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Abstract—We present EigenSafe, an operator-theoretic frame-
work for safety assessment of learning-enabled stochastic sys-
tems. In many robotic applications, the dynamics are inherently
stochastic due to factors such as sensing noise and environmental
disturbances, and it is challenging for conventional methods such
as Hamilton-Jacobi reachability and control barrier functions to
provide a well-calibrated safety critic that is tied to the actual
safety probability. We derive a linear operator that governs the
dynamic programming principle for safety probability, and find
that its dominant eigenpair provides critical safety information
for both individual state-action pairs and the overall closed-loop
system. The proposed framework learns this dominant eigenpair,
which can be used to either inform or constrain policy updates.
We demonstrate that the learned eigenpair effectively facilitates
safe reinforcement learning. Further, we validate its applicability
in enhancing the safety of learned policies from imitation learning
through robot manipulation experiments using a UR3 robotic
arm in a food preparation task.

Project Webpage: https://eigen-safe.github.io

Code: https://github.com/jonghaepark/eigensafe

I. INTRODUCTION
A. Motivation

Ensuring safe operation is a fundamental requirement for
the deployment of autonomous robotic systems, yet achieving
it is challenging due to the inherent stochasticity of real-world
operations. Deployed robots face unpredictable environmental
disturbances, sensor noise, and the uncertainties introduced
by learning-enabled components. In these stochastic settings,
the traditional binary view of safety, where a state is strictly
classified as either safe or unsafe, becomes unrealistic. Instead,
safety is quantified according to the probability of not experi-
encing any failure over a given time horizon.

Therefore, it is essential to accurately estimate the closed-
loop safety probability and understand how it evolves over
long time horizons. Achieving this requires a safety critic
that can evaluate this probability. Prior approaches based
on optimal control, e.g., Hamilton-Jacobi (HJ) reachability
analysis [ 20] and learning-based control barrier functions
(CBFs) [3L 53], have successfully demonstrated their capabili-
ties as learning-based safety critics. However, they typically
learn surrogate values, such as value functions or barrier
scores, which do not inherently correspond to the actual safety
probability. Moreover, because these critics are not explicitly
calibrated to the closed-loop safety probability, their outputs

can be inconsistent or overly conservative, leading to overly
cautious policies that unnecessarily sacrifice performance.

These issues can be resolved by using a safety critic that is
well-calibrated to the evolution of the true closed-loop safety
probability over long time horizons. A critic that serves as
a consistent proxy for the actual probability would enable a
precise trade-off between performance and safety, reducing
the unnecessary conservatism inherent in uncalibrated metrics.
This necessitates a theoretical framework that directly links the
learned safety critic to the probabilistic safety assessment of
the system.

B. Summary of Contributions

In this work, we present EigenSafe, an operator-theoretic
framework for accurate safety assessment of stochastic robotic
systems. Within this framework, the evolution of the safety
probability is viewed as a repeated application of a linear
operator. The operator’s dominant eigenpair, consisting of the
dominant eigenvalue and eigenfunction, is shown to inherently
capture the safety behavior of the closed-loop system over long
time horizons. Our contributions are summarized below.

Spectral Safety Assessment. We develop a novel safety
assessment method that can serve as an alternative to tra-
ditional optimal control-based approaches. Its key advantage
is that the derived spectral metrics are explicitly connected
to the actual safety probability of the system, which is the
most natural measure of safety. This theoretical grounding
allows for a rigorous and unified assessment of safety, both
locally for states and state-action pairs (via the dominant
eigenfunction) and globally for the entire closed-loop system
(via the dominant eigenvalue).

Learning Algorithm. We propose a scalable, data-driven
learning algorithm to approximate these spectral quantities
from trajectory data without requiring an explicit model of the
system dynamics. Inspired by the power iteration algorithm,
a classical method for finding the dominant eigenpair, we
derive a loss functional that is minimized when the estimates
converge to it. This allows the spectral safety critic to be
learned using standard gradient descent.

Application to Reinforcement Learning. We demonstrate
the utility of EigenSafe in safe reinforcement learning (RL)
tasks by formulating a safety-constrained policy optimiza-
tion. This allows one to find a policy that balances well
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between maximizing the task rewards and maintaining long-
term safety. Validation experiments are carried out in Gym
[7] environments, showing comparable results both in terms
of performance and safety to modern baselines.

Application to Imitation Learning. We apply EigenSafe
to imitation learning (IL) by introducing a test-time safety fil-
tering mechanism for learned stochastic policies. This ensures
that only sufficiently safe input among multiple candidates is
applied into the system, thereby achieving enhanced safety of
the overall closed loop. We validate the approach in a real-
world food preparation task using a UR3 robotic arm.

II. RELATED WORK

We review relevant works on safety-critical control and their
extensions to stochastic systems, as well as learning-based
methods for safety critics and safe policies.

