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Abstract—Generating collision-free and smooth motions re-
mains a central challenge in robotic manipulation, particularly
in cluttered environments and narrow passages where feasible
regions are highly constrained and fragmented. We propose
a trajectory optimization framework that performs geometry-
aware updates directly in function space using natural functional
gradients. The method optimizes a Gaussian-smoothed surrogate
objective that regularizes the optimization landscape through
smooth trajectory perturbations while preserving trajectory-level
structure. Because the updates are defined intrinsically in func-
tion space, trajectory regularity can be controlled independently
of a particular time discretization. We derive a practical Monte-
Carlo estimator of the natural functional gradient that requires
only black-box trajectory evaluations, making the method appli-
cable when analytic gradients are unavailable or unreliable due
to collision checking and contact-rich simulation. Experiments
on constrained robotic manipulation tasks demonstrate that the
proposed method improves trajectory feasibility and produces
smoother motions than representative planning and trajectory
optimization baselines in environments with narrow geometric
clearances. Additional results, videos, and implementation details
are available at the project page.

I. INTRODUCTION

Trajectory optimization is a fundamental component of
robotic motion generation. In manipulation tasks, a planner
must simultaneously satisfy collision avoidance, kinematic
feasibility, and trajectory smoothness under limited geometric
clearance. These requirements become particularly challenging
in cluttered environments, where feasible motions occupy only
a small subset of the trajectory space and small deviations
can induce collisions. In such regimes, feasibility alone is
insufficient: the temporal regularity of the solution directly
impacts tracking accuracy and robustness during execution.

Existing approaches provide complementary advantages but
expose a persistent trade-off between feasibility and smooth-
ness. Sampling-based planners effectively explore highly non-
convex configuration spaces and discover collision-free so-
lutions, but often return piecewise-linear paths that require
additional smoothing before execution [1, 2, 3]. Trajectory op-
timization methods instead generate smooth motions directly,
but they typically rely on local information and can become
sensitive to initialization in fragmented feasible regions [4,
5, 6]. Recent GPU-accelerated methods improve optimization
throughput, yet trajectory generation under narrow geometric
constraints remains challenging [7].

A central difficulty is that feasibility and trajectory reg-
ularity are often handled using separate representations and
optimization procedures. Methods focused on feasibility com-
monly operate on sparse geometric paths and defer smoothness
to post-processing, while smooth trajectory optimization meth-
ods directly optimize discretized trajectories and can struggle
to escape poor local regions. As a result, maintaining trajectory
stability while satisfying collision constraints remains difficult,
particularly when optimization relies on black-box simulation
costs or lacks reliable analytic gradients.

This paper adopts a function-space perspective on trajectory
optimization. Rather than representing trajectories using a
fixed finite-dimensional parameterization, we model trajec-
tories as elements of a Hilbert space and perform updates
directly in function space. This formulation enables trajectory
regularity to be controlled through the geometry induced by
Gaussian kernels and allows smooth perturbations to be gen-
erated independently of a particular trajectory discretization
[8, 9, 10]. Building on this viewpoint, we propose a zeroth-
order trajectory optimization framework based on natural
functional gradients induced by Gaussian smoothing.

The proposed update direction admits a simple weight-
times-noise form, enabling practical Monte-Carlo optimization
even when analytic gradients are unavailable or unreliable
due to collision checking and contact-rich simulation. We
additionally analyze the Gaussian-smoothed objective directly
in Hilbert space and establish convergence guarantees with-
out defining the optimization geometry through a particu-
lar finite-dimensional trajectory parameterization. The result-
ing framework combines smooth function-space perturbations
with gradient-free optimization for constrained robotic motion
generation tasks.

