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Value-Decomposition and VDPPO. The Bellman Value for a range of temporal logic (e.g., multi-goal, recurrence, staying, safety)

decomposes into a Value graph connected by atomic Bellman equations (Thms. 1-4). We propose VDPPO, an algorithm that exploits this
structure to learn policies for complex, high-dimensional tasks. Our approach is validated on hardware with Herding and Delivery,
two complex tasks involving a heterogeneous team of drones and a quadruped.

Abstract—Real-world tasks involve nuanced combinations of
goal and safety specifications. In high dimensions, the challenge
is exacerbated: formal automata become cumbersome, and the
combination of sparse rewards tends to require laborious tuning.
In this work, we consider the innate structure of the Bellman
Value as a means to naturally organize the problem for improved
automatic performance. Namely, we prove the Value for a
complex task defined in temporal logic can be decomposed into
a graph of Values, connected by a set of well-known Bellman
equations (BEs): the Reach-Avoid BE, the Avoid BE, and a
novel type, the Reach-Avoid-Loop BE. To solve the Value and
optimal policy, we propose VDPPO, which embeds the decomposed
Value graph into a two-layer neural net, bootstrapping the
implicit dependencies. We conduct a variety of simulated and
hardware experiments to test our method on complex, high-
dimensional tasks involving heterogeneous teams and nonlinear
dynamics. Ultimately, we find this approach greatly improves
performance over existing baselines, balancing safety and liveness
automatically. https://willsharpless.github.io/valdec-site/

I. INTRODUCTION AND RELATED WORK

Popular modern approaches to robotic learning, like Rein-
forcement Learning (RL), typically optimize expected cumula-
tive reward [1]], making them ill-suited for safety-critical or tem-
porally structured tasks that require worst or best-case satisfac-
tion over long horizons. Such objectives are naturally expressed
using Temporal Logic (TL) [2]], but TL itself does not prescribe
how to act. Moreover, efforts to combine RL & TL tend to face

a trade-off between sparse binary rewards that slow learning
and hand-crafted dense rewards that can misalign objectives.

Hamilton—Jacobi Reachability (HJIR) [3} 4] provides optimal
controllers for basic safety and liveness tasks via max—min
Bellman equations, yielding dense and informative learning
signals. Recent work showed that certain TL tasks can be
solved exactly by decomposing their Value functions into
sequences of simple HJR problems [5]. As depicted in Fig. [I]
we generalize this idea to a broad class of TL specifications
by introducing a Value function decomposition algebra and a
corresponding algorithm VDPPO, and demonstrate effectiveness
in simulation and real-world drone and quadruped experiments.

Constrained, Multi-Objective, and Goal-Conditioned
RL. Constrained Markov Decision Processes (CMDPs)
maximize discounted rewards subject to constraints, typically
via Lagrangian relaxation [6-19], but require careful tuning
and are ill-suited to general TL objectives. Multi-objective RL
instead Pareto-optimizes multiple reward sums [20H26], yet
does not naturally encode TL structure. Goal-conditioned RL
learns policies over a family of goals [27H33 30, [31} [34], but
differs fundamentally from TL settings, where all specifications
must be jointly satisfied.

RL with TL specifications. A large body of works studies
RL with TL specifications [35540], including approaches based
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on Non-Markovian Reward Decision Processes [41-44) 2],
approximated quantitative semantics [45-47]], modified Bellman
equations [48H50], or multiple discounted rewards [S1H53]. In
contrast, our method exactly decomposes TL Value functions
into simpler Values for which explicit Bellman equations exist,
avoiding semantic approximation and long-horizon reward
sparsity. See Appendix [A] and [3] for additional discussion.
Hamilton-Jacobi Reachability. HIR was originally devel-
oped to compute Value functions for Reach, Avoid, and
Reach-Avoid problems in continuous time and space [3} 4],
corresponding to the quantitative semantics of Eventually,
Always, and Until predicates [54]. Recent work has success-
fully integrated HJR into RL frameworks [S5H60]. Our work
builds on these results by decomposing Value functions for com-
plex TL objectives into sequences of simpler HJR problems.

II. CONTRIBUTIONS

1) We establish a formal connection between Temporal
Logic and the Bellman Value by deriving algebraic
rules for admissible operations, dubbed the Value
Decomposition Rules (VDR) (Thm.[1).