Safety-Critical Control Theory. HJ reachability [5, [39]]
and CBFs [3]] are widely studied control methodologies for
the safety of dynamical systems. In these frameworks, the
reachability value function and the barrier function act as
quantitative safety critics that measure the margin of safety
for a given state with respect to a prescribed risk measure.
Closest to EigenSafe are stochastic extensions of CBFs. These
extensions provide time-varying lower bounds on the safety
probability, often in the form of exponentially decaying bounds
(131114} 1291 140,146\ 49| 54} 155 158]. However, they are typically
derived from conservative martingale inequalities, which can
be overly conservative and often require specialized techniques
to tighten the gap [15) 30]. In practice, these safety-critical
control methods are often deployed in the form of a safety filter
[56], whose role is to render a potentially unsafe reference
policy safe by minimally modifying it [2].

Safety Critic Learning. A growing body of work com-
bines these control-theoretic methods with machine learning to
synthesize safety critics [8} 16, 120} [22]]. Learning CBFs or HJ
reachability value functions is relatively straightforward when
the dynamics model is at least partially known [4} [11} 137}
47, 148l 153]]. However, this assumption can be unrealistic for
complex or high-dimensional systems, such as systems subject
to implicit safety constraints [10} 12,131} 32,143} 50] or systems
whose dynamics are represented through learned world models
[24] 25 42| 160]. In these settings, model-free approaches
based on RL [[18, 27, 135] are better suited. Nevertheless, these
approaches typically rely on optimal control formulations for
deterministic systems and fail to capture the stochastic nature
of real robotic systems. Moreover, because the learned critics
are often tied to specific risk measures, they serve only as
surrogates and are not calibrated to the actual safety probabil-
ity. As a result, these safety critics tend to yield inconsistent
safety assessments. A few works propose HJ reachability
formulations for safety probability, thereby correctly handling
these issues [19, 28]. However, the infinite-horizon safety
probability they consider is typically zero everywhere unless
the system can be made almost-surely safe, which makes it
difficult to compare relative safety across different states.

Safe Decision Making. The goal of learning safety critics
is to enable safe decision making. Safety filters are frequently
employed with learned safety critics, often in the form of a
switching filter, where the reference input is applied directly
until the critic indicates a low safety level, after which the
system falls back to a safe backup policy [43l 50]. However,
this approach may lead to suboptimal task performance be-
cause it lacks a principled mechanism to balance safety and
performance. In safe RL, on the other hand, the decision-
making problem is formulated as a constrained Markov de-
cision process (CMDP), where the objective is to maximize
rewards subject to safety constraints [8l 21} 22]. These safety
constraints are commonly enforced by the use of Lagrange
multipliers [1} [19] or epigraph reformulations [52| [59]. Since
the constraints in such optimizations are naturally defined with
respect to the learned safety critic, their performance heavily
depends on its quality. When the safety metric is poorly
calibrated, these algorithms often produce overly conservative
behavior.

ITII. PROBLEM SETUP
A. Safety-Critical Dynamics
The robotic system considered in this paper is modeled
as a discrete-time Markov decision process (MDP) without
the reward term, a 3-tuple (S, A, P), where S and A are the
state and action spaces, respectively, and P is the transition
probability that describes the dynamics:

St41 ~ P(-|s¢, at). (1

Here, s, s;41 € S are the system’s state at time ¢ and ¢ + 1,
respectively, and a; € A is the action taken at time t.

We consider a safety constraint s; € C, where C' C S is
the safe set, i.e., the set of allowable states. For example, C'
could represent the set of states satisfying a collision avoidance
constraint. Once the system leaves C for the first time,
a permanent safety failure is recorded, and the subsequent
behavior is considered unsafe. We model this using the notion
of a termination state K ¢ C. If s; ¢ C, then the trajectory is
marked as stopped and terminated by setting s = K for all
t’ > t, regardless of the action taken thereafter. In this paper,
we do not distinguish between different failure modes, so we
can assume there exists only one unsafe state and write the
state space as S = C U {K}.

The safety probability of the system is defined as the
probability of the system not reaching the termination state K
throughout the given horizon, i.e., P[s; # K]. This probability
is naturally non-increasing in time (i.e., Pls;11 # K| <
P[s; # K]) and depends on the chosen (feedback) policy and
the initial state. The problem of interest in this paper is to
derive a measure that quantitatively assesses the safety of a
given state, action, or a feedback policy, in terms of how this
safety probability evolves over a long time horizon.

B. Dynamic Programming for Safety Probability

Let m be either a deterministic or a stochastic policy
satisfying the Markov property. This means that the probability



distribution of the action taken at time ¢ depends only on
the current state sy, i.e., a; ~ m(-|s;), for all ¢ > 0. Under
this policy, we define Z.(t,x) as the probability that the
system stays in the safe set until time ¢ given the initial state
so=x €S

Z(t,x) = Prlss # Klso = ], ()

where P, denotes the probability measure induced by the
closed-loop dynamics under the policy 7.

