare our method against
various constrained NMPC solvers on a torque-constrained 10-
link inverted pendulum. At each control step, the system is ran-
domly perturbed at each joint, requiring the NMPC to stabilize
the system. All benchmarks were solved to convergence to a
maximum residual tolerance of 10↓2. Reported runtimes cor-
respond to the average solve time over 1000 MPC iterations.

As shown in Fig. 3, the proposed method substantially
outperforms CPU-based solvers OSQP and HPIPM, reduc-
ing solve times by 99.8% and 98.9%, respectively, in
long-horizon scenarios. Our method also improves upon the
GPU-accelerated augmented Lagrangian approach (primal-
dual iLQR AL) by 71.8% and significantly outperforms both
cparcon-IPM and cparcon-ADMM. Furthermore, we evaluate
the impact of using high precision arithmetic (FP64) to handle
occasionally ill-conditioned problems and observe that our
approach continues to outperform all baselines.

These scaling trends are due to the computational structure
of each solver. CPU-based methods such as HPIPM and OSQP
rely on largely sequential linear-algebra operations, which
becomes a bottleneck as the horizon grows. Primal-dual iLQR
AL, while GPU-parallelized, incurs higher per-iteration cost
due to increased sensitivity of the penalty parameter under re-
duced GPU precision, and in certain ill-conditioned problems,
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Fig. 4. DeepReach rollouts (a) and GPU-SLS rollouts (b) for an obstacle
avoidance Dubins car system subject to both adversarial and random distur-
bance. Deepreach is shown to fail to consistently certify safety, while our
method certifies safety 100% of all rollouts.
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Fig. 5. Runtime comparison of FastSLS vs GPU-SLS for solving the
system in 4. GPU-SLS consistently outperforms FastSLS due to its logarithmic
scaling vs FastSLS’s cubic scaling.

will lead to divergence, as reflected in our experiments. To im-
prove convergence, cparcon uses full second-order information
rather than a Gauss-Newton approximation, leading to multiple
expensive associative scan operations that increases wall-clock
time. ADMM on the other hand, can tolerate inexact solves on
the GPU more reliably than AL methods. This attribute, paired
with our caching parallel associative scan routine, enables
substantial performance improvements.

We also show in Fig. 3 that we can solve a family of
torque-constrained n-link pendulum problems with horizons
as large as N = 3000, corresponding to more than 1.35↑105

decision variables, within 73 ms. These results reflect our
method’s logarithmic scaling with respect to the state, control,
constraint, and horizon dimensions, allowing our method to
solve much larger problems than existing MPC methods.

B. SLS Benchmarks

We now evaluate GPU-SLS on a suite of Dubins car
benchmarks to assess safety, scalability, and computational
performance. We also compare the benefits of robust MPC
against classical MPC on a planar quadrotor. The associated
state, control, and dynamics definitions are given in App. C–D.

To show the superior safety of our method compared to data-
driven methods such as DeepReach, we perform closed-loop
rollouts (14) of a Dubins car navigating around an obstacle.
In Fig. 4, we plot the rollouts of both controllers subject
to random and adversarial disturbance. DeepReach fails to
consistently certify safety, crashing into the obstacle in 6 out
of 31 rollouts. This is because DeepReach relies on offline
value-function approximations, which requires large amounts
of training data and provides limited robustness guarantees. In
contrast, GPU-SLS explicitly enforces robustness via distur-
bance feedback and is safe in all tested rollouts, highlighting
the limitations of purely data-driven safety certificates.

We further demonstrate the advantages of robust MPC over
classical MPC on a 6D planar quadrotor. Under disturbances,
standard MPC (Fig. 7a) fails to consistently avoid all obstacles,
colliding in 6/31 executions, whereas our method (Fig. 7b)
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Fig. 6. Dubins car experiment using GPU-SLS to calculate a robust
trajectory for 20 meters through a dense constraint field of 30 obstacles. This
demonstrates our solver’s ability to handle large-scale trajectory optimization
and robust constraint satisfaction at scale.
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Fig. 7. Rollouts for uncertain nonlinear dynamics on a 6D planar quadrotor
using (a): Classical Closed-Loop MPC and (b): robust MPC via GPUSLS.
Classical MPC fails to reliably avoid the obstacle, whereas our method
consistently achieves safe navigation.

successfully avoids all obstacles across all rollouts. Notably,
the robustness procedure adds minimal overhead, with the
controller solve accounting for ↙3% of total computation time.

