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Abstract—Zero-order optimization has recently received sig-
nificant attention for designing optimal trajectories and policies
for robotic systems. However, most existing methods (e.g., MPPI,
CEM, and CMA-ES) are local in nature, as they rely on gradient
estimation. In this paper, we introduce consensus-based optimiza-
tion (CBO) to robotics, which is guaranteed to converge to a
global optimum under mild assumptions. We provide theoretical
analysis and illustrative examples that give intuition into the
fundamental differences between CBO and existing methods.
To demonstrate the scalability of CBO for robotics problems,
we consider three challenging trajectory optimization scenarios:
(1) a long-horizon problem for a simple system, (2) a dynamic
balance problem for a highly underactuated system, and (3) a
high-dimensional problem with only a terminal cost. Our results
show that CBO is able to achieve lower costs with respect to
existing methods on all three challenging settings. This opens
a new framework to study global trajectory optimization in
robotics.

I. INTRODUCTION

State-of-the-art trajectory and policy optimization relies
heavily on engineered heuristics, subtle design of cost func-
tions, and careful weighting of different objectives [1, 12].
One alternative to the cumbersome tuning of cost functions is
to train policies directly retargeting human demonstrations to
robots [3} 4] or using large quantities of data collected via tele-
operation [5, 6]. While these approaches have demonstrated
impressive results in recent years, they can hardly guarantee
any kind of optimality and might fail to obtain the full set
of valid solutions to a given problem. Hence, it is desirable
to obtain favorable behaviors in robotics without reliance on
human motion and other forms of high quality demonstration.
Achieving this goal requires a capable optimization algorithm
for trajectory optimization under high state-control dimensions
and long horizons.

Traditionally, trajectory optimization in robotics has relied
on gradient-based methods [1]. However, these techniques
are well known to struggle with problems involving complex
contact interactions, as (rigid) contact is inherently a hybrid
phenomenon. Thanks to recent advances in parallelized simu-
lation [[7, 18], it is now possible to run massive parallel rollouts.
This enables the simultaneous evaluation of many different
control trajectories. As a result, zero-order (gradient-free)
optimization has become increasingly popular for trajectory
and policy optimization in robotics [9} [L0]. By relying solely
on function evaluations, these techniques avoid the challenging

development of a differentiable simulator and are naturally
contact-implicit.

Popular zero-order optimization techniques used for tra-
jectory optimization in robotics are model predictive path
integral (MPPI) [11], cross entropy method (CEM) [12],
and covariance matrix adaptation evolution strategy (CMA-
ES) [13]]. These methods have shown promise in solving
complex robotic problems in real-time [14, 15 16} [17]]. The
common ground among these techniques is that they iteratively
perform a random search by generating samples and updating
an estimate of the optimal solution based on the performance
of each sample. However, the sampling distribution is local,
typically a multivariate Gaussian centered at the current esti-
mate. The update step then approximates a gradient descent
step [I8]]; this leads to local optimality.

In this paper, we explore the use of consensus-based opti-
mization (CBO) [19] via particle dynamics to achieve global
optimality in trajectory optimization for robotics. Instead of
sampling locally, CBO uses a population of particles to explore
globally. Each particle follows a diffusion dynamic that drives
it towards a consensus point defined by the weighted average
of the population, where the weights are determined by the
trajectory costs. This approach allows for a more flexible
exploration of the solution space and has been shown to
converge to global optima under mild assumptions [20, 21].

Our major contributions in this work are:

o We reinterpret zero-order optimization methods, widely
used in robotics, under a general global optimization
framework via surrogate objective minimization, which
naturally highlights their weaknesses in achieving global
optimality. We offer an intuitive explanation of how CBO
works, how it addresses the weaknesses of other zero-
order optimization methods, draw connections to current
methods, and reinterpret other methods through the lens
of the diffusion process dynamics.

o We demonstrate that the CBO algorithm can identify
meaningful global solutions in robotic trajectory opti-
mization, even for high-dimensional humanoid models
and problems with long time horizons. In particular, we
illustrate how techniques based on local sampling can
get stuck in local minima, regardless of the number of
particles used, while CBO can find a global solution as
the number of particles increases.



It is important to emphasize that CBO has been successfully
tested on many global optimization benchmarks [22]] and
applications [23]. This paper is the first to demonstrate its
applicability to robotics problems and its superior perfor-
mance compared to other zero-order optimization methods
used in robotics. It is also important to note that particle-
based evolutionary strategies have a long history in robotics
for performing global optimization [24]. Rather than proposing
a new optimization paradigm, here we introduce a unifying
framework under which these meta-heuristic methods can be
formally analyzed and studied within a rigorous mathematical
setting.