It follows directly from the definition that Z.(0,z) =
lo(x), where 1o : S — {0,1} is the indicator function of C.
From the law of total probability and the Markov property, one
can easily see that the (¢ + 1)-step safety probability from the
initial condition sg = x, denoted Z (t+1, x), can be expressed
as the expectation of the ¢-step safety probability from the next
state s; = ', Z(t,s1). This yields the following dynamic
programming principle: for any policy 7, ¢t € {0,1,---,},
and z € S,

Zﬂ'(t +1, JI) = Euwﬂ'(-\w), o/ ~P(-|z,u) [Zﬂ(t7 'II"/)} . 3

In this paper, we view this dynamic programming principle
from the perspective of an operator acting on the space of
scalar functions on S. Formally, we start by letting (F,||-||)
be the Banach space of bounded and measurable scalar func-
tions on S, where |||, is the supremum norm defined as
18]l = sup,cg |B(x)|. The operator Tr : Dy C F — F,
which describes this dynamic programming principle, is de-
fined as

Tﬂ'ﬁ(x) = ]Eu~7r(-|a:), /' ~P(-|z,u) [ﬁ(x/)L “4)
where the domain of T} is
Dr={feF|BK)=0}, 5)

which inherits the Banach space structure from F. This T}
admits an integra form

T,f(x) = /S Bw)px(ylx)dy = /C Bu)p-(ylz)dy,  (6)

where pr(-|x) is the probability measure on S induced by
the policy 7, with probability density function p,(y|z) =
J 4 m(ulz)P(y|z, u)du, which can also be understood as the
density of the next state y given the current state x under
policy 7. Note that the second equality holds since S(z) =0
for any x outside C.

One can also find that the image of T); is a subset of Dy,
making 7’ an endomorphism (a mapping from D7 onto itself).
This follows from the fact that the system cannot recover from
an unsafe state; hence, 8 € Dy implies T;; 5(z) = 0 for all z ¢
C'. Combined with the initial condition Z,(0,z) = 1¢(x), the
dynamic programming principle [(3)]can now be expressed as a
t-time repeated application of the operator 77 to the indicator
function:

Zp(t,x) =Tg(x) =Tr o 0Ty 1o(x). @)
tti
1mes

IThe integrals hereafter should be summations in case of discrete state or
action spaces.

IV. SPECTRAL THEORY FOR SAFETY ASSESSMENT
A. Spectral Properties of Ty

The operator T, can be understood as the restriction of
the Koopman operator [9, 51] of the closed-loop system to
the domain Dy which is a vector subspace of the set of
all measurable scalar functions on S. It is evident from the
definition that regardless of 7, T, is a linear operator.
That is, if B and [y are two scalar functions on S and c¢;
and ¢, are scalars, then T (¢181 + ¢c282) = 1T 1 + 2Ty Ba.
This allows one to examine its spectral properties. Let the
complex extension of the domain D7 of 7). be defined as
D7 = Dr +iDy = {3, +1i- i | Br,8i € Dr}. We define
an eigenpair (v, ¢) as a pair of a scalar v € C and a nonzero

function ¢ € D \ {0} satisfying
Trp(x) = v9(),

Since the domain Dr is typically infinite-dimensional (unless
S is a discrete set), there are typically infinitely many such
pairs. We denote the eigenvalue with the biggest absolute
value as the dominant eigenvalue, ., and its associated
eigenfunction ¢, as the dominant eigenfunction. The eigenpair
(Y, &) is referred to as the dominant eigenpair.

One key characteristic of 77 is that it is a positive operator;
that is, it maps nonnegative real functions to nonnegative real
functions. This allows the use of Perron-Frobenius theory (and
its infinite-dimensional generalization by Krein and Rutman
[33]) to certify that -, is a positive real number and that ¢,
can be chosen to be nonnegative real everywhere on S E]

Moreover, T is non-expansive with respect to the supre-
mum norm ||-|| . For any = € C, we observe

Vx € S. (8)

560 = | [ st <ol ©
This inequality implies that the spectral radius of T, is
bounded by 1; thus, all eigenvalues, including ~y,, should have
absolute values less than or equal to 1. Combining this with
the positivity property mentioned above, we conclude that the
dominant eigenvalue is a real number satisfying 0 < v, < 1.

B. The Dominant Eigenpair as a Safety Measure

Recall that the primary objective of this paper is to analyze
the long-term safety of the closed-loop system, specifically,
how the safety probability Z, of a given system evolves
over long time horizons. Once the dynamic programming
recursion is expressed as repeated application of a linear
operator, it is governed by the spectral structure of 77, with
eigenmodes propagated multiplicatively according to their as-
sociated eigenvalues. In this context, the dominant eigenmode
is of particular significance because the influence of non-
dominant modes decays over time and eventually become
negligible relative to the dominant eigenmode.

