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Abstract—We propose a sampling-based framework for finite-
horizon trajectory and policy optimization under differentiable
dynamics by casting controller design as inference. Specifically,
we minimize a KL-regularized expected trajectory cost, which
yields an optimal “Boltzmann-tilted” distribution over controller
parameters that concentrates on low-cost solutions as tempera-
ture decreases. To sample efficiently from this sharp, potentially
multimodal target, we introduce tempered sequential Monte Carlo
(TSMC): an annealing scheme that adaptively reweights and
resamples particles along a tempering path from a prior to
the target distribution, while using Hamiltonian Monte Carlo
rejuvenation to maintain diversity and exploit exact gradients
obtained by differentiating through trajectory rollouts. For policy
optimization, we extend TSMC via (i) a deterministic empir-
ical approximation of the initial-state distribution and (ii) an
extended-space construction that treats rollout randomness as
auxiliary variables. Experiments across trajectory- and policy-
optimization benchmarks show that TSMC is broadly applicable
and compares favorably to state-of-the-art baselines.

I. INTRODUCTION

Consider a discrete-time dynamical system

teN (1)

where x; € R" is the state and u; € R™ is the control input.
We focus on deterministic dynamics for clarity of exposition
and discuss extensions to stochastic dynamics in Remark 3.
For a finite horizon 7, we denote a state-control trajectory by
T = (l‘o, UQ, L1y ULy e, TT—1,UT—1, JZT), with total cost

i1 = f(2e, up),

T-1

— Z C(zg,up) + br(xT).
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Here ¢; for t = 0,...,7 — 1 are stage costs and {p is a
terminal cost. Let p denote a distribution over initial states
zo, and let § € R? parameterize a (state-feedback) controller

9 : R — R™. Under 7y, the control input is w; = 7w (),
which together with the dynamics induces a trajectory rollout
7(xo, 8). For simplicity, we focus on deterministic controllers.
We then consider the unified objective

2)

in E,, .0))].
min By~ [J(7(20,0))]
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Problem (3), henceforth referred to as trajectory and policy
optimization (TPO), subsumes two fundamental settings in
optimal control and reinforcement learning:

o Trajectory Optimization (TO) [60, 13, 18, 41, 57]: fix
the initial state by setting ;1 = d,, (a Dirac measure), and
choose an open-loop parameterization 6 = (ug, . . ., up—_1)

(equivalently, 7y (x¢) = u¢). Then (3) reduces to optimiz-
ing a single control sequence for a given zg.

« Policy Optimization (PO) [68, 63, 64, 39, 28]: let u rep-
resent a distribution over initial conditions (e.g., uniform
over a region in the state space), and parameterize 7y
as a state-feedback policy (e.g., with a neural network).
Then (3) becomes the problem of minimizing expected
trajectory cost over the initial-state distribution.

Motivated by the recent efforts in differentiable physics
simulation—particularly contact solvers [45, 34, 65, 24, 56,
, ]—and in learning differentiable world models [58,
, 3,5, 2, 80], we assume the dynamics f(x,us) is
dlfferentlable in both x; and u;. This enables gradient-based
approaches that “exploit” differentiability: in TO, nonlinear
programming techniques (single or multiple shooting) op-
timize an open-loop control sequence [60, 7, ]; in PO,
recent “first-order” methods [17, 81, 5, 6, 77] leverage dif-
ferentiability to compute policy gradients more efficiently
and improve sample efficiency. A drawback, however, is that
gradient-based optimization can get trapped in undesirable
local minima, and gradients from differentiable simulators can
be uninformative in the presence of nonsmooth dynamics [67].
In contrast, sampling-based methods such as model predictive
path integral control (MPPI) [78, 79] “explore” the control
space and use the dynamics model only to evaluate trajectory
costs; they can be less sensitive to poor local minima but often
require many samples. This motivates our central question:
can we design a unified and principled algorithm for TPO
that combines the benefits of sampling and gradient-based
optimization under differentiable dynamics?

From Optimization to Inference. Towards this, instead of
optimizing a single parameter 6 in (3), we consider optimizing
a distribution p over # € R?. Let py be a prior distribution with
full support on R? (i.e., with density po(6) > 0 for all § € RY;
e.g., a Gaussian). We study the KL-regularized problem

In;n Esgmop,6~p [J(T(fm 9))] + ADkw(p||po), 4)
where Dk (pllpo) = [pa P(6) log 9) d9 is the Kullback—
Leibler (KL) divergence and A\ > O controls the strength
of regularization (equivalently, a “temperature”). At A =
problem (4) is equivalent to the TPO problem (3): they have
the same optimal value and any distribution supported on the
optimal solution set of (3) is optimal for (4). As A — 0%, the
optimal p* concentrates its mass on minimizers of (3). A key
advantage of (4) is that it admits a closed-form solution.



