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Abstract—Many Inertial Navigation Systems (INS) use Global
Navigation Satellite System (GNSS) position as the primary mea-
surement to drive filter performance and bound error growth.
However, commercial-grade GNSS receivers introduce unknown
measurement delays ranging from 50ms to 300 ms depending
on sensor quality and operating mode. Such time delays can
significantly degrade INS performance unless they are explicitly
compensated for. Existing algorithms commonly estimate this
delay offline, run the filter concurrently with GNSS measure-
ments using buffered Inertial Measurement Unit (IMU) data,
and predict the current state by forward-integrating buffered
inertial measurements via IMU preintegration. The state-of-the-
art online method is an Extended Kalman Filter (EKF) that
explicitly models the time delay as a state parameter, which
defines the preintegration duration. This paper introduces a novel
geometric framework for modeling time-delayed INS, in which
Galilean symmetry is leveraged to provide a joint representation
of space and time for consistent state estimation. An Equivariant
Filter (EqF) is derived for the coupled estimation of navigation
states and time delay. Validation is performed on two fixed-
wing Uncrewed Aerial Vehicles (UAV) with GNSS time lags of
90ms and 120 ms. The test flights last two to three minutes.
Simulations further investigate delays up to 500 ms and provide
a statistical comparison against the state-of-the-art EKF. Results
show that the EqF preserves accuracy and consistency, while the
EKEF lacks consistency and its performance degrades significantly
with increasing measurement delays.

I. INTRODUCTION AND RELATED WORK

Inertial Navigation Systems (INS) estimate the position,
velocity, and orientation of a vehicle by fusing high-rate
accelerometer and gyroscope measurements from an Inertial
Measurement Unit (IMU) with data from other sensors, such
as Global Navigation Satellite Systems (GNSS), magnetome-
ters, barometers, visual- or range-based motion sensors. These
systems are widely used in robotic, aerospace, marine, and
automotive applications. However, delays in sensor measure-
ments due to sensor processing, communication latency, or
asynchronous sampling introduce measurement uncertainty
that compromises INS accuracy. Measurements are subject to
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Fig. 1. Overview of the real-world flight experiments. The top row shows
the two fixed-wing UAVs used for data collection, the Makeflyeasy Striver
(left) and Hero (right). The remaining panels show the trajectories of the three
dataset sequences (a) striver, (b) hero-1, and (¢) hero-2, visualized in
map view (middle row) and as 3D trajectory reconstructions (bottom rows).

both lag, the systematic delay between the actual measurement
and the moment it becomes available for processing, and
jitter, the smaller, variable fluctuations in arrival time caused
by factors such as bus congestion or communication load.
For example, position measurements from commercial-grade
GNSS typically have lags in the range of 50ms-300ms



associated with the coherent integration time of the receiver,
and jitter in the order of 20 ms-30ms associated with thread
priority in the avionics system. Although algorithms exist to
estimate and compensate for jitter, accurately determining the
time lag is more challenging. Even small delays can introduce
biases and inconsistencies in the estimator, emphasizing the
need for INS algorithms that account for these timing offsets.

Several delay-aware state estimation methods have been
developed. Classical optimization-based techniques estimate
both navigation states and sensor delays by iteratively min-
imizing measurement residuals over batch data. Examples
include a general multi-sensor temporal calibration by Kelly
and Sukhatme [13], and camera—IMU systems from Li and
Mourikis [19], Kelly et al. [14], and Song et al. [24]. On the
other hand, Larsen et al. [[18]] and Nilsson et al. [22] introduced
Extended Kalman Filters (EKF) that incorporate delayed mea-
surements by performing extrapolation and interpolation to
manage asynchronous updates. Fatehi and Huang [2] studied
EKF approaches for multi-rate fusion with irregular sampling
and variable measurement delays, highlighting the importance
of algorithms that can fuse slow-rate, delayed data with fast
measurements in a statistically principled way. Frei et al. [§]]
developed a robust navigation filter for fusing delayed, asyn-
chronous measurements from multiple sensors in spacecraft
rendezvous, modifying the EKF update to fuse delayed data
effectively in practice. Khosravian et al. [16] proposed an
observer—predictor structure for invariant systems with delayed
outputs, using geometric properties to combine delayed mea-
surements with state predictions. More recently, van Goor et al.
[26] developed a nonlinear INS observer that compensates for
temporal offsets in position measurements using recursively
computed delay matrices, achieving almost-global asymptotic
and locally exponential stability. These methods focus on
processing asynchronous and delayed data within a given filter,
rather than explicitly estimating unknown delays online.