>This requires the assumption that Ty is compact and the process is
irreducible on the safe set C' (i.e., any state in C is reachable from any other
state in C' at a nonzero probability prior to arriving at K), which usually
holds in realistic robotic systems.
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Fig. 1. A toy example describing the meaning of the dominant eigenpair
of Tr. (a) This toy example consists of a finite state space represented by
square cells, and a finite action space represented by an arrow on each of
them. At each time step, the system moves to the adjacent cell in the arrow
direction with probability 0.6, and moves to each of the other adjacent cells
or remains in the current cell with probability 0.1. If the system enters a gray
cell or leaves the map, it is deemed unsafe and is therefore considered to have
reached the unsafe state K. (b) The safety probability given initial conditions
A, B, C, corresponding to the colored cells in (a). Note that the vertical axis is
log-scale and the slopes of all three curves converge to the same value, which
corresponds to the dominant eigenvalue . (¢) The dominant eigenfunction
values. It can be seen that cells with higher values correspond to safer points.
For finite-state systems, one can directly perform eigendecomposition of the
finite-dimensional matrix representation of T to obtain the eigenpair.

Usually, the dominant eigenvalue <y, has multiplicity 1,
meaning that the dominant eigenfunction ¢, is unique up
to scalar multiplication. Assuming a nonzero spectral gap
(separation between the modulus of the dominant eigenvalue
and the rest of the spectrum), the influence of non-dominant
modes decays geometrically faster than % as ¢ grows. Thus,
for sufficiently large ¢, Z(t,x) can be approximated as

Zp(t,x) = ¢ () -7k + 0(7%),

where ¢ € R is a constant that does not depend on ¢. The
additive term o(v%) indicates that the approximation error
decays strictly faster than ~%. The approximation is
therefore the tightest among exponential ones possible for the
safety probability Z,. In Appendix A, we prove that, under a
mild set of assumptions, the dominant eigenpair is unique up
to scaling and has a nonzero spectral gap, hence the mentioned
probability approximation [(T0)|] holds. We also discuss the
practicality of the underlying assumptions in Appendix A-I.

This approximation [(T0)] implies that the asymptotic decay
rate of Z is equal to vy, and is uniform across the entire state
space. Therefore, the dominant eigenvalue serves as a global
metric for the safety of the closed-loop system under policy
m, with a value closer to 1 indicating a safer policy. The value
of the dominant eigenfunction ¢,(x) quantifies the relative
safety of a specific state point z € C' compared to other states
in C. If this ¢, is chosen to be a nonnegative function, then a
larger value of ¢, (z) corresponds to a higher degree of safety
for that state x.

Collectively, these properties establish the dominant eigen-
pair (yr, ¢x) as a quantitative safety measure for the closed-
loop system. These spectral quantities are intrinsically tied
to the actual safety probability, which is the most natural
indicator for safety. The eigenvalue ~, is a safety measure
for the closed-loop system itself or the policy, ¢ is the safety
measure for the given state under 7. See[Fig. 1| (a) for a simple
illustrative example using a simple finite-state system.
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Fig. 2. The dominant eigenfunction 1, of A, defined with respect to the
same dynamics and 7 as in[Fig. 1] Similar to[Fig. 1] (c), the eigenfunction can

be computed by directly eigendecomposing the matrix representation of Ar.
It can be seen that the eigenfunction assigns higher values to safer transitions.

C. The Safety Q Function

The dominant eigenfunction ¢, which depends only on the
state, provides a state-wise safety metric and, as such, plays a
role analogous to a safety value function. However, it cannot
capture how safety varies with the action taken at a given
state. In this subsection, we aim to derive a safety measure
that provides a directional guide for policy improvement.
Achieving this requires a safety metric defined over state-
action pairs, that is, a Q function for safety, which extends
the utility of ¢.

To this end, we broaden our discussion from the operator
T to assess safety at the level of state-action pairs, rather than
solely at the state level. We introduce H, : § x A — R as the
safety probability conditioned on the initial state and action:

H(t,z,u) =Py [s: # K|so = z,a0 = u], (11)
where P here measures the probability of the event assuming
ap ~ 7(-|sg) for all subsequent steps k € {1,---,t — 1}.

Similar to Z,, H, takes nonnegative values upper-bounded
by 1 and satisfies the consistency condition

EUNW(.M) [Hﬂ(tm,u)] = Zw(t,x). (12)

Functionally, H, represents the safety probability of an aug-
mented autonomous system with state $; := (s¢, a;), governed

by the dynamics
sep1 ~ P(]se, ap), (13)
at41 ™~ 7T('|3t+1)7

whose safety characteristics are the same as those of the
original closed-loop system under policy m, except for the
initial step ¢t = 0.