2) We use the VDR to prove that, for a broad class of
predicates, the Value decomposes into a graph of atomic
BE (Thms. 22, B): the Avoid BE, Reach—Avoid BE,
and a novel Reach—Avoid-Loop BE for recurrence
specifications (Def. [6] Thm. ).

3) We introduce VDPPO, an algorithm that embeds the
decomposed Value graph (DVG) in two two-layer neural
nets, and demonstrate its success through extensive
simulation and real-world hardware experiments, improving
speed and achievement over baselines.

III. PRELIMINARIES

Given a discrete-time system x¢11 = f(z¢, a;) with finite
states ; € X C R” and action a; € A C R™, a trajectory
beginning at z is a sequence of states £2 := (z,...) € X := AN
arising from actions a = (a,...) € A := AY. We let £,(¢) and
a(t) be the state and action at time ¢.

To specify desired properties of a trajectory, let an atomic
proposition (AP) r : R™ — {true,false} be defined by a
bounded predicate function » : R™ — R, also known as a
target or reward function in HJR or RL. Given a trajectory and
time (&;,t), r is satisfied, written (&, t) = r, iff #(&,(¢)) > 0,
and thus, r represents the arrival of a trajectory at a region
(defined by the O-level-set of ). Let g with ¢ denote an AP
to maintain, s.t. the complement represents an unsafe region.

To represent complex tasks, TL defines a language for the
composition of predicates [61]]. Predicates may be composed via
negation (NOT, —), conjunction (AND, A), the Until operator
(U) and the next operator (NEXT, X). With these operations,
one may also define disjunction (OR,V), finally/eventually (F),
and globally/always (G). All operators may be defined via a
robustness function p : R” — R [62]], a scalar measure of satis-
faction, equivalent to the payoff in HIB optimal control [3} 4]].

Definition 1. For any predicate p, let the robustness score plp) :
X x N — R be defined inductively with the following rules.

Atomic prop.

plrl(€e,t) == r(&x(t))
plal(€z,t) == q(€2(t))

Satisfaction via p

(§art) = p <= plp] (&21) 2 0

NOT

p[=p] (€z,t) == —plp] (&2, t) PIXp] (€2, t) := plp] (€art + 1)

OR
plpV e (Et) =
max {p[p] (&,t), p [p'] (=rt)}

pPAP] (&xt) =
min {p[p] (&,t), p [P'] (€2:1)}

Finally/Eventually Globally/Always

PIFP] (o, t) := max plp] (€2, 7)  PIGP] (&, t) = min plp)] (&, 7)

Until
p[pUp] (&, t) := maxmin {p [P'] (€, 7), min plp] (&, n)}

KE|t,T]

With this syntax, one may express the satisfaction
of complex specifications over trajectories formally and
succinctl Importantly, we use the the robustness score p
because this is the payoff used in the corresponding HJR
optimal control problem [3| 4] (see Appendix [B] for details).

IV. PROBLEM FORMULATION

In this work, we consider the problem of synthesizing
optimal actions «, such that for any initial state x the resulting
trajectory £5 maximizes the payoff p for a given predicate.
We later extend this to a policy 7 : X — A (Appendix [). We
assume the system begins at ¢ = 0 and evolves indefinitely.
For brevity, we let p[p](§) := p[p](&,0). This leads to the
following infinite-horizon Optimal Control Problem (OCP),

plpl(€2),
t+1) = [, alt).

Note, because p is defined by temporal extrema (max/min
over time), this program induces behavior characterized by its
outlying performance, in contrast with a sum-based OCP (in
canonical RL [1]]) which selects for average behavior. This ob-
jective is explicitly captured by the Bellman Value function V*,
the “high score” function for the given infinite-horizon OCP.

maximize,,
S.t.

Definition 2. For a predicate p, we aim to solve

V*[pl(2) := max p[p](£7), M
which gives the optimal p over infinite action sequences from
any given initial state.

INote that Fr = T Ur, where T is true, and thus it often suffices to
consider only U and G in analysis. Similarly, Gq A Gqg’ = G(q A q’) = Gq”’
so we write always specifications succinctly. Also note, U is defined per HIR
convention to include the arrival time s.t. & € [t, 7], not k € [t, 7).