The remainder of the paper is organized as follows. Sec-
tion [II] presents a unified framework for widely used zero-
order optimization methods in robotics and highlights their
inherently local nature. Section introduces the CBO for-
mulation and provides intuition for its global behavior. The
experimental results are presented in Section [IV] Finally,
Section |V| concludes the paper and summarizes our findings.

II. PRELIMINARIES
A. Notations

In this section, we summarize the notions used throughout

the paper to improve the readability:

e 7: Ooptimization iteration index

e z; € S C R": state of system at time ¢ with state space
S of dimension ng.

o ul” = (uﬁ’“l),,u,iﬁla) € U C R"™: control vector at
time ¢ with n, number of actuations, at iteration r, where
U C R« is the control signal space.

e UypT_1 € HlTZ/I C RT*na: control signal (decision
vector) corresponding to planning horizon 7.

e xq.7: state trajectory driven via control trajectory ug.7—1
through system dynamic equation starting from state xg.

o Particle 7: We use “07;,’7271 to denote the ith control signal
at iteration r, which we call the ith particle.

o UM (ug.r_1): measure (ak.a. distribution) of control
signal ug.7—1 at iteration r.

e Ug.7—1: the location parameter of a distribution, i.e. mean
for parametric distribution or center (e.g. target consensus
point) of non-parametric distribution.

e p > 0: temperature parameter controlling the selective-
ness of the softmax weighting scheme.

B. The big picture of global optimization
Trajectory optimization finds a control sequence ug.7—; that
minimizes a cost function J given an initial state xg:

min
UQ:T—1

(D

J(uo:r—1 | o),

where the cost is defined to be stagewise while satisfying the
system’s dynamics ;11 = dyn(xs, ut):

T-1

J(uor—1 | o) = > li(we, ue) + Lo (a7) 2
t=0

St To = Tinit, Tep1 = dyn(ze,ue), (3)

where {¢;} and {7 (x7) denote the running and terminal costs,
respectively.

Achieving global optimality in trajectory optimization re-
quires overcoming the limitations of traditional gradient-based
optimization techniques that often get stuck in local minima
of the objective function J(ug.7—1|zo) [1]. One approach to
mitigating this issue is to smooth the objective landscape by
integrating the cost over a neighborhood of the current guess
of the solution [25]].

Formally, this smoothing can be defined given a probability
distribution, U, over the controls. More precisely, the smooth-
ing surrogate of the objective function can be written as:

€7 | U) = / Jugrleo)dUupr_1). (@)
Remark 1. This smoothing can be interpreted as applying a
low-pass filter to the cost landscape with a given bandwidth. A
heavily smoothing filter may remove many local optima around
the current solution and thus enable better solutions. However,
it may also shift the global optimum of the surrogate landscape
away from that of the original objective. Consequently, it is
natural to begin the optimization with a strongly smoothing
filter and gradually reduce its magnitude.

Now, one may search for the probability distribution U
that minimizes £(J | U). This naturally leads to an iterative
optimization procedure in the spirit of gradient descent.

U =™ — aAg(T | UM), 5)
where we use A to denote the variation operation to the
distribution.

Remark 2. Typically, the distribution of controls U is chosen
to be a multivariate Gaussian distribution. This is often
referred to as randomized smoothing [26]. In this setting, we
can write U(- | wo.7—1) = N (to.7—1, %), where tig.7_1 is the
mean of the gaussian distribution and Y is a fixed covariance
matrix. In this case, the iterative procedure can be expressed
as an iteration over the mean of the trajectory:

_(r+1) _ _(r)

Ug,p—y = g —aVES [U(- | ag:g“fl)) (6)

Note that the gradient is taken with respect to tg.r—1. The
control mean can then be viewed as an estimate for the
solution of the original minimization problem defined in (I)).

Remark 3. To enable global optimization, the following
requirements need to be satisfied for representing U:

o For high-dimensional decision variables, the probability
distribution U should be able to concentrate on the
“important” regions of the solution space with favorable
objective values and facilitate finite sample size approx-
imation.

o The probability distribution U should be able to adapt
and shrink its support to enable a refined search for the
global optima.



C. Zero-order methods used in robotics

In this section, we cast the popular zero-order optimization
methods used for trajectory optimization in robotics within
the framework of (5). This perspective provides insight into
their limitations and helps explain why our proposed method
addresses them. We begin with the path integral framework.

1) Path integral methods: Path integral (PI) methods were
originally introduced in [27] within the context of reinforce-
ment learning. The method was derived from an information-
theoretic perspective based on the Feynman-Kac lemma. Sub-
sequently, a receding-horizon control variant, known as MPPI,
was proposed in [28].

