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Ground Truth

Point cloud geometries estimated by different methods on the HeLiPR dataset, visualized with 300 samples per

distribution. PCA struggles to recover underlying geometry, whereas POLI preserves geometry aligned with the ground truth.

Abstract—Point clouds are a fundamental representation for
robotic perception tasks such as localization, mapping, and
object pose estimation. However, LiDAR-acquired point clouds
are inherently sparse and non-uniform, providing incomplete
observations of the underlying geometry. Such sparsity and non-
uniformity hinder reliable geometric reasoning, leading to de-
graded performance in downstream perception tasks. To mitigate
these issues, prior work has attempted to compensate for the
sparsity and non-uniformity of point clouds by estimating point
cloud geometry. However, in the absence of an explicit model of
point cloud geometry, existing approaches have predominantly
relied on either hand-crafted statistics of local point distributions
or end-to-end supervised deep learning, which often suffer from
limited scalability or require large amounts of accurately labeled
training data. To address these challenges, we explicitly model
and estimate point cloud geometry under a principled mathe-
matical formulation. Theoretically, we represent the point cloud
geometry as a statistical manifold induced by a family of Gaussian
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distributions that captures the local geometry of each point.
Building on this formulation, we design a probabilistic model
that predicts per-point local geometry in the form of a Gaussian
distribution. Practically, we introduce a deep neural network to
instantiate the estimation of these Gaussian distributions, and
term the resulting estimator as Point-to-Ellipsoid (POLI). By
consistently estimating point-wise local geometry across diverse
point clouds, POLI learns a mapping between point cloud
observations and their underlying geometry. Importantly, this
mapping is learned in a self-supervised manner, removing the
reliance on labeled data while maintaining strong geometric
inductive biases. The resulting representation integrates seam-
lessly into existing robotic perception pipelines without requiring
architectural modifications. Extensive experiments demonstrate
that the proposed theory and practice enable accurate and robust
estimation of point cloud geometry and consistently improve
performance across a wide range of robotic perception tasks. The
implementation of our proposed method is publicly available at
https://github.com/jinwoolee1230/POLI,


https://github.com/jinwoolee1230/POLI

(N N N O O

[

OOoOoOonon

oo

Oo0Oon

OOOOnOocd

(-



Despite their empirical success, many learning-based ap-
proaches rely on fully end-to-end training without explicitly
modeling the underlying geometric structure. As a result,
geometric reasoning is implicitly delegated to neural networks,
leading to a strong dependence on large amounts of carefully
annotated training data and fundamental limitations in accu-
racy and scalability. From this perspective, we introduce a
new problem formulation that models point cloud geometry
as a statistical manifold, together with a solid theoretical
foundation and a practical instantiation via neural networks.
Crucially, our formulation enables self-supervised learning,
requiring neither dense scans nor perfect transformation labels,
thereby substantially expanding the range of datasets that can
be leveraged for geometry estimation.

III. THEORY: MODELING POINT CLOUD GEOMETRY

In this section, we present a theoretical formulation that
models point cloud geometry as a statistical manifold and
derives a probabilistic framework for its estimation.

A. Point Cloud Geometry as a Statistical Manifold

A statistical manifold is a smooth manifold formed by a
family of probability distributions parameterized by a contin-
uous parameter space [1]. Since each element on a statistical
manifold represents a probability distribution rather than a sin-
gle point measurement, modeling local surface geometry with
individual distributions provides an expressive representation
of the underlying surface while reducing the reliance on dense
observations. Building on this idea, we model point cloud
geometry as a statistical manifold, denoted by Mg, induced
by Gaussian distributions that encode local surface geometry.
Beyond modeling, we formulate the corresponding estimation
problem and provide a practical instantiation by adopting
Gaussian distributions, which are analytically tractable and
well-suited for compact geometric representation.

Definition 1 (Statistical Manifold of World Geometry). The
statistical manifold Mg represents the underlying world sur-
face manifold through a probabilistic approximation in a
global reference frame. The manifold Mg is defined as a
family of 3D Gaussian distributions, each parameterized by
a meanx g, € R?® and a covariance matrix Cg, € S3. Each
Gaussian distribution defines the probability density that an
observed point X; is measured with respect to a local tangent
plane atx g,.