We define the Value for a general TL predicate p (V° for
brevity), but for basic operations, this object has been studied
in-depth [3 4} [63]]. Namely, the Reach (R), Avoid (A) and
Reach-Avoid (R.A) Values — for respectively (1) reaching a
target, (2) avoiding an obstacle, and (3) avoiding an obstacle un-
til a target is reached — correspond to the Values for F, G, and U.

Avoid Value

V*[Gal(z) = max mtin (&2 (2))

Reach Value

V* [Frl(z) = max max (€3(2)

Reach-Avoid Value

V*[qU1](2) = maxmaxmin {r(€2(¢)), min o(€2(x)) }

In this context, the following Bellman operations for these
extrema-based Values have been derived [57, 156]] (note, R is
a special case of R.A).

Definition 3. Let the A and R.A Bellman operators be

BL[V]:=(1—-7)g+~ymin{V*, ¢},
B 4[V] = (1 —~)min{r, ¢} + vy min{max{r, V*}, ¢},

where V*(x) := max, V(f(z,a)).

These operators are of crucial importance as they are
contractive and yield the namesake Value in the limit of
discounting [57, [56]. In other words, for the .A-Value V*[Gq]
and the R.A-Value V*[q U r| defined by (1), we have that

VIGa] = BL[V7[Gall, V7[qUr] <= B 4[V7[aUr]],

are unique fixed points, satisfying lim,_,; V7 = V* [57, [56].
Unlike canonical RL [1]], these operators propagate extrema of
r and ¢, encouraging behavior defined by outlying performance.

In a recent work [3]], it was demonstrated that for simple
conjunctions Fr A Gq (reach a goal and avoid obstacles)
and Fr; A Fro (reach two goals), one may decompose the
corresponding Values into the “atomic” BE, which in some
ways resembles the base case for what follows. In this work,
we generalize this principle, demonstrating that the A-BE
and RA-BE, along with the novel Reach-Avoid-Loop
BE (Lem. [), serve as a set of “atomic” building blocks to
decompose the Value of complex TL predicates.

V. OPTIMALITY VERSUS SATISFACTION

The decomposition of formal logic is well-studied in several
contexts, including formal verification [64], automata theory
[65]], and temporal logic trees (TLT) [66]. This body of
work has established a rich framework for understanding the
structure and properties of temporal logic formulas, and has led
to performant decompositional learning methods for complex
tasks [67]. However, the algebra of TL, which is equivalent
to the algebra over the robustness score, is fundamentally
distinct from that of the Value function due to the presence
of the maximum over action sequences or control policies in
(2). This distinction is not only relevant to theoretical analysis
but can lead to safety failures and sub-optimality in real world
applications. We illustrate this with the following remark and
offer concrete counterexamples in Appendix

Remark 1. The following TL identity always holds:
plFr A Ga](&7) = min{p[Fr](£7), p[Gal(&5)}-

By contrast, for the corresponding Value, we have
V*[Fr A Ga)(z) < min{V*[Fr](z), V*[Gaq](x)},

where the inequality is indeed strict when no single choice
of action sequence can both reach r and avoid —aq.

VI. RESULTS

We present our main results regarding the decomposition of
the Value for complex TL predicates. We begin by discussing
the relationship between the Value and TL algebras, and then
present the decompositional results. In general, we seek to
express the Value for a complex predicate in terms of simpler
components that are themselves composed with the fundamental
Bellman equations. All proofs of the results are in Appendix [D.

A. Agreeable Algebra

We begin by clarifying the similarity between the
decomposition of the Value and TL algebra. Although not
immediately apparent, these rules will serve as the foundation
of complex decompositions presented later. The presence of
the max,, in does not always distinguish the Value algebra
from that of TL, for example, when the TL is also defined
by maxima, as with OR and a “right”-U (for which, F is a
special case). In any case, when max, commutes over the
given p, a decomposition follows that mirrors that of the TL.
To state these rules, it is first important consider the atomic
proposition associated with a given Value.

Definition 4. Let v[p] be the AP for V*[p), s.t.
plPll(€z, ) := V7 [p](&x(1)-

We now give the algebraic properties of Value decomposition.