Kim et al. [17], Guo et al. [11], and Mina et al. [21]
proposed EKF-based methods to estimate measurement time
delays online, jointly updating navigation states and the time-
delay state during recursive propagation. However, while
these approaches can improve accuracy in specific applica-
tions, Kelly et al. [15] show that including online time-delay
estimation in recursive filters introduces fundamental structural
issues that lead to bias and inconsistency, which cannot be
fully mitigated by tuning filter noise variances. To the authors’
knowledge, there is no existing filter-based online method
that does not suffer from the inherent inconsistencies and
instabilities identified by Kelly et al. [13].

Recent research has shown the advantages of exploiting
equivariant symmetries in state estimation. The Equivariant
Filter (EqF) by van Goor et al. [25] has been successfully
applied to a wide range of navigation problems. Relevant to
this work, Ge et al. [9] extended the EqF to general discrete-
time systems, while Fornasier et al. [3| 4} |3l 6, [7] leveraged
it for biased-INS, establishing equivariant symmetries that
couple navigation states and IMU biases. Scheiber et al.
[23] applied it to multi-GNSS navigation. By preserving the

intrinsic geometry of the state space, the EqQF outperforms the
classical EKF, providing a larger basin of attraction with faster
convergence, improved accuracy, and consistency.

In this paper, we leverage Galilean symmetry to develop a
geometric framework that enables consistent online estimation
of navigation states and unknown time delays in INS. Galilean
symmetry captures the intrinsic spatio-temporal symmetry of
the inertial navigation problem and naturally provides a formu-
lation that couples temporal offset with position and velocity
states. Recently, Kelly [12] formalized the Galilean matrix Lie
group in a technical report, while Delama et al. [1]] leveraged
Galilean symmetry to model discrete-time INS and develop
a novel IMU preintegration method improving consistency
and reducing linearization errors. Mahony et al. [20] provided
a robotics-oriented exposition applying the Galilean group
to inertial navigation, kinematics, and sensor fusion under
temporal uncertainty. The Galilean formulation allows us to
formalize the INS state estimation problem for a general
scenario with delayed measurements that have both lag and
jitter. We use this framework to derive an EqF that jointly
estimates navigation states and time delays for GNSS-IMU
navigation. Real-world flight experiments with two fixed-wing
Uncrewed Aerial Vehicles (UAV) are carried out to compare
the performance of the proposed EqF against EKFs with and
without offline delay compensation and an EKF with online
delay estimation. For GNSS delays of 90 ms and 120 ms, the
EqF accurately estimates both navigation states and delays on-
line, outperforming the EKF with delay compensation (where
the delay estimate is computed using offline batch optimiza-
tion). To provide further statistical analysis, we conduct Monte
Carlo simulations with delays up to 500 ms, showing that the
EqF maintains accurate and consistent estimation, whereas the
state-of-the-art EKF with online time-delay estimation lacks
consistency and exhibits unstable behavior.

The contributions of this paper can be outlined as follows:

o A geometric framework based on Galilean symmetry for
modeling inertial motion under gravity for multiple rigid
bodies with relative temporal offsets, allowing spatio-
temporal state estimation and enabling a principled rep-
resentation of INS with delayed measurements (Sec. [II).

« Application of this framework to a minimal IMU-GNSS
setup with delayed position measurements and derivation
of an EqF for online joint estimation of navigation states
and unknown GNSS time delays (Sec. [II).

« Experimental evaluation of the proposed EqF with real-
world UAV flights, and with Monte Carlo simulations
providing a statistical comparison against a state-of-the-
art EKF and showing improved consistency and accuracy
across a range of GNSS time delays (Sec. [[V).

II. GALILEAN SPATIO-TEMPORAL STATE ESTIMATION

This section presents a geometric framework for modeling
inertial motion with temporal offsets using Galilean symmetry.
Notation and basic concepts for representing spatio-temporal
transformations between inertial frames are given in Sec.
and delayed inertial frames for rigid bodies under gravity are



modeled in Sec. distinguishing intra-body and cross-body
transformations. Their continuous-time kinematics are derived
in Sec. and Sec. outlines how the framework can
be applied to state estimation with delayed measurements.

A. Notation and Mathematical Preliminaries

Vectors are denoted by bold lowercase letters a, matrices
by bold capital letters X, and group elements by regular letters
X or x. The n-dimensional identity matrix is I,, € R™*", and
the n x m zero matrix is 0,,x,, € R™™. Coordinate frames are
denoted by capital letters inside curly brackets {X}. In this
study, frames of reference at different times are considered.
A subscript ¢ on a frame {X,} specifies the associated time.
Calligraphic symbols M denote manifolds, e.g., SO(3), while
bold symbols G denote Lie groups, e.g., SO(3).