The original derivation of PI updates happen in the state
space; here, we are mostly interested in the control space
solution directly. One can show that the control update can be
computed as an expectation over sampled control trajectories
weighted by their costs. Given a current guess of the solution
ﬂéf)T_l, the algorithm samples N random controls

ér; 1NN(UOT 1 2); @)

where ¢ indexes the N independent samples, and ¥ is a fixed
covariance matrix. These random control inputs are then used
to compute the next guess according to the following rule:

gl = Zw(”) i )
_ J (7)
where w(™*) = exp(=p (uo 1 | 20) )

SN exp(—pd (ull) gl L | 20))

where w("*) is referred to as the normalized weight computed
from the cost of the i*" trajectory.

The path integral update can be interpreted as a form of
Gaussian smoothing over the objective function J [9]. To be
more precise, one can define a surrogate of the form:

E(J|U) = —%log </ epJ(uOrTlIo)dU(uo:T_l)) . (10)

Then, if we consider U(- | wg.r—1) ~ N(dp.1r—1,%), the
path integral updates in can be recovered by applying (@),
with the gradient taken with respect to the mean wg.7—1. The
following proposition formalizes this result.

Proposition 1. The update for the mean of distribution ug.7_1
under the PI framework in (8) can be written as

_(r4+1) _ —(r)
Uy, p—1 = Ug.1—1

(1)

where A(tg.7—1) is the solution to the following constrained
optimization problem with ~ being the Lagrange multiplier.

E(J | U( | wo:r—1 + Alto:r-1))) (12)

— yA(To.r-1),

arg min
A(To:r-1)

s.t. KL([U(U ‘ Ug.7—1 + A(ﬂo;T_1))|U(u | ao;T_l)) =P,
(13)

where [ defines the Kullback—Leibler (KL) divergence metric
between the current distribution and new distribution.

We invite readers who are interested in the details to find
proof in Appendix [A]in the supplementary material.

d€(J|Usao. 7—1+4;8)
d

Remark 4. The Lagrange multiplier v = 3
decides how much the optimal surrogate function will change
per B change. In practice, this constrained optimization prob-
lem is not solved explicitly; instead, the update in () is
applied directly, in which case the parameter [ could vary
per iterations.

Remark 5 (Particle dynamic under parameterized distribution
updates). Consider two arbitrarily chosen particles (random
control sequences) from iterations r and r + 1, the difference
between them can be written as

u((;%) 1~ g)T;ilJ): ﬂ(()g“q +R2ernd) ‘("H) 5 (rt1g)
] 1
— Z% (e(rﬂ) ,€(T+1,J))+7A<,UJO:T_1)7 (14)
v
where {€)} are i.i.d. standard normal variables. Thus, the

potential improvements of u"t19 over u("9) come from the

major effect of A(tuo.r—1) plus a random exploration term
Sz (elmd) — e(r+19)) Since the particles are reset after each
iteration, there is no distinction between them (particles are
“forgotten” after each iteration), resulting in homogeneous
exploration. Any potential improvements beyond A(ug.7—1)
comes from repeatedly exploring the same mechanism of
random directions.

Remark 6. Note that when p is big enough in (10):
§(J | U( [ tor-1))

Thus, optimizing the surrogate is approximately equivalent to
optimizing the lower bound, while the constraint penalizes
large changes by restricting how much the distribution can
shift at each iteration. With a finite sample size, this involves
choosing the best performing wo.r—1 among the sampled
population.

~ inf J(’LLO;T_l ‘ 370). (15)

Remark 7 (Curse of dimensionality in finite sample approxi-
mation of Gaussian expectation). When the decision variable
lies in an extremely high-dimensional space, a finite sample
size cannot realistically approximate the distribution; thus,
the lower bound of a finite sample does not approximate the
mathematical formulation of (10) faithfully.

2) Covariance matrix adaptation: One way to mitigate the
issue highlighted in Remark [/| is to adapt the covariance
matrix of the sampling distribution. This allows the sampled
population to concentrate along promising directions around
the current solution while reducing exploration in less useful
directions. This idea is known as Covariance Matrix Adapta-
tion (CMA), and CMA-ES builds on it with a widely used
evolution-path mechanism [[13]].

For clarity, we use a simplified presentation of CMA-ES fol-
lowing the viewpoint of [9]; the complete algorithm, including
the full evolution-path machinery, is treated in [13]]. Specifi-
cally, CMA-ES maintains a Gaussian search distribution over
the control sequences and adapts its mean, covariance, and step



size based on ranked samples [13]. At iteration r, offspring
are sampled according to (I6)), then evaluated through the cost
function J:

(r,4) (r)

Uy = Uy T aMAMe;,

eiNN(O?I)v (16)

where A is the decomposition of the covariance matrix ¥ as
stated below:

nr) — (a(T))QA(T) (A(T))T A7)
The mean is then updated only using an elite proportion of
the current population and a moving average trick to stabilize
the updates, which we formulate in . The covariance is
adapted to capture successful search directions as (I9), using
y™ in @0), which is the deviation of particle i from the

current population mean.