Theorem 1. Value Decomposition Rules (VDR)
For general p and p, the following holds:

1) V*[pUp'l(z) =V*[pUv[p](z) (right-U)
2) V*[pvpl(=) =V*v[p] v v[p']l(z) (OR)
3) if Ya, 8 € AV, plp](£2) = plp](€2).

V¥pAp](x) =V*[v[p]Apl(z)  (weak-AND)
4) V*[Xpl(z) = V*[Xv[p]](z) (NEXT)

Intuitively, the VDR offer four ways to decompose the Value
by “pushing it” through the logic. In fact, each symbolic
manipulation corresponds to distributing the infinite action
sequence argument to the logical components of the total
predicate. Then by definition, the residual objects are the
component Values (see Appendix for proof).

Together, this set of operations makes some compositions
simple to consider. For example, one may see the Value for
FG, i.e. the “Reach-Stay” task, readily decomposes by VDR{1}

V¥ [FGa](z) = VI[Fi](), = v[Ga]. @
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Fig. 2: Multi-Reach-Avoid Value Decomposition. Here we illustrate the primary decomposition result (Thm. , with a GridWorld
example (left) for a given specification. The corresponding DVG is shown (center left) with each node representing a decomposed Value,
and edges representing dependencies. In the center right, a subset of decomposed Values solved with dynamic programming are shown,
along with the discounted solution produced by VDPPO. On the right, the optimal path for a given initial condition is shown.

“Reach a and b, use the key to unlock
the door, and never hit the walls”

Hence, this Value may be solved by, first, solving the A-Value
for q, V*[Gq], and then, second, using this to define the
target r := v[Gq] of a R-Value, V*[Fr]. More generally, we
may know that the Value for a series of Until predicates is

equivalent to a chain of R.A Values (Cor. 2] in Appendix [D.T).

This example illustrates that decomposition via the VDR
transforms a Value with no apparent Bellman equation into a
hierarchy of Values composed of “atomic” Bellman equations
(the DVG), amounting to a macro-scale dynamic programming
process. These results, however, do not directly apply when the
TL is defined by min as with AND, and thus are insufficient for
many common predicates. The solution will be to transform
the logic into a special, amenable form. We show several
examples of this transformation in the following sections.

B. Multi-Reach-Avoid Value Decomposition

We next present the first major result of the work concerning
the decomposition of the Value for the AND of N Until
predicates with a safety spec., or equivalently, the N-R.A-A
Value. This is a generalization of the dual-objective base
cases that preceded this work [3]]. Akin to later results, the
decomposition is achieved by transforming the logic into
an amenable form, and then applying the algebraic rules of
Thm. [T] to decompose the Value into a single R.A-Value.

Theorem 2. For the predicate p := /\,;.(q; Ur;) A Gg
with N = |Z|, the corresponding Value satisfies

v [/\z(q, Ur) A GQ] (z)
=v*[(A,ana) U(V, (i A v ] @)
N————

q
where p_; := /\jeI\{i} q; Ur; A Ga.

Proof. We first transform p into an amenable form (Lem. [),
p:= /\i(qi Uri)) AGg = (/\Z q; A q) U (\/Z(rl A p,i)).
~—_———

We may then simply apply VDR-(|11|, VDR{2} and VDR{3}
Vi pl(z) = V*[aU Vi (1 A p-o)]] (@),
=V [d U (V5 v[ri A Pfi])}(x),
=V [aUvi(Avpol) @), O

This result gives an equivalence between the N-R.A Value
and the Value function of a single R.A Value, which has
abstract reach and avoid predicates r & ¢ in the sense that they
no longer represent physical goals or obstacles. Instead, the new
reach predicate r is defined by the OR of NV AND’s that each
correspond to reaching one of the predicates r; and being able
to satisfy the remaining logic p_;, i.e. having V* [p_;] > 0.
The new avoid predicate ¢ is defined by the AND of all N
avoid predicates and hence implies that we need to avoid all g;.
Intuitively, Thm. 2] breaks down the optimal Value into the goal
of safely reaching any of the predicates while being able to
satisfy the rest of the predicate of N —1 Until’s, denoted p_;,
where r; & q; have been “popped off” the original predicate.