The contributions of this paper are threefold. First, we
introduce a function-space trajectory optimization framework
based on natural functional gradients that performs geometry-
aware trajectory updates directly in Hilbert space. Second, we
develop a Gaussian smoothing formulation for zeroth-order
trajectory optimization and provide convergence guarantees
in function space. Third, we demonstrate on constrained
robotic manipulation tasks that the proposed method improves
trajectory feasibility and produces smoother trajectories than
representative planning and trajectory optimization baselines
in cluttered environments with narrow geometric clearances.

https://kisangpark.github.io/natural-functional-gradient/


TABLE I: Conceptual comparisons of representative motion planning and trajectory optimization approaches.

Method family Trajectory representation Cost differentiability required Gradient access Smoothness handling

Sampling-based [1, 2] Discrete path No None Post-processing
Gradient-based [4, 5] Finite-dimensional Yes / approximated Analytic Explicit regularization
Stochastic optimization [6, 11] Finite-dimensional No Zeroth-order Implicit / penalty-based
Inference-based / GP planning [12, 13, 9] Probabilistic trajectory model Yes / model-dependent Variational / analytic Model-based prior
Evolutionary algorithms [14] Finite-dimensional No Zeroth-order Not intrinsic
Zeroth-order optimization [15, 16] Finite-dimensional No Zeroth-order Via smoothing
Homotopy / continuation [17, 18] Varies Varies Varies Via smoothing schedule

Proposed (natural functional gradients) Function space No Zeroth-order Intrinsic (geometry-induced)

II. RELATED WORK

Trajectory optimization for robotic motion generation has
been studied from multiple complementary perspectives, in-
cluding sampling-based planning, gradient-based trajectory
optimization, stochastic optimization, and zeroth-order black-
box optimization. These approaches address different aspects
of the core challenge: discovering feasible motions in highly
nonconvex environments while maintaining trajectory smooth-
ness and execution stability. Table I summarizes representative
approaches according to trajectory representation, gradient ac-
cess, differentiability requirements, and smoothness handling.

Sampling-based planners such as PRM [1] and RRT [2, 19,
3] explore configuration spaces without relying on gradient
information and are effective for discovering collision-free
motions in cluttered environments. However, the resulting
solutions are typically represented as sparse geometric paths
and often require additional shortcutting or smoothing before
execution. Gradient-based trajectory optimization methods
such as CHOMP and TrajOpt [20, 4, 21, 5] instead optimize
smooth trajectories directly using local cost information. Re-
lated probabilistic and function-space formulations incorporate
smoothness priors through Gaussian-process trajectory models
and reproducing kernel Hilbert spaces [9, 10, 8]. Despite their
effectiveness, these methods commonly rely on analytic or
approximated gradients and can become sensitive to initial-
ization in environments dominated by narrow feasible regions
or nondifferentiable collision costs.

Stochastic and gradient-free approaches relax differentia-
bility requirements by estimating updates from sampled per-
turbations or rollout trajectories. Representative examples
include STOMP [6], path-integral methods [11, 22], evo-
lutionary strategies [14, 23], and recent GPU-parallelized
motion generation systems [7]. These methods are gener-
ally more flexible with respect to black-box objectives and
simulation-based costs, but most operate on finite-dimensional
trajectory parameterizations and enforce smoothness indirectly
through discretization-dependent penalties or post-processing.
More broadly, zeroth-order optimization theory and Gaussian
smoothing methods provide principled tools for optimization
using only function evaluations [15, 24, 16, 25]. Related con-
tinuation and homotopy methods further study how smoothed
objectives can improve optimization behavior in nonconvex
landscapes [17, 18].

Our work combines these perspectives through a function-

space formulation of zeroth-order trajectory optimization.
Rather than optimizing a finite-dimensional trajectory param-
eterization, we perform geometry-aware updates directly in
Hilbert space using natural functional gradients induced by
Gaussian smoothing. This formulation enables smooth tra-
jectory perturbations to be generated intrinsically in function
space while remaining compatible with black-box trajectory
evaluation. Unlike prior smooth trajectory optimization meth-
ods, the proposed approach does not rely on analytic gradients
or discretization-tuned smoothness penalties. At the same time,
it differs from conventional stochastic optimization methods
by explicitly incorporating function-space geometry into the
update rule and smoothing process.