When X; is acquired from a high-precision LiDAR sensor,
the resulting Gaussian distribution approximates the local
planar geometry as shown in Fig. [J] In this formulation, the
covariance matrix Cg, provides a quantitative representation
of the geometry [26] in the neighborhood ofX g,.

Proposition 1 (Statistical Manifold Representation from
Different Sensor Frames). Given the sensor pose T, =
(Rp,tp) € SE(3) relative to the global reference frame, the
parametersX p, and Cy, of the local statistical manifold Mp
are defined by transforming the global model My into the
sensor frame via T
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Local Geometry - N (g, ,{»Lg’T//
\ Tqq

»"’QEB,,,/,,,/E,/

Mp

Mq

Fig. 2: A visualization illustrating how underlying geometry
can be represented as a statistical manifold. It explains that two
points observed in different coordinate frames can be regarded
as samples drawn from the same underlying distribution.

Xp, =Rpk g —tp),  Cp, =R CqRp.

Analogously, for a second observation frame with pose T q =
(Rq,tq) € SE(3), the parameters X q, and Cgq, of the
statistical manifold Mg are defined via T q 1.

Xq =Rq kg —tg), Cq =Rq CgRq

Let P 2 (py,...,pn) and @ 2 (Q1,...,qx) denote two
scans acquired from frames Tp and T g, respectively, with
known correspondences (p;,q;). Each point is independently
sampled as a noisy observation from its local Gaussian dis-
tribution, i.e., p; ~ NK p,,Cp,) and q; ~ NK g;,Cq,)s
with per-point covariances Cp = (Cp,,...,Cp,) and Cq =
(Cqis---,Cqy)- Note that, P and Q originate from manifolds
related by an isometric rigid-body transformation of the same
underlying world surface, they share identical local geometry
(i.e., Cg,). Under this local geometric model, the displacement
d; for the i-th pair is defined by the relative transformation
TET 'Tp as:

d; £9; —Tp, di ~ N(0, 2Cq,). S

Derivation of Eq. (I) is provided in Supplementary Mate-
rial SA.

Lemma 1 (Re-parameterization). Given the relative transfor-
mation T, the conditional likelihood of a target point ( ; given
its source point P; depends only on the residual in Eq. (I):

p(ql |pr7Cq1)Ep(dz |Tva1) (2)
This re-parameterization is justified by an invertible change of
variables with unit Jacobian. Under the local geometric model
in Eq. (1), we obtain:
1
(2m)% |2Cyq, |

Derivation of Eq. (Z) is provided in Supplementary Mate-
rial SA.

p(Qi|pi,T;qu): exp(—%d?(Zqu) 1d2)






Corollary 1 (Geometry Estimation). Consequently, the MLE
for the covariances is obtained by maximizing the approximate
marginal likelihood, equivalently

Cq:argrréax p(D|P,Cq) (11)
q

%argmin}10g|H('lA')|+<I>('IA';Cq). (12)
Cq 2

With this probabilistic formulation, we estimate point cloud
geometry in the form of point-wise covariances C g, which are
elements of the statistical manifold representing the underlying
geometry. This probabilistic framework only requires reason-
ably accurate relative pose measurements T and consistent
correspondences (p;,(;), enabling self-supervised learning
without relying on dense point clouds or explicit ground-truth
geometry in the following section.

IV. PRACTICE: LEARNING POINT CLOUD GEOMETRY

In this section, we describe how to solve the optimization
problem in Corollary [I] The covariance set to be optimized,
Cq € RS Y, which comprises six parameters per covariance
across N correspondences, requires a high-dimensional, non-
convex optimization problem that is impractical to solve using
classical optimization methods. Therefore, we reformulate the
problem as learning a mapping from the input point cloud
Q to the set of covariance matrix Cgq. Specifically, we train a
neural network to predict C 4 such that the objective in Eq. (I2)
is minimized. The remainder of this section is organized as
follows: We first present a neural network architecture of a
covariance estimator that predicts point-wise covariances, then
introduce a certifiably correct and differentiable optimization
layer for the mode pose estimation and gradient calculation,
and finally summarize the overall training and inference proce-
dure. Through this formulation, we enable the network to infer
the underlying geometry of the point cloud input as a set of
point-wise covariances that constitute the statistical manifold.