Inertial frames are reference frames subject to Newton’s
laws of motion. They are defined by spatial coordinates (orien-
tation, position, and velocity) and a temporal coordinate (time).
The set of all inertial frames is related by Galilean symmetry,
capturing the invariance of Newtonian mechanics under frame
transformations. A Galilean frame (or transformation) is a
map that expresses the coordinates of one inertial frame in
terms of another. Specifically, for two inertial frames {A}
and {B}, the Galilean frame “Fp e Gal(3) expressed in
homogeneous coordinates is represented as

ARp “Avp “pp
AFp=[01s 1 At |eRY, (1
0.3 0 1

where 4Rz € SO(3) is a rotation matrix encoding the relative
orientation, 4v € R? the relative inertial velocity, “pp € R3
the relative position, and Atp eR the time offset between
the frames. These homogeneous matrices define the Galilean
matrix Lie group Gal(3) that provides a principled framework
for representing coupled spatial and temporal relationships
between inertial frames. An element of the Galilean group
X € Gal(3) and of its Lie algebra U € gal(3) are given by

A a b Q v r
01,3 1 c|eR>™, U= 0 7[eR>™, (2)
Oix3 0 1 00

X = 01x3

01x3

where A € SO(3), Qes0(3), a,b,v,7€R?, and ¢, 7 € R.
The Galilean group identity element is I =I5, and the in-
verse is X! = (A’l, -Ata, ~A7Y (b~ ca), —c). The wedge
operator (-)":R™ — g maps a vector & € R" to the Lie
algebra element x”" € g, with inverse (-)¥:g — R™, where
n =dim(g). The action of Galilean symmetry on a Galilean
frame F = (R, v, p, t) is given by the matrix multiplication

AR Av+a Ap+at+d
01><3 1 t+c . (3)
O1x3 0 1

XF =

B. Galilean Symmetry for Modeling INS with Delay

Accurate modeling of inertial motion requires careful choice
of reference frames. In many robotics applications, the natural
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Fig. 2. Galilean transformations for a rigid body A in a gravity field. {Io}
is an inertial frame of reference, defined as an arbitrary free-falling Galilean
frame at zero time. The transformations 10 F 4 ,_s and lop A, map spatial and
temporal coordinates from the body frame at times ¢ — § and ¢ to the inertial
frame. The blue arrow “At-5F 4 , illustrates the intra-body transformation in
the temporal interval §. Intra-body Galilean frames are independent of the
choice of inertial frame {Io}, and are a key concept for the geometric spatial-
temporal estimation framework presented in this paper.

reference frame is generally fixed to the Earth’s surface, a non-
inertial frame due to gravity and the Earth’s rotation. While
the Earth’s rotation can often be neglected in many robotics
problems, gravity introduces a continuous acceleration g € R?
that must be modeled. In this context, Galilean symmetry
provides a principled and rigorous way to understand the
effects of gravity in modeling relative non-inertial motion [20].

Consider an inertial frame at zero time {Iy} = Is. Assume
a positive time delay § € R*, and let {A4;} and {A;_s} denote
the coordinate frames attached to a rigid body A at times ¢
and t — § respectively, as shown in Fig. [2| The coordinates of
{A;} with respect to {Iy} are described by the Galilean frame

; bR, Towa, lopg,
°Fy4, = | 013 1 Togy, |, 4)
01><3 0 1

where 1°R 4, € SO(3) encodes the orientation, 0v 4, € R the
inertial velocity, °p4, € R® the position, and ¢, = ¢ the
time offset. The same structure applies to the delayed time
t — 0 by replacing the time index accordingly.

We distinguish intra-body transformations, defined for the
same rigid-body frame at different times, from cross-body
transformations, describing the spatio-temporal relation be-
tween inertial frames attached to different rigid bodies. Define
the intra-body Galilean frame At-s Fy, = To FA;;I"FAt as
Ais

At—(i RAt At—S,UAt PAt
AsFy =] Ops 1 ) , (5)
01><3 0 1

encoding the relative orientation, velocity, position, and time
of {A} over the time interval §. Note that, by construction,
the temporal offset At-5t 4, =t — (t — &) = 4 is the time delay.
Consider a second rigid body B, as shown in Fig. [3] The
intra-body transformation B+-sFp = oF Bt;.l loFp, is defined
as in (3 by replacing the frame indices accordingly. Define
the cross-body Galilean frame A+-5F 5, = 0F 4 " 0F 5 as

At—JRBt At—SvBt At—&th
AsFp = | 0143 1 ) , (6)
01x3 0 1
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Fig. 3. Galilean transformations between two rigid bodies A and B in a
gravity field. This setup extends the single-body case of Fig. [2] to account
for the relative motion between two different rigid bodies. The blue arrows
represent the intra-body transformations Ags Fa, and Bi-s Fp, over the
temporal interval 0. The red arrow illustrates the cross-body transformation
At-s F B> mapping coordinates from body B at current time ¢ to body A
at an earlier time ¢ — §. The key idea is to filter for the cross-body Galilean
frame, enabling joint estimation of spatial navigation states and time delay §.

with 4¢-5tp =t~ (t - ) = 6. Leveraging Galilean symme-
try ensures that the dynamics of each body are interpreted
consistently with respect to an inertial reference frame, and
provides a principled framework for representing coupled
spatial and temporal transformations. Designing a filter for
cross-body Galilean frames enables joint estimation of spatial
and temporal states in multi-body INS with delays.