Similar to T’;, we define the operator

Aﬂ.ﬂ(l',u) = ]E;c’NP(~|w,u),u’~7r(‘|a:’) [B(xlvul)} (14)

on the domain Dy = {B€G|B(K,u)=0, Vue A},
where (G,||-||.) is the Banach space of bounded and measur-
able scalar functions on S x A, equipped with the supremum
norm. This allows us to follow the same procedure in
to derive the dynamic programming principle for H,:

Hy(t+1,-,-) = A H(t,--), (15)

which implies H(t,z,u) = At 1oxa(z, u).

It is evident that A, is also a nonnegative and non-expansive
linear operator. Since the augmented system shares the under-
lying dynamics of the original system, the eigenstructure of A
is closely related to that of T7.. Specifically, there exists a dom-
inant eigenpair (v, %) such that A v, (z,u) = Yot (2, u)
for all (z,u) € S x A. The dominant eigenvalue -y, is
identical to that of 7} and the dominant eigenfunction
is a nonnegative function on S X A. Furthermore, 1, relates
to ¢, through the expectation over the closed-loop actions

Eymr(o)¥r(2,u) = - ¢r(z), Vo eC, (16)

for an appropriate constant ¢ € R not depending on the state.
Similarly to |(10), one can approximate H, as

Ho(t,z,u) = Al 1oy a(z,u)
= ¢ n(z,u) - 77 +0(7),
where ¢ € R is an appropriate constant. This suggests that the
eigenfunction 1, quantifies the safety level of a given state-
action pair (x,u). Just as ¢, plays a role as a safety value
function, ¢, serves as a safety Q function, providing a metric

to guide policy improvements during training. We illustrate the
role of the eigenfunction ¢ in using the same tabular

dynamics as in

V. EIGENSAFE: LEARNING THE EIGENPAIR

a7)

In this section, we present a practical methodology for
learning the safety Q function v, and its associated eigenvalue
from transition data, building upon the theoretical framework
established in the previous section.

A. Eigenpair Learning

Consider a dataset, batch, or a replay buffer D comprising
transition tuples (z,w,x’) of state, action, and the next state.
In its simplest form, EigenSafe parametrizes the eigenvalue ~y
as a learnable real scalar and approximates the eigenfunction
1 using a function approximator, such as a lookup table for
discrete spaces or a neural network for continuous spaces. The
parameters are optimized by minimizing the following loss
functional:

u7eig [,Ya w] =

Wei g Z

|D| (z,u,x’)ED

(1[$ eCnx €Cl-y('u) )
—y-1lzeCl-¥(x,u)) (18)

2
Wn : ) -1 )
oo (vt

where v/ in the summation is sampled from the policy condi-
tioned on the next state 2’ from the dataset, and Wi, W, > 0
are tunable hyperparameters. The indicator function 1[-] eval-
uates to 1 if the condition inside the bracket holds, and 0
otherwise. The first term in constrains v to be zero outside
the safe set C, while ensuring it satisfies the eigenvalue equa-
tion A ¢(x,u) = y(z,w) within C. The second term serves
as a soft normalization constraint that ensures the learned
eigenfunction maintains a unit supremum norm, ||¢]. = 1,
and prevents converging to a degenerate solution ) = 0.

While standard Q learning algorithms from RL utilize a
discount factor strictly smaller than 1 to ensure a unique
solution via contraction mapping theory, the loss functional
does not theoretically admit a unique minimizer. This is
because any valid eigenpair of the operator A, including the
non-dominant ones, satisfies the eigenvalue equation enforced
by [(T8)] Instead, the convergence of the proposed approach is
grounded in the principles of the power iteration algorithm,
also known as the von Mises iteration. To determine the domi-
nant eigenpair of a positive linear operator L : V — V, power
iteration initializes with a nonzero initial guess v € V' \ {0}
and recursively applies the update

A || Lol
v < Lv/||Lv] .

Although this update rule is not a contraction mapping in
general, the pair (A, v) converges to the dominant eigenpair of
L with probability 1, provided that the dominant eigenvalue
has multiplicity 1 and is strictly bigger than the modulus of
every other eigenvalue. The normalization step ensures that
the magnitudes of non-dominant modes eventually decay rel-
ative to the dominant mode, isolating the dominant eigenpair.
While RL-based approaches to learning safety critics rely on
artificial discount factors (which can undermine the theoretical
validity of the guarantees they provide) to ensure convergence,
EigenSafe achieves robust empirical convergence without the
need for such modifications.

19)

B. Remarks on Implementation

Empirically, minimizing Jeis alone is usually sufficient for
convergence, regardless of initialization. However, to acceler-
ate training during the initial phase, one may optionally choose
to employ the following additional loss term

ol = Y RelU (~(a.u)

(z,u," )€D

(20)

in addition to Jeig, where W is a tunable nonnegative weight.
This term penalizes negative values and thereby biases the
optimization toward nonnegative 1, reducing the influence
of sign-oscillatory components associated with non-dominant
modes. Once the dominant eigenmode becomes prominent,
this auxiliary loss quickly vanishes, not affecting the overall
learned result.