A. Covariance Estimator

A neural network that learns to predict point-wise covari-
ance must be permutation invariant, extract local features in
the underlying geometry, and handle variable-sized and non-
uniform point sets. Therefore, we design a neural network
inspired by PointNet++ [27] to predict a per-point covariance
matrix. Given a point cloud, a subset of points is selected via
farthest point sampling, and neighborhoods are queried around
them using a ball query. Each neighborhood is normalized to
its centroid frame and encoded by applying a shared multi
layer perceptron (MLP) to each point individually, followed
by max pooling to obtain a fixed-length representation of the
region. The resulting local features are back-propagated to
the original point cloud using distance-weighted interpolation
and skip connections, producing point-wise feature represen-
tations. For each point q;, the network predicts six parameters
that define a lower-triangular matrix L;. The covariance is
then constructed as qu =L,L;, which guarantees qu >~ 0.
Network architecture is illustrated in Fig. ]

Fig. 4: Network architecture of covariance estimator.

B. Certifiably Correct Differentiable Optimization Layer

Given network-predicted covariances Cq, we should esti-
mate the mode pose in Eq. (§):

N
T=argmin ) d7 (2Cq,) Y+ E(T)PT g(T). (13)
i=1
However, to the best of our knowledge, solving Eq. (13) is
challenging due to the nonlinearity introduced by SE(3) and
the anisotropy of the weighting factor [11, [12]. Moreover,
even when using iterative solvers, convergence to the true
optimum is not guaranteed, so gradients obtained by implicit
function theorem (IFT) [5] may be biased toward suboptimal
solutions [12]]. Accordingly, we relax Eq. (I3) to:

N

N . = 1
T ~ arg min ;di (2Cq;)

d;. (14)

This relaxation is well suited to our training setup, where
the correspondence set C = (P, Q) is constructed under a
reference pose T by selecting nearest-neighbor pairs between
P and Q and rejecting pairs whose distances exceed a pre-
defined threshold. As a result, information about Tis implic-
itly embedded in C and continues to guide the optimization
even after the relaxation. Although this relaxation does not
exactly solve the original problem, it enables us to leverage
SDPRLayer [12].

SDPRLayer [12] provides certifiably globally optimal so-
lutions, supports differentiation through the optimizer (al-
lowing gradients to be computed at the optimum), and is
computationally efficient. By making the inner pose estimation
step both certifiably optimal and differentiable, we can train
(i.e., backpropagate) the entire network end-to-end on large-
scale datasets in a self-supervised manner. Details on the
certifiable global optimization and differentiation are provided
in Supplementary Material SB, while the relaxation leading to
Eq. (T4) is described in Supplementary Material SC.

C. Overall Training and Inference Procedure

Algorithms 1 and |2| summarize the training and inference
procedures of POLI, respectively. During training, the neural
network predicts a point-wise lower-triangular matrix L from
the target point cloud Q, and the covariance set is constructed
as Cq = LL~™. Given Cq4 and the correspondence set
C, SDPRLayer [12] estimates the relative transformation T
between P and Q in a differentiable manner. The network is
then optimized by back-propagating the proposed loss through



Algorithm 1 Training Stage of POLI (POint-to-elLIpsoid)

Require: Neural Network NN(-; ), C, T, Learning Rate 7,
point cloud P and point cloud Q
Ensure: Updated parameters
1: /* Predict Lower-Triangular Matrices */
L« NN(Q; )
/* Construct Covariances */
Cq«LL™
/* Certifiably Correct Differentiable Optimization */
T, % + SDPRLayer(Cq,C,P, Q)
/* Loss Calculation */ .
L£0)=®( T:C )+ log | H(T)
/* Neural Network Update */
+— —nV L

D AN
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Algorithm 2 Inference Stage of POLI

Require: Trained Neural Network NN(-;
Ensure: Estimated covariance Cq
1: /* Predict Lower-Triangular Matrices */
2: LnNN(Q; )
3: /* Construct Covariances */
4: Cq +~LL=
5: return Cq

), point cloud Q

Neural Network Update

e 17.6 ms (23.9%)

_ Loss Calculation
—_— 0.5ms (0.7%)

A

Fig. 5: Runtime composition of POLI training pipeline.