Theorem 1 (Optimal Distribution). Assume ¢;(-,-) > 0 for
t=0,...,7—1and {p(-) > 0. Define the energy function

E(e) = EIONM [J(T(l‘o, 0))] ) (5)
then the optimal distribution p* of (4) is given by
1 1
p') = g mO)ex (~350)) ©
where )
7Z = / po(0) exp <_)\E(0)) de (7
Rd

is the normalizing constant (partition function).

A proof is provided in the Supplementary Material. The-
orem | reframes optimization as inference: the optimal so-
lution of (4) is obtained by Boltzmann-tilting the prior pg
with the energy E(f), namely p*(0) o po(6) exp(—E(6)/\)
(a.k.a. the Gibbs posterior [51, ]). Intuitively, this tilt
exponentially upweights controller parameters 6 that incur
lower energy, i.e., lower expected trajectory cost. Thus, if we
can efficiently sample from the corresponding (unnormalized)
density—especially at low temperature A—then samples con-
centrate near minimizers of the original TPO objective (3).
This “control-as-inference” characterization is not new: closely
related forms appear in information-theoretic optimal control
[71, 42,79, 78] and reinforcement learning [63, 28, 47, 50].

While Theorem 1 gives a closed-form solution to the KL-
regularized TPO problem, sampling from the Boltzmann-tilted
distribution (6) remains challenging. At low temperature, the
target distribution can be sharply concentrated and highly
multimodal, reflecting the nonconvexity of the underlying
TPO objective (3). To the best of our knowledge, sampling
from such hard targets has received limited attention in the
optimal control and reinforcement learning literature. Existing
approaches are typically based on importance sampling (e.g.,
MPPI and the cross-entropy method [20]) or on Markov
chain Monte Carlo (MCMC) (e.g., Bayesian motion planning
[83, 43] and energy-based RL policies [27, 62]). For sharp,
multimodal targets, the former often requires many samples,
while the latter can suffer from long mixing times.

Contribution. We develop an algorithm for sampling from
the Boltzmann-tilted distribution (6) that combines sampling-
based exploration with gradient-based optimization, and ap-
plies to both TO and PO. Our approach builds on tempered
sequential Monte Carlo (TSMC), a state-of-the-art tool for
multimodal, low-temperature targets in Bayesian inference
[53, , 21, 19]. TSMC introduces a tempering path that
gradually deforms an easy-to-sample prior into the desired
Boltzmann tilt (¢f. Fig. 1); at each tempering level, it reweights
and resamples particles to focus computation on low-energy
regions, then applies Hamiltonian Monte Carlo (HMC) rejuve-
nation to restore diversity and enable local exploration while
preserving the tempered target. We show that TSMC can be ap-
plied directly to TO, where Vg E(#) is available via automatic
differentiation through rollouts. For PO, we introduce practical
variants based on (i) a deterministic approximation of E(f)

and (ii) an extended-space construction that augments each
particle with a batch of initial conditions. Experiments across
TO and PO benchmarks demonstrate robust performance and
improved results relative to existing methods.

Outline. Section II provides a tutorial-style introduction
to TSMC. Sections III and IV apply TSMC to trajectory
optimization and policy optimization, respectively, with exper-
imental results in Sections V and VI. Section VII concludes
with limitations and future directions. Supplementary Material
contains proofs, additional results, and related work.

II. TEMPERED SEQUENTIAL MONTE CARLO

Recall that our goal is to sample from the Boltzmann-tilted
distribution (6), where the energy function E(6) is differen-
tiable in 0. This section introduces the key ingredients of
tempered sequential Monte Carlo (TSMC). For concreteness,
we use the following running example.

Example 1 (Shekel-tilted Distribution). Let § € R? and
consider the energy function defined by the negative Shekel
function [66] with three centers:
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where ¢ = (2,2), ca = (—2,2), and c3 = (0,—2.5) are
the centers, and s1 = so = 0.5, s3 = 1.2 are the widths.
This nonconvex landscape has three local minima at the three
centers, with ¢y and co being global minima. Let py be the
standard Gaussian, and define the Shekel-tilted distribution by

) xoxm (- (51017+5E0)) )

The lowest surface in Fig. 1(a) plots the negative log-density
1116]1>++ E(0) with X\ = 0.1, revealing multimodality of p(6).

®)
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A. Tempered Importance Sampling

To address multimodality of the Boltzmann-tilted distribu-
tion (6), TSMC introduces a tempering path that gradually
deforms the prior pg into the target p*. Concretely, choose an
increasing sequence of scalars 0 = Gy < 1 < --- < Bg =1
and define intermediate distributions

pr(6) o po(0)exp (—%E(G)) , k=1,...
Clearly, po coincides with the prior, and px coincides with
the target p*. Fig. 1(a) plots the negative log-density of py(6)
for the Shekel-tilted distribution at different values of 3. As
[ increases, the nonconvex Shekel term is weighted more
heavily relative to the convex quadratic, smoothly deform-
ing the landscape from convex to strongly nonconvex. To
tractably sample from pj, we maintain a weighted particle
approximation {(0x(i),wy (7))}, with normalized weights
SN wi(i) = 1. Here k indexes the tempering step and i
indexes the ¢-th particle (and its weight).