Ne
_6,;1)1 =(1- al” ))ué% 1T ) zw(m U(T;’) L))
Ne
S Z (1 )20 a0 3 ) y Gy 0T (19)
i=1
y( ) = uérTl) 1 ﬂ(()f)Tflv (20)

where N, is the number of elite particles. One choice of
pertaining w™ | the weight for particle ¢, can be done via
calculating (9). The step size a( is adjusted by a sepa-
rate evolution path to control the overall search scale. This
mechanism allows CMA-ES to adaptively stretch or shrink
the sampling distribution along promising directions.

As pointed out by [29, 18], the update rule of CMA-ES
(without the evolution path [13]) can be recovered by applying
(3) with the gradient defined with respect to both the mean and
covariance parameters.

Remark 8 (Connection between CMA and CEM). Setting
w™ = L with elite particles N, < N in ([9) gives the
Cross Entropy Method (CEM) [12].

Remark 9 (curse of distribution parametrization). When a
parameterized distribution is employed, its shape can be
adjusted only through a limited number of parameters, which
constrains the expressive flexibility of U(ug.r—1). The Gaus-
sian distribution has additional innate geometric structures,
such as symmetry, which typically do not fit control signal
distributions. For instance, flipping the control signal with
respect to an arbitrary center might result in a control signal
that leads to undesirable behavior. In Figure [I} we illustrate
the difference between a Gaussian distribution and an irregu-
lar, non-parametric distribution. The irregular distribution can
develop longer, potentially asymmetric tails along important
directions, whereas a shrinking Gaussian is much less flexible
in accommodating such behavior. In Section we introduce
CBO and explain how an irregular, non-parameteric distribu-
tion can be achieved, which also has the ability to concentrate
on important regions.

—-- Gaussian at iteration r+1

—— Gaussian at iteration r

~—- Irregular shape at iteration r+1
~ —— lIrregular shape at iteration r

,,,,,,,

Fig. 1: An irregular, non-parametric distribution can focus
probability on important directions by having longer tails,
whereas a shrinking Gaussian is constrained by its fixed
symmetric shape and has less flexibility.

III. CONSENSUS BASED OPTIMIZATION (CBO)

To address the challenges of parameterized sampling-based
optimization discussed in Section [[I, we introduce consensus-
based optimization (CBO) to the robotics community. Instead
of explicitly parameterizing the distribution U™ at iteration r,
CBO uses a population of particles {u(()TTZ)} to approximate the
distribution U("), where 7 indexes the particles of the popula-
tion. Under mild assumptions, CBO is proven to converge to
the global optimum [20, 21]].

A. Basics of CBO

In CBO, each particle follows the following stochastic
differential equation (SDE):

W(m),
21

where 7 denotes the iteration index, A\ is the decay rate

governing how fast particle ¢ drifts toward the consensus point

') with drift rate —\(u{;? —a{").). The consensus point is

defined by
ﬂE)TT _ zw r,i UU%),

where w(™%) denotes the weight of particle i at iteration r
defined as in (9). ¢ € R in @I) controls the intensity of
exploration via Brownian motion W (™) In other words, larger
o leads to more exploration. In discrete time iteration, (21I))
becomes

Aymd =

duly) = =2 (ufi = aly) dr + olully) - al)

(22)

(7‘+1 %)
0:7T—1

—ufily = =2 (uii, - aé”T) Ar

+ oV Ar ’ugrqf) 1—

(23)

where AW (™) is sampled from standard normal distribution
N(0,1). Algorithm [I| summarizes the steps of CBO, where
the particle-wise for loops can be parallelized on a GPU. This



parallel structure keeps CBO computationally fast in practice:
in the experiment section, we demonstrate that empirically its
per-iteration runtime is comparable to CMA-ES and MPPI, as
shown in Table [l in Section [V=-Cl

Algorithm 1: CBO for trajectory optimization

Input: Initial state xg € S, SDE integration time Ar,
initial population {u(() 7.1} of size N. g, A
1 while stopping criterion is not met, do
2 fori=1,...,N do
3 L Evaluate J value for particle ¢
4 Calculate target consensus point g, with
5 fori=1,...,N do
6 Calculate drift and exploration term in (23) to
L update particle

Output: final population {u((f;i)l} at iteration r*

Remark 10. In Remark [5] we derived the particle dynamtc
for the PI update that reads as uw(™%) —y("t13) = ¥3 (e(’“ ) —
ertla)y 4 %A(ﬂoy,l) and discussed the homogeneous drift
behavior and exploration. In contrast, CBO dynamic in (21))
indicates that different particles exhibit different behaviors
depending on how far away the particle is from the target
consensus point. The exploration term is also particle depen-
dent, again depending on how far away the particle is from the
target consensus point; particles farther away explore more.