Certifiably Correct
Differentiable Optimization
(SDPRLayer)

9.4ms (12.7%)

Covariance Estimation
(PointNet++) —
46.4 ms (62.8%)

this differentiable optimization layer. The total training time
is reported in Fig. 5] For an input containing approximately
16,000 points, each training step requires 73.9 ms.

During inference, the trained network predicts lower-
triangular matrices L for Q, from which the point-wise
covariance sets are obtained as Cq = LL =. The resulting
covariances serve as local geometry for downstream tasks.

V. EXPERIMENTS

POLI learns to predict the underlying geometry of point
clouds by estimating point-wise covariance, making it a ver-
satile module for a broad range of robotic perception tasks.
In this section, we evaluate the effectiveness of POLI when
integrated into robotic perception tasks: object pose estima-
tion, LIDAR odometry, and scan augmentation. By leveraging
accurately estimated point-wise covariance, we integrate it into
existing pipelines through multiple representations.

For object pose estimation, we incorporate the point-wise
normals predicted by POLI into an FPFH-based local de-

Fig. 6: Performance comparison on object pose estimation
across different sparsity levels.

scriptor [30] and evaluate its effectiveness by measuring
the registration success rate. For LiDAR scan matching, we
integrate the covariance predicted by POLI into the GICP [32]]
framework and evaluate its LiDAR odometry performance.
We also assess POLI’s scan augmentation capability by mea-
suring downstream performance improvements when POLI-
based augmentation is applied to robotic perception pipelines.
Detailed experimental setups and results are provided in the
Supplementary Material SD.

A. Object Pose Estimation

Setup. We evaluated POLI on the Stanford 3D Scanning
Repository [6]. The training split consists of Bunny, Ar-
madillo, Asian Dragon, Lucy, and Thai Statue, while the
test split consists of Dragon and Happy Buddha. For train-
ing, we generated scan pairs by independently sampling
N € {500,1,000} points from the training objects and
applying random axis—angle rotations up to 60 . For testing,
we generated point clouds from the test objects with N €
{300, 400, 500, 600, 700, 800, 900, 1,000} points, using 100
pairs per object. For correspondence estimation, we followed
the Open3D FPFH pipeline [47], using POLI normals (the
eigenvector of Cq along its smallest eigenvalue) and selecting
inliers via ROBIN [34]. As baselines, we evaluated KISS-
Matcher [23l], TEASER [42], and RPM-Net [43] (Note that
RPM-Net is trained on a large dataset and involves iterative
registration).
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Fig. 7: Comparison of LiDAR odometry performance across different algorithms based on RPE (m). The best results are
marked with diamonds enclosed by rings, and the second-best results are marked with hollow diamonds.
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Fig. 8: Comparison of LiDAR odometry trajectories for dif-
ferent ICP variants on the DCC04 sequence.

Result. A registration is considered successful if the rotation
error is < 10 [22]. As shown in Fig. @ POLI+FPFH
achieves higher registration success rates across most settings
and sparsity levels, and generalizes to the unseen Dragon
and Happy Buddha, indicating benefits of accurate geometry
estimation.

B. LiDAR Odometry

Setup. We conducted our LiDAR scan matching experi-
ments on the HeLiPR dataset [14]. The Roundabout, Town,
Riverside, and Bridge sequences were used for training, while
the KAIST and DCC sequences were reserved for testing. No-
tably, the sequences in HeLiPR [14] exhibit no spatial overlap.
Experiments were performed using two LiDAR sensors: the
Velodyne VLP-16 and the Ouster OS2-128.

Voxel grid downsampling was applied with voxel sizes of
0.2 m for the VLP-16 and 1.0 m for the OS2-128. As baselines,
we evaluated point-to-point ICP [4], point-to-plane ICP [29],

GICP [32], and VGICP [15] under the same experimental
settings. In addition, we compared our method with LiDAR
odometry systems. For the VLP-16, A-LOAM [44] and F-
LOAM [38]] were used, while for the OS2-128, KISS-ICP [37]]
and GenZ-ICP [18] were evaluated. To assess the original
performance of these LIDAR odometry systems, we used their
default configurations.