Notably, Thm. [2] can be applied recursively, and, therefore,
we may reapply it iteratively to break the N-R.A Value into N
decomposable sub-Values and so forth, giving 2" — 1 Values in
total. Crucially, as each of these Values is equivalent to a special
Until Value, they may each be solved with the discounted
RA-BE with their respective rewards. We demonstrate this
result in Fig. 2] with a simple GridWorld problem, where the
true solution may be solved via dynamic programming.

C. Recurrent Reach-Avoid Value Decompositions

In this section, we consider the family of recurrence relation
operations corresponding to the composition of G with U (for
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which GF is a special case). To always-eventually satisfy a
predicate implies that a trajectory must continue to satisfy it
indefinitely. These compositions are particularly important as
they encompass the liveness (i.e., goal-satisfaction) property,
where certain states must be revisited or regenerated in some
sense. Moreover, this operation is significantly less strict than
the Reach-Stay specification FG in (2), and thus more desirable,
when continuous goal achievement is impossible or unknown.
The temporal coupling of the outer G with the inner TL
makes the Value of these compositions behave differently.
Note, by definition, the robustness function alone satisfies

p|GFr](&:) = min max p[r] (., t") = limsup p[r](&z, 5), (3)

teN t/>t s—00

and, hence, the Value is constant along trajectories, regardless
of when they begin. Yet, this coupling also gives rise
to an implicit characterization amenable to the VDR: e.g.
p := G(qUr) satisfies p = q U (r A Xp), thus, we may apply
VDR{1J34] to have the following.

Lemma 1. For the predicate p = G(qUr) the

corresponding Value satisfies

V[l (z) = V*[q U (r A Xv[p])](2).

This result demonstrates that the Value function associated

with the predicate G (qUr) can be characterized implicitly.

For intuition, one may consider this Value as a special R.A
Value that aims to reach an intersection of the target predicate
r and its own satisfiable set (denoted by v[p]) at the next
step, and hence, maintain the ability to satisfy it again in
the future. More generally, we may expand this result to the
case involving a composition of G with N-AND-Until’s by
considering a loop of predicates p.

Definition 5. Given a predicate, p := G(/\;c(q; Uri)), let a
loop of N := || predicates p{ be defined’|s.t. p'y_, := p} and

p; = (/\jez qj) u (ri AprH)' )

Theorem 3. For predicate p := G (\;c7(q; Ur;)), the
corresponding Value satisfies Vi,

S (Aaum)]@
=v* )@ = v*[(A, ;) U (n AXvIpET) | @):

d

V*

—

a
where p¢ and pf 1 are defined in Def. ﬁ

Proof. Here, the amenable logical form is the loop of
predicates pf: Vi, we have p = pf (Lem. E). We may then
apply VDR{l| VDR{3| and VDR4]

V*[pil(z) = V* {q Uvlr; A pr+1]] (z),
=V* [6] U (ri A [pr+1]) ] (z),
=V {5] U (rs AXV[pi1]) ] (). H

This result allows us to consider the problem of recurrently
reach-avoiding NN tasks as a loop of N coupled Values.
Perhaps bizarrely, the implicit nature implies that the loop
order is arbitrary (discounting in Def. [6] however, gives higher
Value to shorter loops, see Appendix Appendix [F).

Although these results appear similar to the previous
decompositions, it is important to note that they are
fundamentally different due to the implicit definition. These
characterizations do not offer a method to solve the Value,

This depends on the inclusion of the end-point in U (Def. |1 I:) following
HJR convention, which implies p = G(A, Fry A A; q;). Otherwise, let

(/\ a; AW;) U (r; AW /\sz+1) where w; := /\]#(qj ATj).
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and in some state spaces, may be meaningless. To certify the

well-posedness in certain scenarios (e.g. finite state spaces),

we show in Appendix [G] that these Values are equivalent to
the limit of finite recurrence, however, this is not generally
a practical procedure. Moreover, a straightforward application
of the discounted R.A-BE yields a BE that is not necessarily
contractive, due to the appearance of the Value in both
(1 —~) and ~ terms. To address these challenges, we propose
a novel contractive Bellman Equation, which we call the
Reach-Avoid-Loop (R.A;) BE, which is guaranteed to
yield the desired Value in the limit of discounting.

Definition 6. Given a set of N values {V;}", let the RA,
Bellman operator be defined for each element as

By 4,1Vi] := (1 — v) min{r;, min; ¢;} +

~min { max{min{ri,viil} ,Vf},minj qj}.