Remark 11 (A and Ar). In , Ar corresponds to Euler-
Maruyama integration time for the stochastic differential equa-
tions. Numerically, Ar can be absorbed into A\ as a lumped
up parameter. When \Ar = 1, 0 = \/Ar, the CBO dynamic
in 23) reduces to

(r+1 %)
OT 1

—a0) + o2|ul)

a AW D 4y
which indicates that at each iteration, each particle is resam-
pled around the target consensus point with a variance propor-
tional to its distance to the consensus point. This corresponds
to a special case of CBO called consensus hopping [30].
Note that the specific type of consensus hopping we defined
in is different from the sample generation in the PI update
in (@), where each particle at the current generation (iteration)
is resampled around the target consensus point with a fixed
covariance Y, independent of the particle’s distance to the

consensus point.

B. Advantages of CBO in global optimization

We use the example of Figure [2] as an illustration of the
advantages of CBO where we constructed a cost function
landscape in a contour plot with a unique global optimizer
(marked as blue star) and several local optimizers (marked
as orange disks). As a hypothetical setting for the purpose
of illustration only, we assume at the current iteration, the
target consensus is marked with a red cross in the figure. The

following key observations explain the advantage of CBO over
other sampling-based methods.

Y Global minimizer

Local minima

Particles

X Current target consensus

4 Potential future target consensus

X

Fig. 2: A cost function landscape in a contour plot constructed
with a unique global optimizer (marked star) and several
local optimizers for illustration of how CBO works and its
advantages. See text for more explanation.

e The dynamic of each particle is not directly driven by
the gradient of the objective function, but by a drift
term that “drags” or “attracts” the particle toward the
target consensus point at the current iteration in (21).
As a result, the particle dynamics are agnostic to local
optima of the objective function. For instance, in the
illustrative example of Figure 2] particle B at the lower-
left corner can travel through the local minimum near
(—4, —3) since its dynamic aims to drive it toward the
goal position of the target consensus point, instead of the
local minimum.

e The inertia of each particle enables local exploration
around the particle position from the previous iteration.
In contrast, sampling-based methods discard particle his-
tories (see (14)). For instance, in the illustrative Fig-
ure [2] the drift vectors (arrows in the plot) for particle
K,C,0,D determines a dominating direction towards
the current consensus point, however, the exploration
term in Equation adds noise on top, proportional to
the distance to the current consensus point (Particles
sitting on the consensus point has no exploration, a
necessary condition for convergence. Particles far way
get explored more to search for better solution), avoiding
a straight-line behavior and allowing the particles to
explore their neighborhood. This gives them a good
chance to approach the vicinity of the global optimizer.

o As particles move toward the target consensus point,
each particle explores along different directions. Along



these drifting paths, once a better solution is found, the
target consensus point shifts toward that solution, and the
drift terms of all particles change accordingly, inducing a
new set of exploration directions. This results in a more
diverse exploration mechanism than the homogeneous
exploration used in the PI updates (see (T4)). For instance,
as particle K and C' in Figure [2] being pulled toward the
current target consensus point (0,0), they have a good
chance to find better position with lower cost than the
current consensus point since they are near the global
optimizer.

o The non-parametric nature of CBO allows it to adapt
to complex cost landscapes more effectively than pa-
rameterized distributions, which may struggle to capture
intricate solution spaces. The particles gradually gather
in the vicinity of the target consensus point, analogous
to the covariance matrix shrinkage in CMA. Unlike
CMA, however, the empirical distribution of CBO is not
Gaussian-shaped, but instead exhibits an irregular shape
as illustrated in Figure

Remark 12 (How CBO alleviates the curse of dimensionality
and the curse of distribution parameterization). In Remark [/}
we pointed out that when the decision variables have high
dimensions, faithfully approximating the cost surrogate in (10)
becomes unrealisticc. CMA tries to resolve this issue by
adapting its covariance matrix to let finite samples better
concentrate on favorable directions, with potential shrunken
eigenvalues, but is still restricted by the parameterized form
of the as we noted in Remark [9) Instead, the population for
CBO is evolving via the dynamic (Z1), which offers a more
flexible adaptive capacity to capture interesting regions of the
decision variable space. In Section we demonstrate such
an irregular, non-parametric distribution of solutions from
CBO is effective in achieving global optimality.