We additionally analyze the Gaussian-smoothed objec-
tive directly in function space and establish convergence
guarantees without reducing the optimization problem to a
finite-dimensional representation. As a result, the proposed
method occupies a distinct position at the intersection of
function-space trajectory optimization, Gaussian smoothing,
and gradient-free robotic motion generation.

III. PRELIMINARIES

This section introduces the minimum notation and back-
ground required to describe our method. Our goal is to
formalize trajectories as elements of a function space and to fix
the probabilistic and geometric structures used later for defin-
ing geometry-aware, zeroth-order updates. All methodological
contributions begin in Section IV; the material here is standard
and is included only to establish a common framework.

A. Trajectories in a Hilbert space

Let T > 0 be a fixed time horizon and let ξ : [0, T ]→ Rd

denote a continuous-time trajectory. We model trajectories
as elements of a separable real Hilbert space H equipped
with inner product ⟨·, ·⟩H and norm ∥ · ∥H. This viewpoint
is deliberately resolution-independent: time discretization is
used only for numerical approximation and does not define the
optimization geometry. In particular, the choice ofH encodes a
notion of regularity (e.g., smoothness) at the level of functions
rather than finite-dimensional vectors.

In robotic motion generation, this abstraction is natural
because physically executable trajectories must satisfy tem-
poral regularity constraints, and many objectives are most
naturally expressed as functionals of the entire path. Sobolev
spaces and reproducing kernel Hilbert spaces (RKHSs) are



commonly used to encode smoothness and prior structure
in trajectory optimization and motion planning [8, 9, 10].
Although our theoretical development is stated for a general
Hilbert space, later sections will specialize to an RKHS-based
implementation where the induced geometry directly shapes
the smoothness of updates.

B. Zeroth-order objective

Let f : H → R ∪ {−∞} be a trajectory objective func-
tional. In robotic manipulation and motion planning, f may
aggregate task objectives, control effort, collision penalties,
and environment-specific costs. We do not assume that f is
differentiable with respect to ξ, nor that analytic gradients
are available or reliable. Instead, we assume only zeroth-order
access: given a candidate trajectory ξ, the value f(ξ) can be
evaluated, for example by collision checking and simulation-
based rollout.

This assumption reflects common practice in robotics and
simulation-based control. Collision checking and contact-rich
dynamics often introduce nondifferentiabilities, and many
pipelines incorporate black-box components or hard feasibility
checks. As a result, gradient-free and zeroth-order optimiza-
tion methods are widely used when analytic derivatives are
unavailable or unstable [15, 16, 24]. Our method builds on
this zeroth-order setting while explicitly addressing the need
for smooth, executable trajectories.

C. Gaussian perturbations and Cameron–Martin space

Let Σ : H → H be a self-adjoint, positive, trace-class, and
injective operator, and let σ > 0. We consider Gaussian pertur-
bations ε ∼ N (0, σ2Σ) taking values in H. Such perturbations
are the basis of Gaussian smoothing, a classical technique for
regularizing nonsmooth or nonconvex objectives by averaging
over local perturbations [24, 25]. In the context of trajectories,
the covariance operator Σ shapes how perturbations vary over
time and across dimensions, thereby directly influencing the
smoothness of induced updates.

A distinctive feature of Gaussian measures in infinite-
dimensional spaces is that differentiation is naturally restricted
to a subspace determined by the covariance. The associated
Cameron–Martin space is defined as HΣ = Range(Σ1/2),
equipped with the inner product

⟨h1, h2⟩HΣ = ⟨Σ−1/2h1,Σ
−1/2h2⟩H, h1, h2 ∈ HΣ. (1)

The Cameron–Martin construction characterizes precisely the
directions along which shifts of a Gaussian measure remain
absolutely continuous and thus differentiable [26, 27, 28]. In
Section IV, this geometry will induce a natural functional
gradient for Gaussian-smoothed objectives, yielding smooth
trajectory updates aligned with the covariance structure.