Importance Sampling. Suppose we have a weighted par-
ticle approximation {(0x_1(i),wr—1(:))}¥,; for pr_1. To

VK. (10)
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Fig. 1.

Tempered Sequential Monte Carlo samples from the Shekel-tilted distribution in Example 1. (a) Negative log-density of the Shekel-tilted distribution

at different tempering values. (b) Particle locations before and after HMC rejuvenation on contours of the Shekel-tilted negative log-density.

update it to approximate pi, we reweight each particle by the
incremental likelihood ratio

Awg (i) = exp( — %Ewk—l(l)ﬁ (11)
and then renormalize,
w (i) = w1 (1) - Aw (i) i=1,...,N. (12)

SN wee1(h) - Awi(j)’

The factor Awg(i) is (up to a constant) the ratio
pr(0(7))/pr—1(0(3)), so particles with lower energy E(6) are
exponentially favored (upweighted) as /3 increases.

Adaptive Tempering. As [ increases, weight disparity
grows and the particle approximation may degenerate, com-
monly tracked by the effective sample size (ESS),

I
S (w (1))

where the bounds correspond to complete degeneracy (one par-
ticle has all weight) and uniform weights (wg (i) = 1/N,i =
1,..., N), respectively. In practice, we use ESS to choose the
next temperature 3 adaptively: given particles from py_1, we
pick B € (Bk—1,1] (e.g., using bisection) so that the ESS after
reweighting by (12) hits a target level, such as ESS;, ~ pN for
a fixed p € (0, 1). This yields an adaptive tempering schedule
that prevents abrupt weight collapse. For the Shekel-tilted
distribution, Fig. 1(b) shows the resulting adaptive schedule
{Bi}E_, obtained by targeting ESS;, &~ pN with p = 0.9.
Resampling. After selecting 5, and computing the updated
weights via (12), the particle approximation of py, is weighted.
Resampling converts this weighted set into an approximately
unweighted one, which (i) prevents gradual accumulation of
weight disparity across steps and (ii) focuses computation on
particles that have non-negligible mass under pj. Concretely,
we draw ancestor indices aq,...,ay i.i.d. from the categor-
ical distribution with probabilities (wg(1),...,wx(N)), set
0. (i) < Or—1(a;), and reset weights to wy (i) = 1/N.
Repeated reweighting and resampling can reduce particle
diversity: the population may collapse onto a small number of

distinct particles that carry most of the mass. Moreover, with-
out additional moves, the particle locations remain restricted
to the initial sample {0y(i)}~,; and cannot explore new
parameter values. Next, we incorporate MCMC transitions to
rejuvenate the particle set and enable local exploration while
preserving the tempered target distribution.

B. MCMC Rejuvenation

At each tempering level k£ and after resampling, we apply
a Markov transition kernel 7 (6’ | 0) to each particle. The
key requirement is that 7 leaves py invariant, meaning that
if 0 ~ py and 0 ~ T(- | 0), then 6’ ~ p;. Equivalently,
ﬁwmwww:mm (14)
Thus, rejuvenation can be viewed as a “move” step that
improves diversity without biasing the particle approximation.
For illustration, Fig. 1(b) overlays particle locations before
and after MCMC rejuvenation on contours of the Shekel-tilted
negative log-density. The rejuvenation step proposes distant
moves, enabling exploration of the parameter space.
Hamiltonian Monte Carlo. There are many MCMC ker-
nels that can be used for rejuvenation. Here we focus on
Hamiltonian Monte Carlo (HMC) [23, 54, 11], which is a
popular choice for its ability to propose distant moves (and
hence improve particle diversity). For each tempering level k,
define the (unnormalized) negative log-density (potential)
o Bk
Vi(6) = TE(G) — logpo(6), (15)
so that py () o exp(—Vi(0)) (¢f the definition in (10)). HMC
augments @ with an auxiliary momentum 7 € R? drawn from
a Gaussian r ~ N (0, M), where M > 0 is a mass matrix,
and defines the Hamiltonian Hy(6,7) £ Vi (0) +0.5r T M ~1r.
HMC proposes distant moves by approximately simulating
Hamiltonian dynamics under H} using a symplectic leapfrog
integrator [29]. In particular, given step size £ > 0 and number
of steps L, a single HMC transition proceeds as follows:

o Refresh momentum: sample 1o ~ N (0, M); set 6y = 6.



o Leapfrog integration: for s =0,...,L — 1,
€
Ts4l =Ts — §V9Vk(95>7

95_;,_1 =0, + EMilTs_A,_%a (16)

€
Tapl = Tgyl — ivevk(esﬂ).

o Metropolis correction: Define (0',r') = (0, —rr) and
accept the proposal with probability

min {1, exp( — Hy(0',r") + Hy(60,70))} - 17

Otherwise set 6’ = 6. Return the new position 6’.