A core bottleneck with traditional FastSLS is its computa-
tional speed. In Fig. 5, we benchmark the average solve times
of GPU-SLS and FastSLS on a similar system as in Fig. 4.
As the prediction horizon increases, our method achieves
increasingly large speedups compared to FastSLS, with the
largest horizon offering a 237.5↑ speedup. This contrast
reflects FastSLS’ cubic scaling in problem dimension, while
our GPU-parallel routine scales logarithmically in the same
dimensions, enabling GPU-SLS to solve robust OCPs at scale.

We further evaluate the scalability of our formulation to
large environments with multiple constraints. Fig. 6 illus-
trates a long horizon Dubins car trajectory (20 m) navigating
through a dense constraint field of 30 obstacles subject to
external disturbances. The system is able to retain safety
while navigating difficult terrain, consistently remaining within
the calculated reachable tubes. These results demonstrate the
ability of GPU-SLS to handle large-scale, highly constrained
problems without compromising robustness.
C. Legged Experiments

We evaluate our solver’s ability to plan robust whole-body
trajectories for a Unitree H1 humanoid robot with 75 states and
19 control inputs in a MuJoCo simulation environment adapted
from [5] using the humanoid’s full, rigid-body dynamics
model. As demonstrated in Fig. 8, we task the humanoid with
robustly navigating around an obstacle subject to external dis-
turbances. The humanoid can be seen successfully navigating
around the obstacle using the synthesized robust controller
(14), which ensures that the system state remains within its
robust tubes as shown in Fig. 9. Due to the parallelization of
the GPU and the formal guarantees of SLS, we are able to
solve constrained, high dimensional nonlinear systems, while
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Fig. 8. (a): Whole-body humanoid (75D, 19C) navigating around an obstacle
using (14) calculated from GPU-SLS. (b): A visualization of the robust
forward tubes (blue squares) generated by (18) and the humanoid’s rolled
out trajectory remaining within the tubes.
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Fig. 9. Simulated rollouts of 8 under adversarial disturbances. Using the
controller (14) the humanoid is able to safely remain within the tubes,
demonstrating our method’s ability to develop robust control policies for
complex, high-dimensional nonlinear systems.

also calculating robust controllers that guarantee system safety.
The high computation times of traditional constrained

NMPC solvers preclude their applicability to legged hardware
experiments requiring high control update rates. To address
this, we first benchmark the computation times between CPU-
based solver OSQP and our solver for controlling a whole
rigid-body quadruped (61D) in navigating around an obstacle.
Both methods are implemented in an RTI scheme and solved
to the same convergence tolerance of 10↓2, with solve times
averaged across 700 MPC iterations. In Fig. 10 we show the
benefit of our GPU accelerated method, outperforming OSQP
in all horizon lengths, achieving a 95% speedup at the longest
horizon, while requiring fewer ADMM iterations (27/25
mean/median vs. 107/50 for OSQP). The difference in com-
putation time stems from the parallel structure of our method,
which is particularly advantageous for high-dimensional sys-
tems and longer horizons, enabling real-time performance
where CPU-based solvers become computationally prohibitive.

To validate the real-world practicality of our formulation for
legged robots, we perform whole-body constrained NMPC and
SLS on a physical Unitree Go2 EDU quadruped (61D). In our
hardware experiments, we use a Vicon Motion Capture System
to track the quadruped’s center of mass. In the first experiment,
shown in Fig. 1, the quadruped is tasked with safely navigating
through two obstacles using the nominal trajectory generator.
The controller runs at 50 Hz with an average solve time of
16ms, prediction horizon of 25, and a discretization timestep of
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Fig. 10. Runtime comparisons between our GPU solver and the CPU-based
solver OSQP for varying horizons on a whole rigid-body quadruped (61D)
navigating around an obstacle. Across all horizons, our method outperforms
OSQP, achieving up to a 95% reduction in solve time at the longest horizon.
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Fig. 11. (a): GPU-accelerated robust whole-body control (61 states, 12
controls) using RTI GPU-SLS executed on hardware with a Unitree Go2 EDU
quadruped. The robot successfully navigates robustly around an obstacle in
real-time at 50 Hz. (b): Graph illustrating the robot’s distance to the obstacle
and the maximum tube size for each time step along the trajectory. The tubes
are used to tighten the constraints in the nominal trajectory generator, ensuring
that the nominal policy remains safe despite disturbances.