IV. TRAJECTORY OPTIMIZATION VIA NATURAL
FUNCTIONAL GRADIENT

We now present our trajectory optimization method based
on natural functional gradients. We treat a trajectory as a time-
indexed function (e.g., t 7→ q(t) or t 7→ x(t)), rather than a

finite vector of waypoints, and formulate the optimization in
a Hilbert space where the inner product encodes trajectory
smoothness. In this setting, the kernel defines the geometry
of the trajectory space, determining how trajectories are com-
pared and how updates are shaped.

The central idea is to perform zeroth-order optimization di-
rectly in this function space, rather than on a finite-dimensional
parameterization. By combining exponential transformation
with Gaussian smoothing in a Hilbert space, we obtain a
geometry-aware update rule that produces smooth trajectories
intrinsically while requiring only black-box evaluations of
the underlying cost functional. This resulting update can be
interpreted as a smooth deformation of the entire trajectory.

Throughout this section, we emphasize a clear separation
between three conceptual components: (i) the definition of
a Gaussian-smoothed surrogate objective in function space,
(ii) the derivation of its natural functional gradient under the
Cameron–Martin geometry, and (iii) a practical discretization
that enables efficient Monte-Carlo estimation and implementa-
tion. This organization mirrors the logical flow from problem
formulation to theory and finally to computation.

A. Gaussian-Smoothed Surrogate Objective

We consider trajectory optimization over a feasible set
S ⊂ H, where H is a separable real Hilbert space of
trajectories ξ : [0, T ] → Rd. The feasible set S encodes
boundary conditions and admissibility constraints such as
collision avoidance and joint limits. We assume only zeroth-
order access to an objective functional f : S → R, evaluated
through collision checking and/or simulation.

To handle feasibility within a unified objective, we extend
f to all of H by setting f(ξ) = −∞ for ξ /∈ S. This allows
us to write all subsequent objectives as expectations over H
without introducing explicit constraints. For a power parameter
Npow > 0, we define the exponentially transformed functional

gNpow (ξ) := exp
(
Npow f(ξ)

)
, (2)

which amplifies relative differences between trajectories while
enforcing feasibility via the indicator.

We smooth gNpow
by Gaussian perturbations in H. Let Σ :

H → H be a self-adjoint, positive, trace-class, and injective
covariance operator, and let

ε ∼ N (0, σ2Σ), (3)

where σ > 0 controls the magnitude of perturbations. The
Gaussian-smoothed surrogate objective is then defined as

FNpow(µ) := E
[
gNpow(µ+ ε)

]
, µ ∈ H, (4)

where µ denotes the current mean trajectory.
The role of this construction is twofold. First, Gaussian

smoothing regularizes the optimization landscape by averag-
ing over local perturbations in trajectory space. Second, the
exponential transformation induces a homotopy-like effect: as
Npow increases, the surrogate objective increasingly concen-
trates around trajectories with high original cost. Crucially,
evaluating FNpow

requires only evaluations of f(µ + ε) and
does not rely on analytic gradients.



Algorithm 1 Natural Functional Gradient

Require: Initial mean trajectory µ0 (discretized on grid
{ti}mi=1); trajectory objective functional f(·) (black-box
evaluation); kernel k(·, ·) and regularization λ > 0; noise
scale σ > 0; power parameter Npow > 0; Monte-Carlo
samples B; stepsizes {ηk}K−1

k=0 ; iterations K.
Ensure: Optimized mean trajectory µK .

1: Construct kernel matrix K ∈ Rm×m by Kij = k(ti, tj)
and set Kλ ← K + λI .

2: Compute a matrix square root L such that LL⊤ = Kλ

(e.g., Cholesky factor).
3: Initialize µ← µ0.
4: for k = 0 to K − 1 do
5: ĝ ← 0 ∈ Rm.
6: for s = 1 to B do
7: Sample z(s) ∼ N (0, Im).
8: ε(s) ← σLz(s) ▷ ε(s) ∼ N (0, σ2Kλ)
9: Evaluate weight w(s) ← exp

(
Npow f(µ+ ε(s))

)
.