Intuitively, invariance follows because leapfrog defines a re-
versible, volume-preserving proposal map for the Hamiltonian
dynamics [54], and the Metropolis—Hastings accept/reject step
corrects the discretization error to enforce detailed balance
with respect to the target density p [01]. Detailed balance
implies that 7Ty leaves py invariant, i.e., (14) holds.

Parameter Tuning. The HMC kernel has three key param-
eters: the mass matrix M, the step size e, and the number
of leapfrog steps L. Ideally, M matches the local scaling/-
correlation structure of the target (so different coordinates
evolve on comparable time scales), € is as large as possible
while maintaining a reasonable acceptance probability, and the
trajectory length Le is long enough to make a substantive move
without wasting computation by retracing the trajectory.

In our implementation, we set M = I since estimating
a well-conditioned, geometry-adapted mass matrix requires
additional tuning/curvature information [31, 11, 25, 76]. We
manually select ¢, and use the NUTS sampler [31] to adap-
tively determine the effective number of integration steps L on
the fly. Intuitively, this avoids hand-tuning L: it extends the
Hamiltonian trajectory until further integration would start to
reverse direction in parameter space, yielding long proposals
when beneficial while preventing redundant trajectories.

Summary. TSMC tackles the multi-modal, low-temperature
target (6) by introducing a tempering path that gradually
deforms the easy-to-sample prior into the desired Boltzmann
tilt. At each tempering level, we (i) reweight particles by
importance sampling (using ESS to adaptively choose the
next temperature), (ii) resample to control weight degeneracy,
and (iii) apply HMC rejuvenation to restore diversity and
explore the parameter space while preserving the tempered
target distribution. Fig. 1(b) shows that TSMC successfully
samples from the Shekel-tilted distribution: the final particles
are well-distributed across the two global minima, with a small
number of particles exploring the third local minimum. In
Supplementary Material, we provide the asymptotic theoretical
guarantees offered by TSMC. Next, we apply TSMC to
trajectory optimization (TO) and policy optimization (PO).

III. TSMC FOR TRAJECTORY OPTIMIZATION
Recall from (5) the energy E(0) = Eyy~u[J(7(20,0))]. For
trajectory optimization (TO), p = 6, so E(0) = J(7(z,0))
and VyE(f) can be computed exactly by differentiating
through the trajectory rollout, using the adjoint method.

Theorem 2 (Exact Gradients for TO). Assume the dynamics
f(x,u) is differentiable in (z, ), the controller mg(z) is differ-
entiable in (x,0), the stage cost functions {{;}]_," are differ-
entiable in (x,u), and the terminal cost {7 is differentiable in
x. Starting from an initial state xo, let 7 = (29, ug, - .., xT) be
a trajectory rollout generated by the controller mg(x). Define

0 0
At é %(xt,ut) € Rnxn7 Bt é £($t,ut) S Rnxm’
Lt e %("Et) € Rmxn, Gt £ %(xt) € Rde,
ol ol
I a—;(xt,ut) ER™, (= 87;(%:7%5) € R™,
ol
gw,T = 67‘;(377“) e R"

and the costate (adjoint) recursion backward in time:
or =Ly, andfort=T—1,...,0:
gt = Luy + Bt‘r(th or =Ly + LtTgt + A:S0t+1-

Then the gradient of the trajectory cost with respect to 6 is

(19)

T—1
VoJ(r(20,0)) = > G/ gt (20)
t=0

The result follows by repeated application of the chain rule
(equivalently, reverse-mode automatic differentiation) and we
omit the proof for brevity. In practice, when f, 7, {¢:};—y"
and {7 are implemented in modern autodiff frameworks (e.g.,
PYTORCH or JAX), the adjoint recursion is computed effi-
ciently by backpropagation through the differentiable rollout.

In the TO setting with open-loop parameterization § =
(ug,...,ur_1) € RT™ and my(x;) = u; (no state feedback),
%(zt) = 0, hence L; = 0. Moreover, %(xt) simply selects
the t-th control block, i.e., Gy = [0,..., L,,,...,0] € Rm>xTm,
where the only nonzero block is the ¢-th m x m identity.

IV. TSMC FOR PoOLICY OPTIMIZATION

For policy optimization (PO), the energy F(#) is an expecta-
tion over random rollouts (through xy ~ w), and is generally
intractable to evaluate exactly under nonlinear dynamics. In
practice, both FE(f) and VyFE(0) are approximated using
Monte Carlo rollouts, yielding stochastic estimates. This raises
a natural question: when only stochastic estimates of E(6) and
Vo E(0) are available, can we still use TSMC to sample from
the optimal Boltzmann-tilted distribution p* in (6)?