C. Properties of CBO

First we show CBO falls into the global optimization
framework of (3) with the surrogate function in (@) under
the assumption that J(u | xg) satisfies the so-called inverse
continuity property and relaxed Lipschitz continuous property,
which we state below:

ﬁwu | 20) — J(u* | @) < [u— | (25)
1

< 2G| 20) — (| )

(26)

Yu € B, (u*) 27

where B, (u*) is a neighborhood of the optima u* with radius
K, and n > 0 is a constant.

Formally, to demonstrate the irregular, non-parametric dis-
tribution of particles of CBO is effective in achieving global
optimality, we have the following results:

Proposition 2. Without loss of generality, assume J(u* |
x9) = 0. When Equations to hold, there exist

p,r* > 0 large enough, where

1
X o= Ng X To?’
such that, with high probability, CBO improves the surrogate

function following the formulation in @) after at most r*
iterations, i.e., we have

/J(UO:T—l|$O)dU(T*)(uO:T—1 | ﬁg;)_ﬁ

r* (28)

< / J(uoir—1]20)dU® (ugr—y | T _,). (29)

In addition, due to the structure of U evolution driven by the
CBO dynamic in (21)), the target consensus point converges to
the global optimizer with high probability.

Proof is in Appendix [B] of the supplementary material.

Remark 13 (choice of decay rate \). Equation (28)) gives us a
convenient reference of selection of decay rate A with respect
to the noise level o2 to ensure convergence of the dynamics
of [23). Concretely, the convergence can be ensured by 2\ >
na X T x o2, For hyperparameter tuning, we recommend simply
calculate the lowest \ that satisfies this formula and then try a
grid of values, while ensuring A\Ar < 1. Increasing X improves
convergence rate but too large )\ breaks the performance, see
an empirical comparision of different X in Figure [9 in the
appendix to understand this tradeoff.

IV. EXPERIMENT

In this section, we show how the CBO algorithm can enable
finding better solutions on three challenging robotics problems,
highlighting different challenges in trajectory optimization for
robotics. In what follows, first, we explain the general setting
of our experiments and then present the results.

A. Experiment setting

To ensure fair comparisons, we use the same environment
and the same initial particle population for all methods com-
pared within each experiment whenever possible. In addition,
we align shared hyperparameters across algorithms, for ex-
ample, by using the same temperature p and matching the
o parameter of CBO with the exploration terms of the other
methods. We choose A in (21 according to Remark

For Section and Section our implementation is
based on Hydrax [31]] and we use the implementation of CMA-
ES from Evosax [32]]. Our implementation of the algorithms
and experiments can be found in https://github.com/Atarilab/
cbo_tol

B. Long horizon planning

In this example, we study a trajectory optimization prob-
lem involving a simplified dynamical system with a low-
dimensional state space but an extremely long planning hori-
zon. As illustrated in Figure |4, the agent is modeled as a
point mass but represented by a chassis for better visualization
(shown as a small blue rectangle) that travels from an initial
position (black square located at the center left) towards a


https://github.com/Atarilab/cbo_to
https://github.com/Atarilab/cbo_to

goal position (marked by a small red disk) through a confined
space (depicted as a large green square). The tunnel has an
upward-facing opening and is bounded by a wall on the left
side (shown as black slats) that extends upward, as well as a
shorter wall on the right side. We deliberately design the left
wall to extend upward so that reaching it corresponds to a local
minimum, since the agent cannot penetrate the wall. In many
robotics control problems, feasible control signals lie in very
“narrow” regions. To emulate this phenomenon, we randomly
place obstacles (shown as dark green disks) such that only
carefully chosen control signals allow the agent to successfully
navigate through the obstacles and reach the tunnel.

We use the following simple first order dynamic model
without inertia (i.e., velocity can be changed instantaneously):

¢z (t+ 1) = g, (t) + v cos(0)dt,
qy(t + 1) = qy(t) + vsin(0)ot.

(30)
€29

To avoid optimization in the radian space, instead of opti-
mizing the sequence of 6 € [0,27],v € R, we use v, =
vcos(f), v, = vsin(#) as the decision variable. The decision
making horizon is set to 7' = 100 steps, and the control
dimension is n, = 2. Despite the simplicity of the dynamic,
the number of decision variables is n, x T' = 200, making it
a challenging long horizon planning problem.