0.02s. From Fig. 1 we can see that the quadruped successfully
navigates through the obstacles in a collision-free manner,
highlighting the practical viability of the proposed constrained
optimization framework on hardware.

We also evaluate the practicality of the RTI GPU-SLS
pipeline for real-time reachability analysis on hardware. We
task the robot with navigating around an obstacle with a
disturbance magnitude of 0.02. In Fig. 11, we show that the
quadruped successfully navigates around the obstacle while
remaining within its tubes throughout the entire trajectory,
demonstrating the practicality on hardware of our RTI GPU-
SLS algorithm for high-dimensional nonlinear systems.

VI. CONCLUSION

We presented GPU-SLS, a GPU-parallelized framework for
safe, large-scale robust NMPC that unifies constrained trajec-
tory optimization and disturbance-feedback controller synthe-
sis within a real-time pipeline. By exploiting the structure of
ADMM and FastSLS, our method leverages parallel associa-
tive scans and factorization caching to achieve logarithmic-
depth scaling in horizon, control, and state dimensions, en-
abling millisecond-scale solutions to robustly constrained op-
timization problems. Our method removes a major computa-
tional bottleneck, enabling significant speedups over existing
CPU and GPU solvers, along with 100% empirical safety
across high-dimensional systems, including both simulation
and hardware validation on humanoids and quadrupeds.



ACKNOWLEDGMENTS

We thank Saman Zonouz and the Indoor Flight Laboratory
at the Georgia Institute of Technology for support with hard-
ware and experimental facilities.

REFERENCES

[1] Arshiya Taj Abdul, Augustinos D. Saravanos, and Evan-
gelos A. Theodorou. Nonlinear robust optimization for
planning and control. In 2025 IEEE 64th Conference on

Decision and Control (CDC), pages 3383–3390, 2025.
doi: 10.1109/CDC57313.2025.11312909.

[2] Emre Adabag, Miloni Atal, William Gerard, and Brian
Plancher. Mpcgpu: Real-time nonlinear model predictive
control through preconditioned conjugate gradient on the
gpu. In 2024 IEEE International Conference on Robotics

and Automation (ICRA), pages 9787–9794. IEEE, 2024.
[3] Emre Adabag, Marcus Greiff, John Subosits, and Thomas

Lew. Differentiable model predictive control on the gpu.
arXiv preprint arXiv:2510.06179, 2025.

[4] Matthias Althoff, Goran Frehse, and Antoine Girard. Set
propagation techniques for reachability analysis. Annual

Review of Control, Robotics, and Autonomous Systems,
4(1):369–395, 2021.

[5] Lorenzo Amatucci, João Sousa-Pinto, Giulio Turrisi,
Dominique Orban, Victor Barasuol, and Claudio Semini.
Primal-dual ilqr for gpu-accelerated learning and control
in legged robots. arXiv preprint arXiv:2506.07823, 2025.

[6] Aaron D Ames, Samuel Coogan, Magnus Egerstedt, Gen-
naro Notomista, Koushil Sreenath, and Paulo Tabuada.
Control barrier functions: Theory and applications. In
2019 18th European control conference (ECC), pages
3420–3431. Ieee, 2019.

[7] James Anderson, John C. Doyle, Steven H. Low, and
Nikolai Matni. System level synthesis. Annu. Rev.

Control., 47:364–393, 2019.
[8] James Anderson, John C Doyle, Steven H Low, and

Nikolai Matni. System level synthesis. Annual Reviews

in Control, 47:364–393, 2019.
[9] Somil Bansal and Claire J Tomlin. Deepreach: A deep

learning approach to high-dimensional reachability. In
2021 IEEE International Conference on Robotics and

Automation (ICRA), pages 1817–1824. IEEE, 2021.
[10] Somil Bansal, Mo Chen, Sylvia Herbert, and Claire J

Tomlin. Hamilton-jacobi reachability: A brief overview
and recent advances. In 2017 IEEE 56th Annual Confer-

ence on Decision and Control (CDC), pages 2242–2253.
IEEE, 2017.

[11] Marcell Bartos, Alexandre Didier, Jerome Sieber, Jo-
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