10: ĝ ← ĝ + 1
Bσ2 w

(s) ε(s).
11: end for
12: µ← µ+ ηk ĝ.
13: end for
14: return µ.

B. Natural Functional Gradient

Gaussian measures in infinite-dimensional spaces admit dif-
ferentiation only along a covariance-dependent subspace. The
Gaussian measure N (0, σ2Σ) induces the Cameron–Martin
space

HΣ := Range(Σ1/2), (5)

equipped with the inner product

⟨h1, h2⟩HΣ
= ⟨Σ−1/2h1,Σ

−1/2h2⟩H, h1, h2 ∈ HΣ. (6)

This geometry characterizes the admissible directions along
which the smoothed objective FNpow

can be differentiated.

Lemma 1 (Directional derivative identity). For any µ ∈ H
and any h ∈ HΣ, the directional derivative of FNpow

exists
and satisfies

DhFNpow
(µ) = E

[
gNpow

(µ+ ε)
∑

k:λk>0

⟨h, ek⟩H
σ
√
λk

ξk

]
, (7)

where ε = σ
∑

k:λk>0

√
λk ξkek with ξk

i.i.d.∼ N (0, 1) is the
Karhunen–Loève representation associated with the eigende-
composition Σek = λkek.

The full proof can be found in the supplementary mate-
rials. The result follows by rewriting FNpow

(µ + th) as an
expectation with respect to a translated Gaussian measure
and applying the Cameron–Martin theorem to obtain the
corresponding Radon–Nikodym derivative (see Chapter 2 in
[27]).

Lemma 2 (Closed form of the natural functional gradient).
There exists a unique ∇HΣ

FNpow
(µ) ∈ HΣ such that

DhFNpow(µ) = ⟨∇HΣFNpow(µ), h⟩HΣ for all h ∈ HΣ,

and it admits the closed-form representation

∇HΣ
FNpow

(µ) = σ−2 E
[
gNpow

(µ+ ε) ε
]
. (8)

Lemma 2 shows that the directional derivative of FNpow
ad-

mits a Riesz representer in the Cameron–Martin space, yield-
ing the closed-form expression in (8) [29]. This representation
leads to a practical estimator, where Gaussian perturbations are
weighted by their exponentiated objective values. Crucially,
the resulting update depends only on zeroth-order evaluations
of f , making it applicable in nondifferentiable or simulation-
based settings.

C. Monte-Carlo Estimation and Update Rule

In practice, the expectation in (8) is approximated using
Monte-Carlo sampling. Given i.i.d. samples ε(1), . . . , ε(B) ∼
N (0, σ2Σ), we use the unbiased estimator

∇̂HΣ
FNpow

(µ) =
1

Bσ2

B∑
b=1

gNpow
(µ+ ε(b)) ε(b). (9)

The number of samples B controls the variance of the
estimator, while the covariance operator Σ determines the
smoothness of sampled perturbations.

We perform an explicit natural-gradient ascent step

µk+1 = µk + ηk ∇̂HΣ
FNpow

(µk), (10)

where ηk > 0 is a step size. Because the update direction
lies in HΣ, trajectory smoothness is preserved intrinsically by
construction.

D. Discretization for Implementation

For numerical implementation, we discretize trajectories on
a time grid {ti}mi=1 ⊂ [0, T ] and represent µ by its values
on the grid. We implement the covariance operator Σ via a
reproducing kernel Hilbert space (RKHS) kernel k : [0, T ] ×
[0, T ] → R and its kernel matrix K ∈ Rm×m defined by
Kij = k(ti, tj). We use a regularized kernel matrix Kλ =
K + λI with λ > 0 to ensure numerical stability.