The cost function is composed of the following terms: the
primary term is the running cost, which is the distance to
the goal (red disk) at each step. On top of that, we add the
control loss term, plus a penalty term for not reaching the
tunnel and further penalties when confronting the obstacles
along the planned trajectories. In summary, the cost function
is defined as:

7= (la(t) = dyoutl* + 2 0(0) )
t=0

Nobs
+ Inot in tunnel (Q(T - 1)) + Z Iobstacle(qO:T—l)a (32)

i=1
where ot in wnnel 1S an indicator function that adds a large
penalty if the final position is not inside the tunnel, and
Iobstacle 1S an indicator function that adds a penalty if

the trajectory confronts any obstacle. We set v, = 10.0,
Lot in et (¢(T— 1)) = 1000 if the agent is not inside the
tunnel at the last step, Iopstacte = 1000 X n., where n,

is the number of obstacles confronted along the trajectory.
The parameters for penalty terms are chosen to ensure that
circumventing the left wall and the obstacles is more cost-
effective than confronting them directly, such that the optimal
solution involves navigating through the tunnel and reaching
the goal. Note that the velocity is not bounded but only
regularized in the cost function with ~,,.

In terms of collision handling, the left wall acts as a barrier
for the agent to reach the tunnel and goal (red disk). To
simplify, we restrain the agent to bounce back to its original
place if the current velocity would bring the agent into contact
with the wall. On the other hand, when confronting the disk

barrier, we simply add a penalty to the cost function but do not
restrain the dynamic accordingly (i.e., the agent can penetrate
the disk obstacle but incurs a large cost). The agent needs
to make long term planning to avoid getting stuck in local
minima, especially when the obstacles are placed closely.

For each repetition of the experiment, we create the same
environment for competing algorithms by randomly sampling
obstacles. We compare CBO with MPPI and CMA, where we
implemented CMA according to (I8) and (I9). We set popu-
lation size N = 1000. The covariance matrix for baselines is
set to have initial diagonal value matching o = 10 for CBO,
while we use an exponential decay of the o for CBO ensures
the convergence behavior due to Remark [I3]

The benchmark results are summarized in Figure [3| CBO
outperforms CMA and MPPI by a large margin. In Figure 4]
we visualize the trajectories generated by CBO, MPPI, and
CMA, respectively. It can be observed that CBO is able to
successfully navigate through the tunnel, avoiding all obstacles
(in terms of obstacle avoidance, for simplicity, we consider the
agent as a point mass), and reaches the tunnel, whereas MPPI
and CMA get stuck in their local minima and fail to reach the
tunnel.

Loss vs Iteration (mean = std over seeds)
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0 200 400 600 800
Iteration

Loss

1000

Fig. 3: Long horizon planning: comparison of the best loss
across the population at each iteration for the long horizon
planning problem. CBO wins by a large margin. CMA imple-
mented according to (I8) and (19).

Remark 14 (Why none of the algorithms reach the goal). This
scenario is extremely difficult because of the problem’s long-
horizon nature and the extreme clutter in the scene. In this
task, although CBO performs significantly better than other
methods, it still fails to reach the exact goal indicated by the
red point inside the tunnel. The performance of CBO can be
further improved by increasing the number of particles. We
refer the reader to Theorem 3.8 and Remark 3.9 in [21], where,
to each optimization problem, there is an associated rate of
convergence Chyp aN =1 Cyrra characterizes the complexitiy
of a problem. The corresponding Cyrr a for this task is very
large, implying the need of a larger number N of particles.

C. Double Cartpole

The double cartpole (see an illustration in Figure [5) has the
cart that is allowed to move within the range [—3.8m, +3.8m)]
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Fig. 4: MPPI and CMA get stuck at a local minimum and
fail to reach the tunnel. CBO succeeds in circumventing the
left wall barriers and all obstacles (point mass agent) and
reaches the tunnel. Each image shows the trajectory of a single
experiment for different methods. Each column corresponds to
one environment setting (spatial distribution of obstacles).

and the pole with the cart forming a revolute joint and another

pole connected to the base pole via a revolute joint. The

generalized coordinates are [q 01 65] T Wwhere q is the cart

position along the rail, 6; with ¢ = 1,2 are the pole angles.
The initial state is

]T

=0 (33

do t=

To = [QO} = [q 0 02 g 61 0o
where 0; = 0 corresponds to the pole hanging downward, and
the upright configuration is #; = 7. Slider joint (cart) damping
is set to d, = 10~*. To make the problem more challenging,
we set friction loss to O for both revolute joints. The running
cost is set to be the bound violation cost of control according
to [33]] and the terminal cost is calculated as the summation
of all the following terms with equal weighting:

« distance of the tip site from its upright target: ||tip, —
4/|?, where 4m is the upright tip height: the cart joint is
located at height 2m in the MuJoCo scene and the two
1m pole segments add another 2m when fully upright.