Theorem 4. The RA.-BE given in Def. [0] is contractive
such that for a set of N values V7 [pf],
V[pi] ¢ B 4, [V Ipi]]

is a unique fixed point, satisfying Vi,

lim V7[pf] = V* [G (/\Z_(qi u ri))} :

~y—1

Equipped with the RA,-BE, we can now approximate the
Value for the family of recurrence predicates effectively.

D. General Decomposition and Policy

In general, the VDR may be used to decompose the Value
beyond the cases derived in Thms. 2 & [3| These were
presented for their practical relevance, and because they serve
as examples of a general proof strategy, however, they are not

the limit of the VDR. For example, using the same techniques,

it is simple to consider a combination of the two classes as

presented in Fig. [T} which we give in Appendix [H. Moreover,

in Appendix |Il we demonstrate how this strategy can be used
to synthesize a corresponding policy.

VII. ALGORITHM(S)

In this section, we introduce Value-Decomposition PPO, a
variant of PPO that solves the Value associated with the class
of TL predicates in Sec. [VI|using the decomposed Value graph
(DVG). We also describe the tools required to generate the DVG
and to solve it via dynamic programming for low-dimensional
problems. A graphical overview is shown in Fig. ]

valtr: Generating the DVG. We introduce valtr, a
tool that converts a parsed temporal logic specification into
the general predicate form of Thm. [5] by recursively applying
standard TL rules into a form suitable form for the VDR.
This representation is then transformed into the DVG, where
nodes correspond to predicates, negations, max, min, and
Value functions, and edges encode their dependencies. Cyclic
recurrence compositions are handled via a special node,
enabling efficient parsing and transformation of arbitrary
predicates into DVGs. See Appendix [J| for details.

Dynamic Programming with the DVG. With the DVG,
one may compute the Value of a given predicate by performing
a topological sort of the DVG and applying dynamic
programming to compute the Value of each subformula
in the correct order. Cyclic nodes, arising from recurrence
specifications, can be approximate by a finite number of
recurrences as described in Appendix |Gl This allows us
to compute the dynamic programming solution for the
low-dimensional test cases given in Figs. 2] and 3]

Policy Inference with the DVG. To execute the policy, we
keep track of the current node in the DVG initialized at the
root node. At each step, we execute the policy associated with
the current node and check its satisfaction. If the predicate
is satisfied, we switch to the child node corresponding to the
satisfied predicate and repeat this process. We provide more
details in Appendix [ For an explicit construction and rigorous
proof of the optimalality of the constructed policy, see [68]].

VDPPO. Finally, we propose Value-Decomposition PPO
(VDPPO), a special variant of PPO which solves the Value asso-
ciated with the class of TL predicates in Sec. [VI by using the
DVG. VDPPO uses one two-layer neural net (NN) for all Values
in the DVG and one for all corresponding policies, by embed-
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ding the node representations with a one-hot vector. VDPPO
solves all nodes in the DVG simultaneously by conducting
rollouts for each node with the corresponding embedded policy.
Depending on the embedding value, the target and advantage for
each node are computed with the corresponding discounted .A4-
BE, RA-BE or RA;-BE. To train all nodes concurrently, at this
step VDPPO uses the current child node Value estimate for the
corresponding BE (“bootstraps”), which is represented by the
feedback loop in Fig. [d The policy is trained with the standard
PPO objective, using the advantage estimate corresponding to
the embedding. This allows us to leverage the decomposed
structure of the Value functions to efficiently learn policies
that satisfy complex TL specifications without sequentially
approximating the Value. See Appendix [K for further details.

VIII. SIMULATION RESULTS

To better understand the performance of VDPPO, we design
simulation experiments to answer the following questions:
(Q1): Does Value decomposition help satisfy & optimize
a wider spec. with more options?
Does Value decomposition help satisfy & optimize
a longer horizon spec.?

Can VDPPO scale to more complex dynamics?