C. Kinematics of Galilean Frames

We consider the continuous-time kinematics of Galilean
frames under inertial excitation. Given IMU measurements of
angular velocity w € R? and linear acceleration a € R®, define
the input matrix U(w, a) € R%*5 and a constant N € R>*® as

03x4  O3x1

A

U(w,a):=|Y a Ol Nologs 1|
02x3 0251 02y O1s O

Let Uy, = U(way,,a4,) and Uy, , = U(wa, ;, a4, ;) be
the inertial input matrices for rigid body A at time ¢ and ¢ - .
The corresponding Galilean frames evolve according to

DA,y ="Fa,_,(Us,_, +N), )
IOFAt IIOFAt(UAt+N). 9

Note that the role of N is to model the time evolution £ = 1.
The kinematics of the intra-body frame 4+ F 4, follow as

. d _
Mk, = 2 (F a0 F ) (10)
= _IOFAt;lIOFAt—s IOFAt;SlIOFAt + IOFAtj;IOFAt (1 1)
=—(Uy, , + N)AsFy, +Y5F 4 (Uy, + N), (12)

and the same goes for BHFBt by replacing frame indices.
An analogous computation yields the kinematics of the cross-
body frame 4+-sFp , even though its kinematics depend on

X(?)
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(
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Fig. 4. Representation of the time-varying Galilean frames between bodies A
and B illustrated in Fig.[3] The complex frame-dependent notation is replaced
with compact notation: I'(¢) and Y (¢) denote the intra-body transformations
(blue) for bodies A and B respectively, while F(¢) denotes the cross-body
transformation (red) between the two rigid bodies. T'(¢) and T (¢ -4) denote
isochronous Galilean frames, equivalent to extended poses, which encode the
spatial transformation between inertial frames at the same time instant.

inputs at two different times, ¢ — ¢ and ¢:

e d -1
At—bFBt — % (IOFA,,_J IOFBt) (13)
= _IOFAt;SlIO FAt—é' IOFAt;Sl IOFBt + IOFAt;Sl IOFBt (14)
=—(Uyu, , + N)AoFp + 45Fp (Up, +N), (15

where UBt = U((.«JB,L7 aBt).

D. Application to Spatio-Temporal State Estimation

We provide insights on how to use the proposed framework
to derive a simple state observer for the relative motion and
time delay of two rigid bodies with delayed relative pose
measurements. The notation used is illustrated in Fig.

Define the system’s state F(¢) € Gal(3) as the cross-body
Galilean frame (6)), with kinematics given by (I3). The state
observer is £ = (R, 0, P, 5) € Gal(3), with kinematics

ﬁ':—UAt_5F+FUBt+FN—NF+AF, (16)

where A € gal(3) is an innovation term driving £'(t) - F(¢).
The time-varying inertial inputs Uy, ;,Up, € gal(3) and the
constant N € gal(3) are defined according to (7) and repre-
sented as elements of the Lie algebra of Gal(3). Note that
the observer kinematics (I6) is group-affine and preserves the
Lie group structure of the state space. The extended poses
between the two rigid bodies T (¢ - d), T(t) € Gal(3) at times
t — ¢ and t are represented as isochronous Galilean frames, i.e.,
their temporal component is zero, and can be modeled as

T(t-6)=F@O)Y@)™", TG =TQ)'F@). 17)

Note that modeling a delayed pose measurement or retrieving
the current relative pose from the state requires the two intra-
body transformations TI'(t), Y (t) € Gal(3). These Galilean
frames depend on the time delay § and buffered IMU mea-
surements, and are termed preintegration matrices. The idea



of using Galilean symmetry to provide a compact formulation
of IMU preintegration has been recently introduced by De-
lama et al. [[1]]. These terms are treated as known functions
of the time delay, denoted as T'(§),Y(d) € Gal(3). For a
fixed delay ¢, the preintegration matrices can be recursively
computed from buffered IMU data. Without loss of generality,
the definition is given for T (9), with T'(5) defined analogously
by replacing the frame indices with A. Given buffered IMU
measurements {Up,_;,,Up, }, the preintegration matrix is

t

H exp((Up, + N)dt),
k=(1-6)