Gaussian perturbations are sampled as

ε(s) = σK
1/2
λ z(s), z(s) ∼ N (0, Im), (11)

so that ε(s) ∼ N (0, σ2Kλ). A direct discretization of (8)
yields the estimator

ĝ(µ) =
1

Bσ2

B∑
s=1

exp
(
Npowf(µ+ ε(s))

)
ε(s). (12)

Then, the mean trajectory is updated according to (10).
Algorithm 1 summarizes the proposed optimizer in its

practical RKHS discretization. At each iteration, we draw
smooth Gaussian perturbations by sampling z(s) ∼ N (0, Im)
and mapping them through the Cholesky factor L of the



regularized kernel matrix Kλ, which implements the covari-
ance structure that controls trajectory regularity. The update
direction is estimated via (12): each perturbation is weighted
by exp(Npowf(µ+ε(s))) and multiplied by the corresponding
direction Lz(s), avoiding explicit matrix inversion. The result-
ing Monte-Carlo estimate ĝ is then used for an explicit ascent
step µ← µ+ ηkĝ, yielding smooth trajectory updates whose
structure is determined by the kernel while remaining compat-
ible with black-box, potentially nondifferentiable objectives.

Remark (Resolution-agnostic discretization). Although Algo-
rithm 1 is implemented on a finite time grid, the optimization
problem is formulated in the continuous Hilbert space H.
The discretization serves only as a numerical representation
and can therefore be refined or changed without altering the
underlying trajectory optimization problem.

Remark (Finite-dimensional approximation and covariance
truncation). Although the proposed optimization method is
formulated intrinsically in the infinite-dimensional Hilbert
space H, the practical implementation operates on a finite-
dimensional approximation induced by trajectory discretiza-
tion and RKHS kernel representations.

Let (ek)k≥1 denote the eigenbasis of the covariance oper-
ator Σ, satisfying Σek = λkek, for λk > 0. For a truncation
level deff ≥ 1, define the finite-dimensional subspace Hdeff

:=
span{e1, . . . , edeff

} ⊂ H, and let Pdeff
: H → Hdeff

denote
theH-orthogonal projection Pdeff

h =
∑deff

k=1⟨h, ek⟩Hek. Here,
deff is interpreted as an effective dimension of the trajectory
optimization problem and is closely related to the trajectory
discretization level m used in the RKHS implementation. The
projection operator introduced later plays an analogous role
in the stochastic analysis and iteration-complexity guarantees.

V. ITERATION COMPLEXITY OF NATURAL FUNCTIONAL
GRADIENT

This subsection establishes theoretical guarantees for
Gaussian-smoothed natural functional gradient ascent. In par-
ticular, we show that exponential smoothing induces an op-
timization landscape oriented toward global optimality that
eliminates spurious stationary points, and we derive a global
iteration-complexity bound based on Monte–Carlo estimation.
ξ∗ denotes a unique optimizer of the original objective f(ξ).
We optimize a Gaussian-smoothed surrogate that serves as a
tractable proxy in the zeroth-order setting.

Theorem 1 (Directional ascent toward optimal point). Assume
that gN (x) := eNf(x)1{x∈S} is bounded for each N . For
M > 0, define the ellipsoid KM := {µ ∈ HΣ : ∥µ∥HΣ

≤M}.
Then, for every ϵ > 0 and M > 0, there exists N0 =
N0(ϵ,M, σ,Σ) < ∞ such that for all N ≥ N0, for every
µ ∈ KM satisfying ∥µ− ξ⋆∥H ≥ ϵ, letting

u := (ξ⋆ − µ)/∥ξ⋆ − µ∥H, (13)

we have DΣuFN (µ) > 0.

The proof can be found in the supplementary materials.
Theorem 1 shows that, under stated conditions, the natural

functional gradient of the surrogate is directionally aligned
with ξ∗: outside an ϵ-neighborhood of ξ∗, the update provides
a strict ascent direction toward ξ∗ for sufficiently large N.
Consequently, the optimization is guided toward an ϵ neigh-
borhood of the true optimum.