Result. Performance was evaluated using relative pose error
(RPE), as shown in Fig.[7] The proposed method consistently
outperformed classical ICP-based approaches across all se-
quences. Furthermore, it achieved performance comparable to
LiDAR odometry systems. Despite being evaluated on unseen
environments (DCC and KAIST), POLI+GICP demonstrated
consistent performance, showing its generalizability as shown
in Fig. [8] These results indicate that estimating local geometry
with POLI and using it for scan matching is highly beneficial.

C. Scan Augmentation

A key advantage of POLI is that it models point-cloud
geometry probabilistically via estimated covariances, enabling
principled scan augmentation through sampling and mathemat-
ically grounded densification (Fig. [9a,b,c) and Fig. S.4). This
allows us to densify LiDAR scans and plug it into existing
robotic perception pipelines with minimal integration effort.
We validate this via cross-dataset experiments on KITTI [8]
and HeLiPR [14], focusing on LiDAR odometry and global
registration. For both LiDAR odometry and scan registration,
we use the VLP-16 scan dataset from HeLiPR and the 16-
beam setting of KITTI used in [41]]. For global registration, we
randomly sample scan pairs within a 12 m range. For POLIL, we
employ the network trained in Section[V-BJon the HeLiPR [14]
VLP-16 dataset.

The results are summarized in Tables [, and [[T] and visual-
ized in Figs. S.2 and 3. Here, “+ Method” (e.g., + POLI) de-
notes applying the downstream pipeline to point clouds densi-



(a) Original point cloud

(b) Estimated covariances from POLI

(c) Augmented scan from POLI

Fig. 9: Scan augmentation process using POLI: raw scan, estimated covariances, and augmented scan generated by sampling.

TABLE I: LiDAR odometry results with augmentation methods, evaluated using RPE (m) at A = 100 [9]]. The best results

are shown in bold, and the second-best results are underlined.

| HeLiPR [14] | KITTI [8]
Method ‘ Bridge  Riverside  Roundabout — Town  DCC  KAIST ‘ 01 02 03 04 05 06 07 08 09 10
KISS-ICP [37] 14.94 8.95 5.13 5.37 9.74 3.83 250  14.82 2.98 1.77 249 219 3.89 1.50 344 271 203
+PCA [47] 14.37 7.82 5.00 5.13 11.21 4.28 9.54 1437 2195 474 218 464 1644 490 506 576 420
+TULIP [41] 12.80 15.48 3.52 3.27 6.60 2.59 2.76 6.78 16.79 236 133 257 3.52 1.83 375 255 276
+POLI 3.89 1.92 1.16 1.03 1.77 0.95 232 16.24 2.95 1.78  2.01 197 3.58 1.30 342 239 1.66

TABLE II: Success rate (%) of global registration using
augmentation methods. The best results are shown in bold,
and the second-best results are underlined.

HeLiPR [14]
Method Raw + PCA [47] + TULIP [41] + POLI
KISS-Matcher [23] 65.33% 66.67% 46.67% 75.67%
TEASER [42] 74.33% 72.33% 61.00% 81.67%
KITTI [8]
Method Raw + PCA [@7] + TULIP [4T] + POLI
KISS-Matcher [23] 54.55% 55.64% 65.09% 60.73%
TEASER [42] 64.36% 63.09% 71.82% 79.09%

TABLE III: Global registration success rate (%) across differ-
ent resolutions on [8]. The best results are shown in bold, and
the second-best results are underlined.

KISS-Matcher [23] TEASER [42]

Resolution Raw + POLI Gain (%) Base + POLI Gain (%)
16 beams 54.55 60.73 +11.3 64.36 79.09 +22.9
32 beams 87.27 86.18 1.3 71.82 92.10 +28.2
64 beams 94.91 96.91 +2.1 97.82 97.64 0.2

TABLE IV: RPE and absolute pose error (APE) (m) [9] in
DCC [14]. The best results are shown in bold.