Y(5) = (18)

where dt € R is the IMU time step. Recomputing the preinte-
gration matrix from scratch each time the time delay changes
during estimation is possible, but highly inefficient. Alterna-
tively, it is possible to compute it once and propagate it as
long as the delay converges to a steady value. The discrete-
time kinematics of Y is obtained by discretizing (12)) as
Ti+1 = —eXp((UBFS + N)dt)Tl eXp((UBt + Z\Z)dt)7 (19)
where the subscript ¢ denotes the index of the observer iterative
loop. However, this propagation introduces drift due to noise
in the IMU measurements, and if the delay changes, the
preintegration matrix must be recomputed. In practice, a more
robust approach is to keep a sliding buffer of preintegrated
IMU matrices over a fixed time window, e.g., 0.5s. At each
iteration ¢, a new identity element is appended, and the oldest
entry is removed if the buffer exceeds its maximum length.
Then, all entries in the buffer are propagated in batch as

T < Ty exp((UBt + N)dt), (20)

where the subscript k& identifies the preintegration matrix at
the k-th position in the sliding window. The function Y (J)
then retrieves the preintegration matrix corresponding to the
requested delay, using interpolation if needed. This strategy
allows efficient handling of variable delays without recom-
puting preintegration or introducing drift, increasing memory
usage, but keeping the computational cost constant. Using the
preintegration matrices, the observer compares the measured
and predicted relative poses to construct a residual

r=f(Tm(t-0),F)eR™, (21)

which, for an extended pose measurement, can take the form

7 =log(Tyn(t - 0)T(O)F™)Y, (22)
where log: Gal(3) — gal(3) maps the group error to the
Lie algebra. The residual r is used to drive the innovation
A, providing a feedback correction that updates the observer
toward the true state. This correction is computed in the
Lie algebra using a gain matrix as A = (K r)". Finally, the
relative extended pose estimate at the current time is retrieved:

T(t)=T(8) " F. (23)

III. EQUIVARIANT FILTER FOR DELAYED GNSS-INS

This section derives a discrete-time EQF for biased-INS with
delayed GNSS measurements using the geometric framework
introduced in Sec. [} The filter is designed to jointly estimate
the system’s position, velocity, and attitude, as well as the
unknown GNSS time delay and IMU biases. The system is
formalized in Sec. and the linearized error dynamics
for the propagation are derived in Sec. Finally, the
update for delayed GNSS position measurements is formulated
in Sec. A practical implementation is outlined in Alg.[I]

A. Biased-INS with Delayed Position Measurements

Consider a mobile robot equipped with an IMU that delivers
biased angular velocity and linear acceleration measurements,
and a GNSS sensor providing delayed 3D position measure-
ments affected by an unknown time delay 0 € R*. The system
is modeled using the geometric framework in Fig. ] In this
scenario, the coordinate frame { A} is fixed to the Earth rather
than attached to a second rigid body, and is subject to a
constant input representing the Earth’s angular velocity and a
linear acceleration counteracting gravity. Consider the system

F=-g'F+F(w,-b)"

. 24
P .4

fzf(§7u) R {

where the state is denoted as ¢ = (F, b) € M = Gal(3) x R1°
and the input is represented as u = (wy, 7)eLcR?*. In
particular, F = (R, v, p, §) € Gal(3) denotes the core states,
including spatial coordinates and the temporal offset d, and
b = (b, by, by, b,) € R'Y denotes the bias states, including
the IMU biases b,,, b, € R? and two virtual biases b, € R?
and b, € R introduced by Delama et al. [1] to model the un-
derlying symmetry. T = (7, Ta, Tu, 7,) € R'® models the
bias random-walk. Finally, gy = (wg, — g, 03x1, 1) e R'% is
a constant vector capturing the effect of the Earth’s rotation
wp € R? and gravity, and wy = (w, a, 03,1, 1) e R0 is the
time-varying extended biased inertial input at current time.
The wedge operator (-)" : R'® - gal(3) c R%*® is used to map
vectors to matrices. Note that the terms g = U(wg,-g) + N
and w} =U(w,a)+ N derive from (7), and the system
kinematics depend only on the input at the current IMU time.

By assuming a constant input u; € . between consecutive
timestamps ¢; and t;;1, and defining the IMU time step
dt = t;41 — t;, the exact discretization of yields

{Fm = exp(- gL dt) F; exp((wy; — b;)"dt)

; (25)
bi+1 = bz + ‘I'idt

where the subscript ¢ denotes the index of the iterative loop.

B. Lifted System and Error Dynamics

The EqF is derived from a lifted system, in which the
original system is represented via a Lie group symmetry with
an equivariant structure. This formulation defines the state
dynamics in a structured way and leverages the equivariant
error with its favorable linearization properties (van Goor et al.
[23])). Define the symmetry group G = Gal(3) x gal(3) called



left-trivialized tangent group of the Galilean group, proposed
by Delama et al. [I]. This group is the semi-direct product
between Gal(3) and its Lie algebra. For X = (A, a) € G and
Y = (B, b) € G, the group operation and the inverse are

XY = (AB, a+Ada[b]), X '=(A"", -Ady-1[a]). (26)
The lifted system state is X = (X, X;) € G, with kinematics
Xivt = XiM($(Xi,€), ), 27)

where 5 € M is an arbitrarily chosen state origin. The mapping
¢: G x M - M defines the state action and is given by
6(X,6) = (FXr, AdY: (b-X})). (28)