In cases where the policy 7 is only implicitly known through
the trajectory dataset itself, and thus the next action u’ cannot
be actively sampled from 7(-|z’), one can substitute it with
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Fig. 3. The Gym environments used in the safe RL demonstration.

the action «’ recorded in the dataset trajectory (x,u,z’,u’).
In this case, v and ¥ will converge to the dominant eigenpair
corresponding to the behavior policy that generated the dataset.

Finally, consistent with standard practices in deep RL, we
employ a semi-gradient approach to enhance training stability.
Specifically, during training, we treat the term v (z’, u’) in
as a fixed regression target during the optimization step. This
is achieved by detaching the calculated values of ¥ (z’,u’)
from the computational graph where gradient is propagated,
effectively mitigating the moving target problem.

VI. SAFE REINFORCEMENT LEARNING USING EIGENSAFE

In this section, we demonstrate the application of the learned
eigenfunction as a safety Q function in an online safe RL
framework. We present experimental results obtained from
Gym environments [7]]. For details regarding the safe RL
experiments, the readers are referred to Appendix B.

A. Setup

The objective of this safe RL setting is to find a policy
« that maximizes the expected return (the discounted sum of
rewards) while satisfying the safety constraint, ensuring that
the agent remains within the safe set C' with a probability
above a specified threshold. To achieve this, we impose a
spectral constraint on the policy:

T > Yo, (21)

where o € [0,1] is the target eigenvalue. As 7, is a global
indicator for the safety of , this informally interprets to: the
policy 7 should be safer than the given threshold. Practically,
~o should be chosen as exactly 1 or very close to it, as it
represents the exponential decay rate of the safety probability.
For instance, a policy with v, = 0.9 would cause the system
to reach an unsafe state in a few dozen timesteps.

We adopt the soft actor-critic (SAC) [23] framework which
utilizes a stochastic policy that facilitates exploration. The
proposed EigenSafe framework is naturally compatible with
the stochastic transitions inherent in SAC. The task critic Q)
is trained via the standard Bellman loss to match the entropy-
regularized expected return. Simultaneously, the eigenpair
(Yrs ¥r) is learned by minimizing the loss functional intro-
duced in

The challenge in training the policy 7 is that the eigenvalue
~r is a global property of the operator A,. It depends on
the policy only implicitly and does not directly relate to the
local state-action inputs, making gradient-based optimization

(a) CheetahLow (b) HopperHigh
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Fig. 4. Baseline comparison results for safe RL. The horizontal axis

denotes the number of steps taken until a safety failure or the agent has
reached the maximum episode limit, while the vertical axis represents the
total reward accumulated throughout the episode, regardless of the safety
outcome. EigenSafe consistently appears in the upper-right region across all
environments tested, indicating a better balance between reward and safety.
Squares indicate mean values, and error bars denote maximum and minimum
values over the rollouts. Gray vertical bars indicate the maximum episode
length. Each performance is evaluated over five rollout episodes during the
final three evaluation epochs, across four training seeds.

intractable. To address this, we replace the global constraint
[2T)] with an equivalent local condition

Eor o p(fau),umorn(- o) U (2, 0") > yotr (2, 1), (22)

which should be satisfied for all (z,u) € S x A. If a policy
n satisfies [(22)] for all state-action pairs, then the global
eigenvalue condition is satisfied, and vice versaﬂ The policy
optimization can therefore be formulated as the following
constrained problem:

mgx jRL[W} = E(I),',‘)ND,UNTF("w) [Qﬂ'(x?u)]

(23)

s. t. Ez’~P(~|x,u),u’~7r(~|m’)’(/)ﬂ'(m/; U/) > ’Yoww (.T, U),

where the constraint should be satisfied for all (x, u, -) drawn
from the replay buffer D.

We solve this constrained optimization by reformulating
its objective into an unconstrained augmented one using the
method of Lagrange multipliers [6, [17]. The augmented ob-
jective is defined as

jRL [A, 71—} = jRL [’R—] + E(m,u,z’)wD,u’wﬂ(-|m’) [
A(z,u) - min {€, (2’ u) — yovr(z,u)} ]
Here, A(-,-) represents the state- and action-dependent La-

grange multiplier, and ¢ > 0 is a positive but very small
constant employed to prevent A from exploding towards

(24)

3This equivalence is the infinite-dimensional analogue of the Collatz-
Wielandt formula for positive matrices [41].



Fig. 5.

The task for the hardware experiment in[Section VII]is to safely pick
up the bowl of almonds and pour the almonds into the pan, without spilling

them or causing a collision.

positive infinity. The optimization is performed via the dual
gradient descent algorithm. It simultaneously updates 7 and
A to maximize and minimize, respectively, the augmented
objective JxL. This process yields a policy that maximizes
the task reward while adhering to the safety constraints.

B. Results

We demonstrate this online safe RL framework in four Gym

environments as shown in

(a) CheetahLow is based on the standard HalfCheetah
environment. The agent receives reward based on its
forward velocity only, and the constraint is to maintain
its torso below a certain level.