A first idea is to replace the deterministic HMC rejuvenation
kernel from Section II with a stochastic-gradient variant (e.g.,
stochastic gradient HMC [15]). While this can address the
move (MCMC) step, it does not resolve the weighting step:
the TSMC incremental weights (11) depend on factors of the
form exp(—c E(f)) (and ratios thereof) for a constant ¢ > 0,
and an unbiased estimator F(#) does not in general yield an
unbiased estimator of exp(—c E(6)). A principled route would
be to construct a nonnegative unbiased estimator W (0) > 0
such that E[WW(0)] = exp(—c E(6)), and then plug W () into
the incremental weights. Unfortunately, nonnegative unbiased
estimation of nonlinear functionals such as ¢(z) = exp(—=z) is



highly nontrivial and, in general, impossible without additional
structure; see [35]. Even when such estimators exist, they
typically rely on specialized “factory” constructions and can
require elaborate randomized procedures; see, e.g., [44].

Due to these challenges, we use two practical alternatives:
(i) a deterministic approximation of E(6) and (ii) an extended-
space TSMC variant.

A. Deterministic Approximation

A simple way to recover a deterministic energy is to approx-
imate the initial-state distribution p by an empirical measure
supported on a fixed set of B initial conditions {z(b)}2_;:

1B
ne = 5> On) @1
b=1
This yields the surrogate energy
Ep(0) := Epypy [J(7(x0,0 =5 Z J(r(zo(b),0)) (22)

and the corresponding Boltzmann-tilted target pj(0) o
po(0) exp(—Ep(0)/\) (and similarly for the intermediate
tempered targets along the TSMC path). Crucially, once
{zo(b)}E., is fixed, both Ep(0) and VyEp () are deter-
ministic and can be computed by differentiating through each
rollout using Theorem 2 and averaging. Therefore, the TSMC
algorithm from Section II does not need to be modified:
incremental weights are evaluated using Eg(6), and the HMC
rejuvenation kernel uses VoEp(6) as usual.

B. Extended-space TSMC

Pseudo-marginal methods address intractable expectations
by augmenting the state space with auxiliary random variables,
and then sampling the desired marginal by running a standard
sampler on the extended space [9, 8, 16, 4]. Here we adopt
this idea for PO by treating the rollout randomness (initial
conditions) as part of the particle state.

Extended-space Tempered Targets. Let each particle carry
controller parameters § € R? and a batch of B i.i.d. ini-
tial conditions xo(1),...,z0(B) ~ u. We shorthand xo =
(xo(1),...,20(B)). Define the empirical average rollout cost

ZJ :L‘O

We then define a sequence of tempered distributions, for k =
0,...,K, on the extended space (0,xo) € R? x (R")E

Jp(0,%0) 2 (23)

Pr(0,%0) x po(0 H,u (zo(b)) exp (—ﬁ; jB(H,xo)) . (24)

Running TSMC on {p;} yields samples (6,x9) ~ Dx;
discarding x( returns 6 distributed according to the marginal

Pr(0) < po(0) Ex,p o5 [exp(—/l\ JB(Q,X0)>:| .25

This marginal differs from the original Boltzmann tilt p*(6)
po(0) exp(—E(0)/A): it is a risk-sensitive (exponential util-
ity) objective [36], reflecting that in general Elexp(—Z2)] #
exp(—E[Z]). Indeed, write

0p(0) = log Ex,~ o8 [exp <—§\jB(9,x0))} + %E(@), (26)
we have, from (25),
1
e (6) x () exp (-1 BO) ) expldnd). @)

Thus the extended-space marginal is a multiplicative
exponential-utility perturbation of the true Boltzmann tilt.
Moreover, if J(7(xo,0)) is sub-Gaussian under zo ~ p with
variance proxy o2(6) [75], then

< < .
0=0800) < 550

Consequently, the mismatch decreases as O(1/B), and is
small when the rollout-cost variance across initial states is
modest, the batch size B is large, and the temperature \ is
not too small.

TSMC in the Extended Space. We maintain weighted
particles {(6x(), %0 x(7), wx (7))}, approximating jy as in
(24), where x¢ 1 (i) = (20 (i, 1), ..., 20x(i, B)). The TSMC
steps mirror those in Section II:

(28)

o Initialize: sample 0y(i) ~ po and ¢ (%, b)
b=1,...,B; set wy(i) = 1/N.

o Importance weight update: given particles for py_1, up-
date weights using the incremental ratio

Awk(i):exp( Br *Aﬁk 17

and normalize as in (12).

o Resample: resample ancestor indices according to wy(7)
and reset weights to 1/N, as in Section II.

e HMC rejuvenation (move 6, hold xq fixed): for each
particle, apply an HMC move targeting the conditional
density j (6 | xo) o< po(6) exp( — 2:.Jp(6,%o)). Define
the unnormalized negative log-density (potential)

~ p i.i.d. for

T (01 (8), %0,-1()) . (29)