The mapping A : M x L - G is the discrete lift, defined as

A&, u) = (Ap(€u), A& u)), 29)

where Ay € Gal(3) and A, € gal(3) take the form
Ap(&,u) = exp(-Adp-1[g{]dt) exp((wy - b)"dt), (30)
A(&,u) = B = Ady, (.0 (b + Tdt] . 31)

The EqF is formulated around the equivariant error, which
is intrinsically defined on the manifold M and evolves accord-
ing to coordinate-free dynamics. This global error is linearized
about the state origin ¢ to derive the filter propagation and
update laws that drive filter convergence. It is defined as

e=g(X71€) eM, (32)
where X = (X 7, Xb) € G denotes the state estimate on the
symmetry group, and £ = (F, b) € M represents the true state
on the manifold. Define a local parametrization ¢ : M — R20
for the error around ¢ using normal coordinates as

\% ~ \%

e = i(e) = log(¢7'(c)) =log(0g' (¢(X71,6))) . 33
where log( - ) : G — g denotes the logarithm of G.

By assuming a noisy input & = v + 7 € L and fixing £ = I, we
derive the linearized error dynamics €;,1 ~ A €; + B n; about
€=0 and 1=0. The discrete-time state matrix A € R?9*20 jg

Al AL (dbedt)dt
A= , 34
[010x10 As G
where 1y = Ad}(F wy + XY, and A, Ay € R19%10 are
Al = AdZXp(g](}dt)7 A2 = AlAd(\a/xp('li)]/\}dt)' (35)
The discrete-time input noise matrix B € R2°%20 s
—-AJy (wydt)AdY dt 019x
po | ArTu(wddAdy, 90 a6
0O10x10 AsAdy dt

Algorithm 1 Equivariant Filter with Online Delay Estimation
Parameters é (I 010><1) gznzta nits Q7 R» Po
Initialization: X = d) Y&imit)s S =i

Measurements IMU—> (w, @), GNSS — p(t-9)
Output: X, 3, T(t) =I'(§) ' X5

PROPAGATION: require an input meas. u = (wy, T)
LX< ASAT+ +BQB’
2 X « XA(H(X, f) i)
3 T) < Trexp((wy — b) dt) Vk
UPDATE: require an output meas. Yy, =
T ey = h($(X,€))
2 K« 3XC’(CZCT+DRD")!
3 Aedgs odd oK
4: 2 <« (120 - KC)E
5
6

G4

p(t-9)

B8 BEE

. ﬁ} (_JL(AV)X::JL(AV)T * %
: X «exp(A)X

*Note that dgz o dd™'[-]=(-)".

**This is the reset step (Ge et al. [10]).

C. Delayed Position Measurement Update

A delayed position measurement ¥,, € R? is modeled as

Ym
0 [=T{t-8)go+m=FOY®) " go+p, G
1

with 4o = (po, 0, 1) € R and & = (u, 09x1) € R®, where

po € R3 is the GNSS receiver position in the IMU frame and
the noise term p ~ N (031, X,,) denotes the GNSS-position
uncertainty. Define the measurement function h: M — R3 as

h(§) = 7D(FT(5)_1 Y0),

where P(x) = 1.3 extracts the first three elements of a vector,
and YT(§) € Gal(3) is the IMU preintegration matrix detailed
in Sec. with the difference that here the buffered IMU
data must be corrected using the corresponding bias estimate.

Upon receiving a GNSS position /,,, a residual r € R? is
defined by comparing the measurement with its prediction as

(38)

r =y~ h(9(X,)). (39)
Linearizing r ~ C € + D p yields D = I3 and C € R3*20 a5
C=[C; 033 Iy Cy 030, (40)

with C; € R3*3 and Cy € R®*! defined as
C1 = ~(Rpy-1 ~ 08+ p)", (41)
Cs =1 - R(Ry-1 w)) s po+vr-1), (42)

where Xp = (IA%, 0, P, 5) € Gal(3) is the current state esti-
mate, T(S)’1 = (R'r—l, V-1, Py-1, —5) € Gal(3) is the in-
verse of the preintegration matrix (I8), and w, ;€ R3 is the
IMU angular velocity at time ¢ — §, retrieved from the buffer.
The discrete-time EqF is complete and summarized in Alg. [I]



TABLE I

SUMMARY OF REAL-WORLD EXPERIMENTS WITH RMSES FOR EKF AND EQF UNDER DIFFERENT TIME-DELAY SETTINGS.