(b) HopperHigh is based on the standard Hopper envi-
ronment. The agent receives reward based on its forward
velocity only, and the constraint is to maintain its torso
above a certain level.

(¢) LunarLanderHard is a more difficult variant of the
standard LunarLander environment, with diversified
initial reset states. The reward is given only for reaching
the goal, and the safety constraints are imposed on land-
ing velocity, body orientation, and horizontal position.

(d) AntBall is a modified version of the Ant environment.
The agent receives reward based on its forward velocity
only, and the safety constraint is to not drop the ball from
the plate attached to the torso.

We compare with three baselines. Vanilla SAC [23] is in-
cluded as an unconstrained RL baseline that purely maxi-
mizes the reward without accounting for safety constraints.
RESPO learns a reachability value function that predicts
future constraint violations. The policy is trained through
dual gradient descent using Lagrange multipliers. EFPPO [52]
instead reformulates the safety-constrained RL problem into
an epigraph form. It searches over a cost-budget variable to
satisfy constraints, without using Lagrange multipliers. As
shown in the proposed method achieves a better safety-
performance balance than the baselines, which we attribute to
EigenSafe’s improved accuracy of safety assessment.

VII. SAFETY-FILTERED INFERENCE FOR IMITATION
LEARNING USING EIGENSAFE

We demonstrate another practical application of the learned
eigenfunction 1, utilizing it as a safety Q function to perform

Algorithm 1 Safety-Filtered Inference for IL
1: Input: Pretrained stochastic policy mpc, Pretrained eigen-
function 1, Hyperparameters n, k
2: for every time step ¢ do
3 Observe the current state s;.
4 Sample n candidate actions {u("}7_, ~ mpc(-|s¢).
5
6

Evaluate safety scores v() < v (s;,u(®) for all i.
Select action a; = u'9) such that v() is the k-th largest
value among the safety scores.

7:  Execute action a;.

8: end for

test-time safety filtering on a learned stochastic policy. De-
tailed information regarding the imitation learning experiment
is presented in Appendix C.

A. Setup

We consider a standard behavior cloning (BC) setup. The
objective is to filter the output of a stochastic BC policy, select-
ing only those actions deemed relatively safe among multiple
candidates. This approach consists of two key components: (a)
a learned safety metric (the eigenpair) that evaluates the safety
of the chosen action, and (b) an expressive stochastic policy
that generates diverse action candidates reflecting the multi-
modality of the demonstration data. Unlike the online RL
setting where the policy itself is updated, this task focuses on
test-time safety improvement. Instead of updating the policy
weights, we bias the action sampling process of a pre-trained
stochastic policy mpc to favor safer transitions.

To learn the eigenfunction we utilize trajectory tuples
(z,u,2’,u’) consisting of state, action, next state, and next
action from the dataset. The EigenSafe loss function [(I8)] is
minimized using the next action v’ recorded in the dataset,
resulting in the learned eigenpair reflecting the safety char-
acteristics of the behavior policy that generated the data. At
the same time, the stochastic policy mpc(-|x) is trained using
flow matching [36, [38] [43]), a generative modeling technique
that ensures sampled actions cover the multi-modality of the
training data.

During inference, we employ a safety-filtering mechanism
to select the most appropriate action from the stochastic
policy. At each time step ¢, given the current state s;, we
sample n candidate actions {u(¥}7_, from the trained BC
policy mpc(+|s:). We then evaluate the safety score of each
candidate using the learned eigenfunction v(*) = 1, (s, u(").
The action corresponding to the k-th largest value among v(")-
s is chosen as the input a; and applied to the system. Here, n
and k are tunable parameters. For best performance, we avoid
using the highest-value action (k = 1) because it increases
the risk of out-of-distribution (OOD) actions relative to the
behavior policy. Empirically, setting k& =~ n/5 yields the best
performance in both task completion and safety. The overall

procedure is summarized in
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Fig. 6.  Success/safety rates in safety-filtered IL, with n = 50. Except
for the £ = 1 case, there is a positive correlation between selecting actions
with higher ¢~ values and the resulting success and safety rate. Notably, the
proposed safety-filtered approach achieves higher safety performance than
even the flow BC policy trained only on successful demonstrations. Dark
blue bars represent full task success (pouring almonds safely), while light blue
indicates episodes that remained safe (no violations) but failed to complete the
task. BC (S) refers to the policy trained solely on successful demonstrations.
The success and safety rates are estimated by conducting 20 repeated trials
for each scenario.