Vi(0) = %ij,Xo) — logpo(0), (30

and Hamiltonian Hy(0,7) 2 V;.(9)+0.57T M~'r, where
r ~ N(0, M). The gradient of the potential is

Vo Vi(0) AB ZWJ (20(b), 6))—Vologpo(6), 31)
where each VyJ(7(zo(b),0)) is obtained by Theorem 2.
One HMC move then proceeds by (i) sampling ro ~
N (0, M), (ii) applying the leapfrog integrator (16) with
Vi replaced by Vj, to obtain (0L, rr), and (iii) accepting
6’ = 6, with probability (17) where Hy is replaced by
H;, or otherwise keeping ¢’ = 0.

o Refresh initial states (move xq, hold 0 fixed): to avoid
restricting X to a finite set of initial samples, we update



the auxiliary batch using a Metropolis—Hastings refresh
that targets py(xo | ¢). For each b = 1,..., B, propose
x4 (b) ~ pu(-) and accept with probability

min {1, exp ( J (7 (26(0), 9;})9—/ Z :T(fﬂo(b), 9) )} (32)

Otherwise, keep xo(b).

The rejuvenation kernel at level & is defined as the compo-
sition of (i) an HMC move on 6 targeting py (6 | xo) with X
held fixed, and (ii) an MH refresh of x targeting pr(xo | 0)
with 6 held fixed. Each sub-step leaves its corresponding
conditional invariant, hence their composition leaves the joint
extended target py (6, %¢) invariant.

Remark 3 (Extension to Stochastic Dynamics). A natural
extension of our framework is to stochastic dynamics of
the form xiy1 = f(x,ur) + wy, where wy is a random
disturbance. In that case, the energy becomes E(0) =
Evo wor_1 [ (T(z0,0; wo.r—1))]. Thus, at the level of the tar-
get distribution, TSMC carries over directly by redefining the
energy to average over both initial-state and disturbance ran-
domness. Moreover, the extended-space construction also gen-
eralizes naturally by augmenting the auxiliary variables with
sampled disturbance trajectories. The resulting 0-marginal is
again a risk-sensitive surrogate of the exact Boltzimmann target.

V. EXPERIMENTS: TRAJECTORY OPTIMIZATION

We evaluate TSMC for trajectory optimization against base-
line methods. All experiments run on a Lambda workstation
with an AMD Ryzen Threadripper PRO 5975WX (32 cores)
and two NVIDIA Ada6000 GPUs.

Implementation. We implement the dynamical systems and
TSMC in JAX [12] to leverage automatic differentiation and
GPU acceleration. We use BLACKJAX [14] to implement
TSMC; specifically, its adaptive TSMC framework with NUTS
as the HMC rejuvenation kernel. We set the ESS threshold for
selecting the next tempering parameter to p = 0.8.

Baselines. We compare TSMC with:

o Parallel-NUTS. TSMC starts from particles sampled from
Po. Parallel-NUTS uses the same initialization, but for each
particle runs an independent MCMC using NUTS in
BLACKJAX, targeting the optimal distribution p* directly.

o Parallel-MALA. Same as Parallel-NUTS, but using the
Metropolis-adjusted Langevin algorithm (MALA) [10] in
BLACKJAX. Since MALA is cheaper per iteration than
NUTS, we run MALA for 100x more steps.

o Parallel-MPPI. Starting from the same initial particles as
TSMC, we run 64 MPPI planning steps per particle. We
treat each particle as the nominal control, sample 64 noise
perturbations, evaluate their trajectory costs, and update
by an exp(—%cost)—weighted average.

o Parallel-IPOPT. Starting from the same initial particles, we
run IPOPT using CASADI [7] with single shooting, ini-
tialized at each particle. We keep the CASADI dynamics
consistent with the JAX implementation so the trajectory
gradients with respect to controls match. Since IPOPT

can be slow, we run it in parallel across CPU cores (25
workers). We set the maximum number of iterations to
200 and the stopping tolerance to 1076,

Comparing TSMC with Parallel-NUTS and Parallel-MALA isolates
the role of tempering for sampling from sharp, multimodal
targets. Comparing with Parallel-MPPI highlights the benefit
of combining importance sampling with gradient-based op-
timization. Finally, Parallel-IPOPT serves as a simple hybrid
baseline: gradient-based optimization from multiple random
initializations. Across all methods, we use N = 100 particles.

Prior. We use a first-order autoregressive prior [30] over the
open-loop control sequence to encourage smoothness: u; =
yug_1 + €, where €, ~ N(0,0%1), with v = 0.9 and o = 0.3.