Experiment Metadata

Rotation RMSE (deg)

Velocity RMSE (m/s)

Position RMSE (m)

Dataset Length Umax amax EKF EKF EKF EKF EKF EKF EqgF EKF EKF EKF EqF
Sequence (km) (m/s) (m/s2) (ms) (w/o delay) (offline) (online) (online) (w/o delay) (offline) (online) (online) (w/o delay) (offline) (online) (online)
striver 2.10 34.82 51.31 120 5.54 3.49 355 3.62 0.75 0.54 0.44 045 2.58 0.46 0.58 0.63
hero-1 4.15 38.15 18.94 90 322 2.32 239 231 0.67 0.76 0.73 0.27 2.62 0.64 0.50
hero-2 4.18 35.10 2593 90 335 2.62 2.76 2.84 0.76 0.46 041 0.38 2.51 0.61 0.62

D MAX SPECd. gy ? Max 3: delay offiine. _ w/o delay: delay fixed to 0 ms. _offfine: delay fixed to 6. online: delay estimated online. Best results are in bold and second-best results are underlined.

— = EKF(wiodcly) == EKF (offlinc) + EKF(online) === EqF (online) == = EKF (w/odelay) === EKF (offline) = EKF (online) === EgF (online) == = EKF (w/odelay) === EKF (offline) = EKF(online) === EqF (online)
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Fig. 5. Real-world comparison of the proposed EqF (solid blue) against three EKF baselines: a standard EKF without delay compensation (dashed grey),

an EKF with offline delay estimate (dashed red), and an EKF with online time-delay estimation (dotted green). The top row illustrates the online time-delay
estimation: (a) striver shows rapid, near-perfect convergence of our EqF to the 120 ms delay reference, while EKF (online) shows a slower transient and
a worse asymptotic; (b) hero—1 shows a small ~8 ms residual bias of the EqF, suggesting the EqF estimate may be more accurate than the nominal 90 ms
delay, consistent with its superior performance in all other metrics in this specific dataset sequence; (c) hero-2 shows a slower transient of both EqF and

EKF (online), but ultimately the EqF converges to the 90 ms delay reference.

Overall, the proposed EqF consistently outperforms the EKF without delay

compensation across all sequences, and matches or exceeds the accuracy of the EKF with offline and online delay compensation. Experiments metadata and
RMSE values are reported in Tab. [} For this magnitude of time delay, the real-world results are consistent with the simulation results illustrated in Fig. [6a]

IV. EXPERIMENTS AND RESULTS

The proposed EqF for GNSS-aided INS with delayed posi-
tion measurements is validated using both real-world experi-
ments and simulations, and compared against state-of-the-art
EKF baselines. We evaluate the performance using standard
metrics for estimation accuracy and filter consistency. The Ab-
solute Rotation Error (ARE), Absolute Position Error (APE),
and Absolute Velocity Error (AVE) measure the differences
between estimated and ground-truth states in the global frame.
These metrics are computed as the Euclidean norm of the
corresponding error vectors, providing a scalar measure of
the accuracy of rotation, position, and velocity estimation
over time. In addition, we utilize the Absolute Delay Error
(ADE) for time delays. For a trajectory with M time steps,
let (R;, pi, v;) denote the ground truth rotation, position, and
velocity at time ¢;, and (R;, p;, 9;) the corresponding filter
estimates. Let §; and Si be the ground truth and estimated time

delays. The errors are computed for each timestamp as

ARE;
APE;

|log(R;,"R;)"| € R, AVE; = | v; - 9] e R, (43)
ADE; = |6; - &;| e R, (44)

H D; _ﬁl” GR,

To summarize these errors over the trajectory of length M,
we report the Root Mean Square Error (RMSE), defined as

RMSE = (45)

where E; denotes either ARE;, AVE;, or APE;. To evaluate
filter consistency, we compute the Normalized Estimation Er-
ror Squared (NEES), which measures the difference between
estimation errors and the predicted covariance. The full-state
NEES is calculated for each timestamp as

1
NEES; = —e! - e, 46
NEiZi € (46)
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increased estimation error, ultimately diverging in the (d) case. In contrast, the EqQF maintains stable, low-error, and consistent performance across all delays.

where e; € RY is the state estimation error in local coordinates
at time ¢;, and X; e R™"*V is the corresponding covariance.

The trajectories used in both simulation and real-world
experiments are designed to ensure sufficient excitation of the
platform, including variations in linear acceleration and rota-
tional motion. Such excitation is desired to ensure that the time
delay is observable, in accordance with classical observability
results for the biased-INS. In particular, degenerate cases such
as the robot being stationary or moving at a constant velocity
along a straight line make the delay unobservable.

A. Real-World UAV Flights

The experimental validation is conducted using data col-
lected from two fixed-wing UAV platforms, striver and
hero, as illustrated in Fig. [I] The dataset consists of three
flights: one performed by the st river and two by the hero.
In these scenarios, the GNSS measurements are subject to
unknown ground-truth time delays. A delay reference for each
experiment is determined via an offline batch optimization that
minimizes the state residuals over the full dataset, while the
ground-truth trajectories are obtained from an on-board cali-
brated EKF that fuses measurements from additional sensors,
including a magnetometer, barometer, and GNSS velocity.