Remark (Eigen-directional ascent outside an ϵ-ball). Let ei be
an eigenfunction of the covariance operator Σ, i.e., Σei = λiei
with λi > 0. Consider an iterate of the form µ = ξ⋆ − tϵei
with t > 1, so that ∥µ − ξ⋆∥H > ϵ. Then, by Theorem 1,
the Cameron–Martin direction Σei is an ascent direction of
the smoothed objective FN for all sufficiently large N . Equiv-
alently, since directional derivatives are linear and λi > 0,
the eigenfunction direction ei itself satisfies DeiFN (µ) > 0.
Hence, outside the ϵ-ball around ξ⋆, the natural functional
gradient always admits an ascent component toward the
optimizer along the corresponding eigenmode. In particular,
no point outside this neighborhood can be stationary for the
smoothed objective.

We now derive an iteration complexity bound for the
proposed stochastic natural functional gradient method by
adapting standard stochastic gradient analysis to the Cameron–
Martin geometry induced by Gaussian smoothing.

Lemma 3 (Second directional derivative identity). Assume
that gNpow

is bounded. Then, for any h, k ∈ HΣ, the mixed
second directional derivative exists and satisfies

D2FNpow (µ)[h, k] =
1

σ2
E
[
gNpow (µ+ ε)

(
ĥ(ε)k̂(ε)− ⟨h, k⟩HΣ

)]
,

(14)

where ĥ(ε) :=
∑

j:λj>0⟨h, ej⟩Hξj/
√

λj and
k̂(ε) :=

∑
j:λj>0⟨k, ej⟩Hξj/

√
λj . D2FNpow(µ)[h, k] =

D2FNpow
(µ)[k, h] also hold.

The proof can be found in the supplementary materials.
Lemma 3 provides a closed-form second-order identity via
Gaussian integration by parts. This identity directly yields a
uniform bound on the operator norm of the Hessian along
Cameron–Martin directions, leading to a Lipschitz constant
that depends only on ∥gNpow

∥∞ and σ.

Lemma 4 (Lipschitz continuity of the natural functional gradi-
ent). Assume that gNpow is bounded, and define ∥gNpow∥∞ :=
supξ∈H |gNpow

(ξ)| <∞ Then the natural functional gradient
∇HΣFNpow is Lipschitz continuous along Cameron–Martin
directions: for any µ, ν ∈ H such that µ− ν ∈ HΣ, we have

∥∥∇HΣ
FNpow (µ)−∇HΣ

FNpow (ν)
∥∥
HΣ

≤
2∥gNpow∥∞

σ2
∥µ− ν∥HΣ

.

(15)

The proof can be found in the supplementary materials.
We then control the stochasticity introduced by Monte-Carlo
estimation. The following lemma shows unbiasedness and a
second-moment bound that scales with deff , capturing the
intrinsic effective dimension of the perturbations.

Lemma 5 (Second moment of the projected Monte-Carlo
natural gradient estimator). Let (ek)k≥1 be an eigenbasis
of Σ, and define Hdeff

:= span{e1, . . . , edeff
}. Let Pdeff

:



H → Hdeff
be the H-orthogonal projection. Let ĝ(µ) be

the discretized Monte-Carlo estimator defined in (12), where
ε(b)

i.i.d.∼ N (0, σ2Kλ). Then ĝ(µ) is an unbiased estimator of
Pdeff
∇HΣFNpow(µ), and satisfies

E
[∥∥ĝ(µ)∥∥2HΣ

]
≤
∥gNpow

∥2∞deff

Bσ2
. (16)

The proof can be found in the supplementary materials.
Combining the Lipschitz property with the second-moment
bound yields a one-step expected ascent inequality.