B. Results

We validate the method on a food preparation task depicted
in| The objective is to control the UR3 robot equipped
w1th a Robitq 2F-85 gripper to grasp a bowl of almonds
and pour them into a pan on a toy stove. Any spill of
almonds outside the pan or collision between the robot and
the environment is considered a safety violation. The robot’s
perception consists of two RGB cameras: one attached to
the wrist of the arm, and one on an external mount that
provides the third-person view of the workspace. The images
are processed by a DINOv2 encoder to extract latent
features, which are then concatenated with the robot’s joint
angles and gripper status, forming a 776-dimensional state.
The dataset was collected using a GELLO teleoperation device
[37]. The dataset comprises 150 successful demonstrations,
where the task was completed without safety violations, and
203 failed trajectories, which terminated due to spillage or
collision.

In the experiments, we set the number of action candidates
n = 50 and evaluated performance across different selection
of k, by recording the success and safety rates over 20
trials each. We also compare with the naive BC baseline
mpc Which is trained on the whole dataset, and another BC
policy trained only on successful demonstrations. These rates
are summarized in It can be seen that there is a
clear positive correlation between the eigenfunction value and
both the success and safety rates, with the only exception
being the k = 1 case, which is affected by the OOD issue
discussed above. Notably, the optimal k¥ = 10 case exhibits
better performance even compared to the BC trained only on
successful demonstration, which is not aware of the safety
boundary. visualizes the evolution of 1 values for (a)
our safety-filtered approach using an optimal rank k& = 10,
and (b) the naive BC baseline. It can be seen from the
snapshots that the learned v, serves as an effective safety
metric, assigning higher values to safer states. Moreover, it
also exhibits prediction capabilities. For instance, at point @),

the eigenfunction value drops significantly upon detecting a
precarious grasp, accurately anticipating the eventual failure
before it physically occurs.

VIII. CONCLUSION
A. Summary

This paper presents EigenSafe, a novel theoretical frame-
work for learning safety value functions based on linear
operator theory rather than optimal control. We derive a linear
Bellman-like operator for dynamic programming for safety
probability, whose dominant eigenpair provides a safety mea-
sure that is directly tied to the safety probability. In particular,
the dominant eigenvalue serves as a scalar metric quantifying
the global decay rate of the system’s safety probability, while
the corresponding dominant eigenfunction serves as a safety Q
function that quantifies the relative safety of state-action pairs
and provides a directional guidance for safety improvement.
This dominant eigenpair can be learned via the proposed loss
function inspired by the power iteration algorithm.

We demonstrate the versatility of EigenSafe in safe RL and
IL tasks. For safe RL, we formulate a policy optimization
problem that maximizes the expected return (the discounted
sum of task rewards) subject to a lower-bound constraint
on the dominant eigenvalue. Empirical results across various
Gym environments confirm that the approach is effective in
achieving both safety compliance and reward maximization.
For IL, we propose a test-time safety-filtering technique for
a learned stochastic BC policy that evaluates the safety of
multiple candidate actions using the learned eigenfunction
and executes only those deemed safe. Experiments on a food
preparation task using a UR3 robotic arm demonstrate that
higher safety and success rates can be achieved with this
filtering technique, compared to both naive BC policies and
policies trained exclusively on successful demonstrations.

B. Limitations and Future Work

We conclude this paper by summarizing the limitations of
the proposed approach and future research directions.

Overestimation Bias in Online Learning. In the online RL
setting, where the policy and the eigenfunction are learned
simultaneously, EigenSafe may overestimate the safety of
certain areas before the policy learning has stabilized. While
this is well-known and common in RL [26], it becomes
particularly problematic in terms of safety. In the future work,
we plan to apply techniques such as [26)] to mitigate this
issue.

Dependency on Failure Data and Out-of-Distribution
Risks. The current framework fundamentally relies on failure
labels, i.e., transitions leaving the safe set C'. Consequently,
the method might struggle to distinguish between the true safe
regions and OOD regions where data is scarce, especially in
the offline learning setting. Future work will address this by
integrating OOD avoidance into the safety constraints, e.g.,
[50], or by introducing additional penalties near the
boundary of the training dataset.
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Fig. 7. Temporal evolution of the eigenfunction 1. value during task execution. The blue shaded regions represent the range of eigenfunction values across
the sampled action candidates at each time step. The black curves represent that of the chosen action. (a) The naive BC policy 7pc leads to a safety violation.
It can be seen that the eigenfunction value drops (at @) ahead of the actual spillage (see B)), demonstrating the capability of the eigenfunction to predict
future failures. (b) The safety-filtered policy (using n = 50 and k = 10) consistently selects actions with high safety scores. This ensures a more stable grasp
O compared to @), allowing the robot to convey (E) and pour () the almonds safely.

Future Research Directions. In addition to addressing
these limitations, future research will focus on exploiting
prior information to enhance sample efficiency and reduce the
reliance on failure experiences. We believe one can leverage
large foundation models to infer common-sense safety con-
straints and physical priors, enabling the agent to recognize
unsafe areas with less failure experiences. In addition, ac-
knowledging that the definition of safety might vary across
domains and may not be fully captured by probability alone,
we plan to generalize the framework to more general risk
metrics, for example, conditional value at risk, allowing the
framework to address different severity of failure modes.
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