We evaluate the proposed EqF by comparing its perfor-
mance against three EKF baselines: EKF (w/o delay), i.e., a
standard EKF without delay compensation, EKF (offline), i.e.,
an EKF utilizing a fixed offline-estimated delay compensation,
and EKF (online), i.e., a state-of-the-art EKF with online
delay estimation. The latter is derived following the same
design approach as Kelly et al. [[15], except that we use
the extended pose formulation and the preintegration terms
that are known from [1, [16]. The EKF state is expressed

as éprr = (T, b, 6) € SE2(3) x R xR, where T denotes
the extended pose at the current time ¢ and the time delay
0 is treated as an independent scalar. Since the EKF does
not exploit the Galilean frame structure that geometrically
couples spatial and temporal states, the propagation differs
from that of the EqF: there is no coupling between spa-
tial and temporal state errors, and each component evolves
independently in a standard Euclidean framework. More-
over, the measurement function of the EKF is defined as
h(épxr) =P(D(8)T Y(6)™! go), which differs from (@8). It
is worth noting that although we use preintegration terms I’
and Y introduced in Sec. to reduce prediction error in
the EKF, the residual linearization differs from that of the
EgF, leading to different output matrices in the filter update.
The results presented in Fig. [6] show that the EqF suc-
cessfully tracks time delays online across all three flight
sequences, and the corresponding trajectory errors demonstrate
that incorporating the delay significantly reduces state errors
compared to the standard EKF without delay compensation.
Across the sequences, the EqF shows improved transient per-
formance compared to the EKF with online delay estimation,
and it achieves accuracy comparable to the EKF with offline-
estimated delay compensation, while operating fully online.
The quantitative results, including experiment metadata and
RMSE values, are summarized in Tab. m Note that the RMSE
values are calculated over the entire trajectory, including the
transient phase of the online delay estimation. This introduces
a slight disadvantage for EqQF and EKF (online), since for
these filters the delay is estimated in real time rather than
being pre-calibrated as in EKF (offline). Overall, the real-
world experiments indicate that the proposed EqF can reliably
operate fully online under unknown GNSS time delays.



B. Simulation Experiments

To complement the real-world experiments, we run simula-
tions to provide a statistical comparison of the proposed EqF
against the state-of-the-art EKF with online delay estimation,
i.e., EKF (online). We ran Monte Carlo simulations using an
analytically generated trajectory consisting of circular motion
with superimposed horizontal and vertical waves and varying
attitude to excite all rotational axes. Four delay scenarios were
considered: 100ms, 200 ms, 300 ms, and 500 ms. Synthetic
IMU measurements were generated at 200 Hz, and GNSS
position measurements at 20 Hz, with a fixed time delay intro-
duced according to the scenario. For each scenario, S0 Monte
Carlo realizations were performed by randomizing the initial
states, process noise, and measurement noise. The simulation
results, reported in Fig. [6] highlight a clear distinction between
the EqF and the EKF when the time delay is estimated
online. Even for small measurement delays, the EKF exhibits
inconsistencies, reflected in elevated NEES values, whereas the
EqF maintains consistent performance across all delays. This
behavior of the EKF aligns with the findings of Kelly et al. [15]]
showing that incorporating online time-delay estimation in
classical robotic state-estimation filters introduces fundamental
structural issues, leading to bias and inconsistency. In fact,
as the delay increases, the EKF exhibits growing oscillations,
loss of consistency, and increased estimation errors, ultimately
diverging in the 500 ms delay scenario. In contrast, the EqF
built on the proposed geometric framework maintains accuracy
and consistency, exhibiting full convergence in all tests.

V. CONCLUSION

This paper presented a geometric approach for modeling
inertial motion with temporal delays based on Galilean sym-
metry. The resulting mathematical framework enables spatial-
temporal state estimation and offers a principled representation
of INS with measurement delays. Using this formulation, we
derived an EqF that simultaneously estimates navigation states
and unknown GNSS time lags. We validated the approach with
real-world flights of two UAVs experiencing GNSS delays
of 90ms and 120ms. The EqF accurately estimated both
navigation states and time delays online, achieving RMSE
performance comparable to an EKF with offline-estimated
delay compensation, but without requiring tedious offline cali-
bration. Simulations provided further statistical comparison of
our EqF against a state-of-the-art EKF with online time-delay
estimation. We investigated delays up to 500 ms and observed
that the EqF maintains accurate and consistent estimates, while
the EKF remains inconsistent and exhibits growing errors
with increasing delays, confirming previous findings [15].
These results demonstrate that exploiting Galilean symmetry
within an EqQF formulation provides a viable approach for joint
navigation and delay estimation in GNSS-aided INS.
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