A. Inverted Pendulum

Setup. The goal is to swing up the pendulum to the
upright configuration under control limits. We discretize the
dynamics using a variational integrator [46, 41, 69]. Thanks
to its favorable energy behavior, this discretization permits a
relatively large time step and a shorter horizon. We follow
[41, Section E.1]; in particular, we use a time step At = 0.1
seconds and planning horizon T' = 30. Since the control is
one-dimensional, this yields 6 € R30,

Certified Lower Bound. We use the semidefinite program-
ming (SDP) relaxations in [4 1, 40] to compute a certified lower
bound on the optimal cost, providing a reference for assessing
whether TSMC (and baselines) reach global optimality.

Results. Fig. 2(a) shows boxplots of the trajectory costs
across the final particles for each method, along with the
certified lower bound. We make three observations. (i) TSMC,
Parallel-NUTS, and Parallel-IPOPT achieve similarly strong per-
formance: their final particles attain costs close to the SDP
lower bound, suggesting near-global solutions. (ii) Parallel-
MALA performs reasonably, but exhibits a heavier tail: while
the best cost is near the lower bound, some particles remain far
from optimality. (iii) Parallel-MPPI outperforms Parallel-MALA but
underperforms TSMC, Parallel-NUTS, and Parallel-IPOPT, high-
lighting the benefit of combining importance sampling with
gradient-based optimization under differentiable dynamics.

B. Acrobot

Setup. The goal is to swing up the acrobot (two-link
pendulum) to the upright configuration using a single control
at the elbow joint (Fig. 2(d)). We discretize the continuous-
time dynamics using fourth-order Runge—Kutta (RK4) with
time step At = 0.025 seconds and planning horizon T' = 200.
Since the control is one-dimensional, this yields § € R2°,

Results. Fig. 2(b) shows boxplots of the trajectory costs
across the final particles for each method. Here, TSMC signifi-
cantly outperforms all baselines. Fig. 2(d) visualizes the best-
cost trajectories from each method (final state highlighted in
thick black): TSMC is the only method that achieves a success-
ful swing-up close to the upright configuration. Numerically,
the best trajectory cost from TSMC is 2389, while the best costs
from the baselines are 2967 for Parallel-NUTS, 2967 for Parallel-
MALA, 2694 for Parallel-MPPI, and 2562 for Parallel-IPOPT.
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C. Pusher Slider

Setup. We consider the planar pusher—slider problem, which
features nonsmooth contact dynamics [52, 49, 32]. Inspired by
[40], we model the pusher—slider dynamics only during contact
between the pusher (a circular disc) and the slider (a rectan-
gular box), see Fig. 2(e); any free-space motion of the pusher
is assumed to be planned separately. The state is the planar
pose of the slider in world coordinates, z = [b, by, a] € R3,
where (b;,b,) is the box center and « is the box orientation.
We use a 4D contact-mode control u = [e, s,v,,v,] € R*:
e € {1,2,3,4} selects the contacted edge, s € [—Smax; Smax|
selects the contact location along that edge (with s = =+1
corresponding to corners and Smax € (0, 1] as a safety margin),
and v,,v, are pusher velocity commands expressed in the
slider frame and bounded componentwise by |v|, |vy|< Umax-
Given (e, s,vs,vy), We use the quasi-static model in [49]
to compute the slider twist and update the slider pose. This
model is differentiable except for the discrete edge variable
e. To obtain an end-to-end differentiable pipeline, we relax e
by introducing a continuous variable é € [1,4], computing
its distances to the integers in {1,2,3,4}, mapping these
distances to a categorical distribution via a softmax, and then
using the Gumbel-Softmax trick [37] to sample e through a
differentiable relaxation. The trajectory cost includes per-stage
pose error to the goal pose and a terminal pose error, together
with a temporal-smoothness penalty that discourages frequent
contact-mode switches. We use a planning horizon 7" = 200,
which yields # € R3°, For CASADI+IPOPT, we cannot use

Gumbel-Softmax; instead, we use a soft mixture model that
forms a contact normal direction as a weighted combination
of per-edge normals using the softmax weights. Since this
mixture is not physically realistic, after IPOPT we round the
edge variables to the nearest integers and forward simulate to
obtain physically valid trajectories for cost evaluation.
Results. Fig. 2(c) shows boxplots of trajectory costs across
the final particles for each method. Here, TSMC significantly
outperforms all baselines and is the only method that reaches
the goal pose. Fig. 2(e) visualizes the best-cost trajectories.

VI. EXPERIMENTS: POLICY OPTIMIZATION

We next turn to policy optimization benchmarks. We ini-
tially aimed to evaluate on MuJoCo locomotion tasks (e.g.,
HalfCheetah and Ant), which involve contact dynamics. While
both MuJoCo JAX (MJX) [72] and Brax [24] provide JAX-
based implementations, we found MJX’s contact solver relies
on a while loop that prevents reverse-mode differentiation,
as documented in GitHub issues [I, 70]. Brax supports dif-
ferentiable contact, but for HalfCheetah we observed gradient
norms as large as 10° to 103, which makes it unsuitable for
our framework. We therefore benchmark on classical control
tasks without contact—where we can already compare against
strong RL baselines—and leave contact-rich tasks to future
work as differentiable contact solvers in JAX mature.