S |
|
Me

a

O —A
|

—

Fig. 5: Double cartpole with cart mass m, = 1.0 kg. Pole
masses: m; = mg = 0.1 kg. Each pole segment has length

ly = ls = 1.0m, giving a total pole-chain length of 2.0m. The
cart sits at 2m high in the world frame.

e |Itip, —¢||*: pole tip aligned directly above the cart, not
leaning left or right.

« the distance of the cart to the center of the rail.

« the velocity of all degrees of freedom.

The control input is the actuator command u applied to the
cart, with actuator force F' = 20u, where © € [—Umax, Umax)-
With umax = 0.5, the nominal force range is [—10,10] N. To
make the problem challenging, we deliberately set umax as
small as 0.5 to increase the control difficulty, while we use a
long planning horizon of 16s discretized by 100 zero-order-
hold control knots. Population size N = 5000.

Note that we do not aim for a perfect swing-up solution
here; rather, the goal is to demonstrate that under such a chal-
lenging setting, CBO exhibits clear advantages over competing
methods in terms of convergence and consistency. In Figure [6]
we present benchmark results of loss minimization among
CBO, MPPI and CMA-ES (code from [32]) where CBO
performs the best. CMA-ES experiences large fluctuations of
cost during the iteration, while CBO consistently generates
good performance.

—e— CBO
~—#— CMA-ES
—— MPPI

best cost

[ 250 500 750 1000 1250 1500 1750
Iteration

Fig. 6: Benchmark double-cartpole: On average, CBO per-
forms the best with relatively small variance. CMA-ES is from
implementation [32].



Remark 15 (CBO can be as fast as other zero-order methods).
The bottleneck of the computation time for zero-order meth-
ods is the simulation rollout time. Thus the double cartpole
experiment, due to its relative simplicity to be simulated, is a
good example to compare the running time of the different al-
gorithms. The statistics in Table|l| are generated on a NVIDIA
GeForce RTX 5090 Laptop GPU with a 32 X AMD Ryzen
9-9955HX3D 16-Core processor running a Linux OS (6.17.0-
109014-Tuxedo). Here we use only N = 1000 particles. We
report JAX compilation time and per-iteration computation
time, excluding auxiliary code overhead. The results show no
significant difference between the tested zero-order methods in
per-iteration computation time.

TABLE I: Runtime comparison across algorithms.

Algorithm  Compile (ms) Mean (ms)  Std (ms)

CBO 6638.30 336.43 1.02

CMA-ES 11369.38 351.28 12.53

MPPI 6548.47 372.48 35.96
D. Humanoid

Our last experiment is the 23 DoF Unitree G1 Humanoid,
given T' = 6 zero-order hold knots as PD target input qges
in (34) with the following parameters:

(34)
(35)

q) - kdda
kq =2C\/kp L, ¢=1,

where I.¢ is the effective inertia of the actuator at neutral
position. The decision variable has dimension T xn, = 6 X 23.
We aim to achieve demonstration free locomotion within 2
seconds: Starting from a standing position, we only provide the
terminal base configuration as the goal, without any running
cost. We use the se(3) difference between the starting base
configuration and the goal base configuration at the last step
as the cost function.

We present the benchmark results in Figure [7/| by comparing
the best loss among the population of each iteration. This
shows that CBO significantly outperforms MPPI and CMA-
ES (code from [32]). Interestingly, CBO has a large variance.
Some runs are able to generate much lower cost compared to
others, though the upper boundary of CBO loss variance still
overrates the lower cost variance boundary of the baselines.

In Figure [8] we show snapshots of the starting position,
middle position, and end position of the humanoid from a
trajectory optimized by CBO.

T = kp (Qdes -
k, = 500,

V. CONCLUSION AND FUTURE WORK

We introduced CBO to the robotics community as a step
toward global trajectory optimization. By presenting a general
mathematical framework for global optimization, we analyzed
the limitations of widely used zero-order optimization methods
in robotics and explained how CBO addresses these short-
comings. Through three challenging trajectory optimization
problems, we demonstrated that CBO can find solutions with
significantly lower cost for the tasks considered. Future work

best cost

—e— CBO
1074 § —=— CMA-ES
—a— MPPI

0 200 400 600 800 1000
Iteration

Fig. 7: Comparison of the best loss among the population of
each iteration for the humanoid demonstration free locomotion

experiment. Population size N = 10,000, CBO wins by large
margin. CMA-ES is from implementation [32].

Fig. 8: CBO optimized trajectory: Three snapshots (start, mid-
dle, end) of the G1 humanoid trajectory in the free locomotion
task for 2 seconds. The shadowed silhouette indicates the
target position for the humanoid.

includes exploring the use of CBO for discovering multi-
modal behaviors, incorporating constraints, and conducting
real-world robotic experiments.
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