FAST-LIO [40] GLIM [16]
Metric ([m], [°]) Raw +POLI Gain (%) Raw + POLI Gain (%)
RPE (A=100) Trans.  4.734 3.200 324 7.006 6.864 2.0
RPE (A=100) Rot. 5.296 3.180 40.0 7.649 7.390 34
APE Trans. 101.05 44.79 55.7 56.94 35.61 37.5
APE Rot. 36.61 12.80 65.1 17.23 10.06 41.6

fied using the corresponding augmentation method. Compared
against PCA [47] and TULIP [41] (state-of-the-art LiDAR up-
sampling algorithm trained in KITTI [8]), POLI consistently
performs best on both KITTI [8] and HeLiPR [14]]. While
TULIP [41] suffers from performance degradation under un-
seen data, POLI remains robust to variations in sensor type,
field of view, and mounting configuration (e.g., the heavily

occluded frontal region in HeLiPR [14]), highlighting the
benefit of its strong geometric inductive bias induced by the
combination of principled modeling and deep learning.

In addition, we evaluate global registration performance on
the KITTI [8]] dataset under varying LiDAR resolutions by
downsampling the original scans to 16-, 32-, and 64-channel
configurations. Importantly, no resolution-specific models are
trained; instead, a single model is used across all LiDAR res-
olutions. As shown in Table [T, POLI improves performance
in most cases, demonstrating strong robustness to resolution
changes. In particular, the performance gains are more pro-
nounced in low-resolution settings, indicating that POLI ef-
fectively mitigates information loss caused by sparse sensing.
Note that POLI inference takes 10 ms per 10,000 points scan
on an NVIDIA RTX 4060 Ti GPU. Furthermore, we assess the
plug-and-play capability of POLI by integrating it into several
existing LiDAR localization and mapping systems [16} 40].
Without any system-specific tuning or retraining, POLI yields
substantial performance improvements across all evaluated
pipelines, as illustrated in Table These results suggest
that POLI generalizes well across diverse robotic perception
systems.

VI. LIMITATIONS

Although the proposed method achieves consistent improve-
ments across multiple benchmarks, several limitations remain.
First, our method faces challenges under out-of-distribution
(OOD) scenarios. For example, when trained on HeLiPR [14]
and tested on KITTI [8], POLI still improves downstream
performance, but with smaller gains than in the in-domain
setting. As shown in Table [ POLI substantially outperforms
other augmentation baselines on HeLiPR [14], whereas its
advantage becomes less pronounced on KITTI [8]]. Second,
our method relies on a local low-order geometric repre-
sentation. A 3D Gaussian covariance captures only second-
order moments—i.e., the first-fundamental-form aspects of the
surface such as local anisotropy and tangential extent—and
is therefore agnostic to the second fundamental form that
encodes local surface curvature [7]. As a result, while our



covariances faithfully describe dominant structures such as
local planarity [26], they do not natively encode higher-order
differential invariants (e.g., curvatures). Third, finding the
global optimum of Eq. in a differentiable manner remains
challenging. A promising future direction is to develop a
tighter relaxation of Eq. (I3), for example, by exploiting
Chordal Relaxation formulations.

VII. CONCLUSION

This paper revisits the role of point cloud geometry in
robotic perception and highlights that a broad range of down-
stream tasks are fundamentally grounded in accurate estima-
tion of underlying geometric structure. From this perspective,
we introduced a unified theoretical and practical framework
that models surface geometry as a statistical manifold and
employs deep learning for principled estimation of point cloud
geometry. Unlike prior learning-based methods and heuristic
statistical approaches, our formulation is grounded in explicit
mathematical principles that govern both geometric modeling
and learning, thereby enabling self-supervised learning with
strong geometric inductive biases.

As a practical implementation, we proposed POLI, a
learning-based point cloud geometry estimator that directly
predicts point-wise geometry in the form of Gaussian covari-
ances. By enforcing geometric constraints during training in
a principled manner, POLI learns a mapping between point
cloud and their underlying geometry, producing consistent and
informative geometric representations. Extensive experiments
demonstrate that the proposed theory and practice successfully
estimate the point cloud geometry, and consistently improve
performance across a wide range of robotic perception tasks,
where the learned geometry can be seamlessly integrated as
3D covariances, surface normals, or augmented point clouds.
Overall, this work bridges geometric modeling and learning-
based inference, offering a unified perspective on point cloud
geometry representation and establishing statistical manifold-
based covariance learning for geometric modeling as a promis-
ing paradigm for robust and scalable 3D robotic perception.
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