Implementation. We use the same implementation details
as in Section V, except that for the extended-space TSMC
variant in Section ['V-B we implement adaptive tempering from
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scratch, since BLACKJAX’s built-in adaptive TSMC routine
does not support alternating two block moves over 6 and xj.

Policy Architecture. We parameterize g as a multi-layer
perceptron (MLP) with two hidden layers of 32 units each.

Baselines. We compare against two policy optimization al-
gorithms for RL: proximal policy optimization (PPO) [64] and
soft actor-critic (SAC) [28]. We wrap each dynamical system
as a Gymnasium environment [73] and run PPO and SAC
using Stable-Baselines3 [59] with default hyperparameters,
106 timesteps, and 32 parallel environments.

A. Inverted Pendulum with Sparse Rewards

Setup. Following Section V-A, we use a time step At =
0.1 seconds and planning horizon 7' = 32. To make the
task challenging, we use a terminal cost only formulation.
Let (xT,pOS,xT’vel) € R* denote the pendulum’s position
and velocity at time 7, and let (g pos, Zg,ve1) be the goal
state. Define the goal distance dist = /[[27 pos — Zg,pos||> +
0.5v/]|Z7,vel — Tgve1||?, and set the terminal cost to {p =
1 — o ((e —dist)/e), where o(-) is the sigmoid function,
e = 0.1, and € = 0.02 (the sparse reward is 1 — ¢7). The
policy parameters satisfy § € R'®4 We set the initial-state
distribution to be uniform over the 2D box [—m, 7] X [—, 7.
For both TSMC:D (deterministic approximation) and TSMC:E
(extended-space), we use B = 3000 and N = 32.

Results. Fig. 3(a) (left) shows learning curves for PPO and

SAC. PPO does not reliably improve within the allotted budget,
whereas SAC attains strong returns, consistent with the benefits
of off-policy learning and experience replay. Fig. 3(a) (middle)
shows the distribution of particle energies across tempering
levels in TSMC. Both variants achieve similar performance as
SAC. Fig. 3(a) (right) visualizes representative rollouts.

B. Acrobot

Setup. We follow Section V-B and use a time step At =
0.04 seconds with planning horizon T" = 100, which yields 6 €
R84 We use a single-state initial distribution, i.e., p = .,
with xg corresponding to the bottom-right configuration. We
focus on a single initial state because Acrobot is substantially
more challenging; as we show below, this setting is already
difficult for both PPO and SAC. Under u = 6,,, the TSMC
variants coincide; we use a large particle count N = 16000 for
TSMC (smaller particle sets did not yield a successful policy).

Results. Fig. 3(b) (left) shows learning curves for PPO and
SAC. Neither method reliably reaches a successful swing-up.
Fig. 3(b) (middle) shows the distribution of particle energies
across tempering levels in TSMC. The final-step best-cost
particle attains a trajectory cost of 1338.15, which improves
over the average trajectory cost over the final 50 episodes
of 2311.14 for PPO and 2482.44 for SAC. Fig. 3(b) (right)
visualizes the resulting swing-up trajectory from TSMC. To
investigate whether the performance gap is due to limited
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training budget, we run PPO and SAC for 10° environment
steps. Fig. 4 shows the learning curves. Neither method
reaches a successful swing-up.

C. Double Pendulum on a Cart

Setup. We consider swinging up a two-link double pen-
dulum mounted on a cart to the upright configuration [26].
This task is similar to Acrobot but has a higher-dimensional
state, z € RY. We discretize the continuous-time dynamics
using RK4 with a time step At = 0.06 seconds and planning
horizon T' = 100, yielding § € R24®, We use a single-state
initial distribution, with x( corresponding to the bottom-right
configuration. We use N = 14000 particles for TSMC.

Results. Fig. 3(c) (left) shows learning curves for PPO and
SAC. The average trajectory costs over the final 50 episodes
are 1713.00 for PPO and 3121.77 for SAC. Fig. 3(c) (middle)
shows particle energy distributions across tempering levels
in TSMC; the best cost among the final particles is 1350.50,
improving over both PPO and SAC. Fig. 3(c) (right) visualizes
the resulting swing-up trajectory from TSMC.

VII. CONCLUSION

We introduced TSMC, a sampling-based framework for
trajectory and policy optimization that exploits differentiable
dynamics, and demonstrated its robustness and versatility
across TO and PO benchmarks.

Limitations. While TSMC is naturally parallelizable across
particles, it can be computationally and memory intensive:
differentiating through rollouts can be slow, and maintaining
many particles can be demanding on GPU memory, potentially
requiring multi-GPU training.

Future work. (i) Integrate TSMC with differentiable con-
tact solvers and evaluate it on training RL policies for contact-
rich tasks. (ii) Accelerate TSMC via customized low-level
GPU kernels and hardware acceleration.
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