(Q2):
(Q3):

Details on experiments are in Appendix [L (sim details)
and Appendix [M (baselines). Additional ablation studies are
provided in Appendix [N

A. Setup

Environments. We evaluate on four simulated domains:
DoublelInt (toy double integrator environment to focus on
TL challenges), Herding (a team of herders collaborates to
herd multiple targets to a designated location while avoiding
obstacles), Delivery (agents must continuously pick up and
deliver packages to a special agent while avoiding collisions
with each other and static obstacles), and Manipulator (a
robotic arm interacts with a cube and a drawer as specified
by TL formulas) from OGBench’s scene task [69].

Baselines. We compare VDPPO with other model-free
methods that can solve TL specifications with black-box
dynamics. These include 1) LCRL [70], a deep RL method
that solves TL tasks by augmenting the state space with an
automata representation of the TL formula, 2) an extension
of Model Predictive Path Integral (MPPI) to tackle
TL problems [72], TL-MPPI, 3) PPO using the robustness
metric as a reward, and 4) an extension of PPO using a Long
Short-Term Memory backbone [[73], PPO-LSTM. For each
environment, LCRL, PPO, PPO-LSTM and VDPPO are run for
the same number of update steps, while for TL-MPPI we
follow the hyperparameters chosen in [[72].

Evaluation criteria. Performance is measured by success
rate on finite-horizon TL satisfaction; we additionally report
satisfaction rates of individual subformulas. All methods are
trained with three seeds and evaluated on 256 initial conditions.



B. Results

(Q1): Value decomposition improves breadth scalability
with TL complexity. To answer this question, we study the ef-
fect of an increasing N-R.A-A spec., i.e. a N-AND of Until in
a single-agent double integrator environment. The spec. requires
an agent to visit NV targets in any order while maintaining safety.
The problem is difficult because the number of paths grows
exponentially. All methods solve the singular spec. but degrade
as the number of specifications increases. VDPPO consistently
outperforms all baselines as the breadth complexity of the TL
spec. increases (Fig[3] left), demonstrating the effectiveness of
Value decomposition in handling complex TL tasks.

(Q2): Value decomposition improves depth scalability
with TL complexity. To answer this question, we study
the effect of an increasing N-chain-of-RA spec., i.e. a
N-chain of Until predicates in a single-agent double
integrator environment. The spec. requires an agent to
visit N targets in a fixed order while maintaining safety.
Again, VDPPO consistently outperforms all baselines as the
depth complexity of the TL spec. increases (Fig[5, right),
achieving up to 128 targets reliably. This is likely because the
probability of randomly satisfying nested TL specifications
decreases exponentially with depth, making it difficult for
non-decompositional methods to learn effective policies.

(Q3): VDPPO outperforms on problems with difficult
dynamics. We now consider more challenging problems,
either due to complex interactions with uncontrolled agents
(Herding), heterogeneous collaboration (Delivery &
Herding), or complex dynamics (Manipulator), and show
the results in Fig. @ In all three tasks, VDPPO achieves the
highest success rate by a significant margin. See Appendix [N
for ablations.

IX. HARDWARE RESULTS

Lastly, we perform hardware experiments corresponding to
the Herding and Delivery environments using a swarm
of Crazyflie (CF) drones collaborating with the Unitree Go2
to demonstrate the ability of VDPPO to solve complex task
specifications in high-dimensional real-world settings with
heterogeneous collaboration. See Fig. [/| for an overview.

A. Herding

In this experiment, we consider a team of one CF and the
Go2 tasked with herding three “sheep” CFs through a narrow
gap to a target location while avoiding obstacles and collisions.
The sheep CFs have a fixed nominal policy, using the softmin
to drive them away from the nearest obstacle or agent, and
thus will move only when approached.

The TL specification for the task is given by,

AFr) AFG(r)) A G, )

where c denotes collisions, r, the herd reaching the pre-gate
region, r; passage through the gate, and r;, arrival at the target.
This encodes a sequence of reach—avoid objectives followed
by a reach—stabilize objective requiring indefinite herding.
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Fig. 7. Hardware Overview for Herding and Delivery Tasks

The herders (CF and Go2) are initialized opposite the gap
from the herd and have asymmetric dynamics, with the Go2
moving more slowly. To satisfy the specification, the herders
must coordinate to pass through the gap, collect the herd,
and guide it to the target while avoiding obstacles. We train
a VDPPO policy using the DVG and deploy it on hardware,
where the agents adapt online to real-time state feedback.

Ultimately, we observe that the CF and Go2 learn to divide
the labor of the task such that the CF passes through the gap
to gather the agents (Fig[8]B), while the Go2 waits to receive
on the herding side (Fig[8.C). When the herd passes through
the narrow gap, the Go2 initially moves out of the way
(Fig[8lC) and then transitions to providing support, rapidly
shifting position to block the Herd from distributing across
the new space (Fig[8.E). This behavior is entirely emergent
and demonstrates the wide-ranging ability of VDPPO to solve
complex tasks automatically.

B. Delivery

In this experiment, we consider a team of two CFs and
the Go2 tasked with recurrently visiting agent-specific target
locations and recurrently revisiting the Go2 agent (to model
package delivery and resupply), while avoiding building
obstacles, collisions, and a “no fly zone” (for the CFs).

The TL specification for the task is given by,

Pdelivery := G(Fri AFra) A /\Z GF(rs;) A G=(acVob Vv nf)
where the predicate r; & ro capture CF ¢ visiting target 7,
captures CF ¢ visiting the Go2 (resupplying), ac captures aerial
collision, ob captures obstacle collision, and nf captures the no-
fly-zone (for the CFs only). Here, the task logic is dominated
by GF, and hence is largely solved with the R.A,-BE.
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In this environment, the CF targets jump to a new random
location after an agent has visited it, requiring a policy that is
conditioned to various target locations. The real difficulty of
this problem arises in the tightness of the layout; the obstacles
confine the Go2 to the central area where the CFs are not
allowed to fly (modeling a busy intersection), yet the CFs
must visit the Go2 to “resupply.” We again implement VDPPO
to learn a policy to solve the complex task and deploy it live.

Ultimately, we observe sophisticated coordination between
the three agents to distribute the difficulty of the task fairly.
Namely, as the CFs move around the outskirts of the arena,
avoiding one another carefully but not slowly (Fig[8.L), the
Go?2 anticipates their movements, moving between each of the
agents (Fig[8]G-I) to be in position to resupply them as close to
their target as possible. This complex collaboration generated
by VDPPO allows the agents to rapidly meet deliveries and
resupply without crashing at all.

X. DISCUSSION AND LIMITATIONS

We briefly discuss some limitations of the proposed work
and future directions.

1. Any-Order Task Scaling: Thm. IZ yields a graph of 2%V
Values, i.e. the compute for a simultaneous any-order task
grows exponentially. This Traveling Salesman Problem like
growth is fundamental and also arises in automaton construction
[74]]. Thus, LCRL and other RL-automata methods share this
limitation. Approximations that only consider a subgraph could
mitigate this, for example, but we leave this to future work.

2. Running Cost Minimization: VDPPO does not minimize a
running cost, but can be extended to do so (i.e., a constrained

optimization problem formulation) via Lagrangian [73]] or
epigraph formulations [76] [55]]. Similarly, VDPPO might be
extended to generate Lyapunov/Barrier functions with an
anti-discounting term [77]. We leave this to future work.

3. Optimizing Robustness, Tradeoffs: Dense robustness scores
can induce unintended behaviors while maintaining satisfaction
(e.g., reaching the target then moving far away to increase safety
margin). However, the presented theory is amenable to any pred-
icate function with the same level set, e.g. allowing for tuning
like 7/ := 107 without sacrificing “priority” of r. Conveniently,
this allows for both dense & sparse reward (and penalty) func-
tions; in our results, we mostly use sparse/binary predicate func-
tions and employ pseudo-binary dense functions for rare tasks.

4. Stochasticity: The presented decompositions depend on
max/min algebra which does not hold when wrapped with the
Expectation operator (all equivalences become inequalities).
As discussed in [33]], a policy gradient result is still derivable,
however, and has been demonstrated to work in practice [3].

XI. CONCLUSION

In this work, we propose a novel approach to solving the
Bellman Value function associated with complex temporal
specifications via decomposition. Namely, we demonstrate that
for a large class of TL predicates, the corresponding Value
may be decomposed into a graph of Values connected by
a set of “atomic” Bellman equations. With this perspective,
we propose VDPPO that is shown to solve optimal policies
in complex tasks well beyond existing methods. This work
highlights a novel and powerful approach to tackling complex
task logic for real-world autonomy.
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