Lemma 6 (One-step expected ascent). Let Pdeff
: H → Hdeff

be the H-orthogonal projection. Suppose that {µt} is gener-
ated by the projected update rule. Then, conditioning on µt,

E
[
FNpow (µt+1)

∣∣µt

]
≥ FNpow (µt) + ηt

∥∥Pdeff∇HΣFNpow (µt)
∥∥2

HΣ

−
∥gNpow∥3∞m

Bσ4
η2
t . (17)

The proof can be found in the supplementary materi-
als. Finally, we conclude with an iteration-complexity bound
for the covariance-truncated stochastic dynamics. The result
gives a zeroth-order convergence rate, expressed in terms of
∥gNpow∥∞, σ, and deff .

Theorem 2 (Iteration complexity in a Hilbert space). Let
{µt}t≥0 ⊂ H be generated by the projected update rule with
a constant stepsize η > 0. Then the iterates satisfy

min
0≤t≤T−1

E
[∥∥Pdeff

∇HΣ
FNpow

(µt)
∥∥
HΣ

]
≤ ε (18)

provided that T ≥ 4 ∥gNpow∥4
∞ deff

B σ4ε4 .

The proof is provided in the supplementary materials. Here,
deff denotes the effective dimension induced by the truncated
covariance eigenbasis. The iteration complexity scales linearly
with deff , yielding an overall complexity of O(deffε−4) for
reaching ε-stationarity. To our knowledge, this is the first
global convergence-rate result for trajectory optimization for-
mulated directly in function space.

Remark (Comparison with Existing Trajectory Optimization
Methods). The proposed method is related to sampling-based
planners such as RRT*, which are asymptotically optimal but
often require additional smoothing for discrete paths [3]. In
contrast, our method directly optimizes smooth trajectories
through the Cameron–Martin geometry.

Unlike CHOMP and TrajOpt, which rely on analytic gra-
dients and discretization-dependent regularization [4, 5], the
proposed approach does not require differentiable costs and
remains applicable under nondifferentiable collision checking.

From a zeroth-order optimization viewpoint, the resulting
O(ε−4) complexity matches standard Gaussian smoothing
rates while explicitly revealing how the covariance operator
controls exploration and trajectory regularity [24, 25].

VI. EXPERIMENTS

This section evaluates the proposed natural functional gra-
dient (NFG) trajectory optimizer across progressively more
constrained settings. We first study optimization behavior in

a synthetic narrow-passage environment (§VI-A), where the
feasible region is fragmented and highly sensitive to trajectory
perturbations. We then evaluate manipulation performance in
cluttered cabinet insertion tasks (§VI-B), including unified ex-
ecution validation under shared simulation conditions. Finally,
we demonstrate real-world execution on a physical robotic
platform (§VI-C) to illustrate the practical feasibility and
smooth execution behavior of the proposed function-space
trajectory optimization framework.

A. Synthetic Narrow-Passage Experiment

We first evaluate the proposed method in a synthetic narrow-
passage trajectory optimization problem designed to study
optimization behavior under fragmented feasible regions. The
environment consists of multiple box-shaped obstacles ar-
ranged along the temporal axis, producing a narrow collision-
free corridor that occupies only a small subset of the trajectory
space. Because small trajectory perturbations can easily induce
collision, the environment provides a controlled benchmark for
evaluating optimization behavior under constrained geometry.

The task is formulated as a one-dimensional trajectory
optimization problem over a fixed 1 s horizon discretized
at 100Hz. The objective combines collision avoidance with
a trajectory regularity bonus based on the average absolute
jerk of the trajectory. Additional details and environment
specifications are provided in the supplementary material.

For the proposed method, trajectory perturbations are gen-
erated using a squared exponential (SE) kernel, defined as
kSE(x, x

′) = g2 exp
(
− 1

2l2 |x−x
′|2

)
, with variance g2 = 0.29

and length-scale l = 0.22. The exponential smoothing pa-
rameter is set to Npow = 100, and each optimization step
uses 100 Monte-Carlo trajectory perturbations. We compare
against representative trajectory optimization baselines includ-
ing CHOMP [4], STOMP [6], and MPPI [30]. All methods
are initialized using the same linear interpolation trajectory
between the initial and final states and evaluated under the
same trajectory horizon and temporal discretization. NFG,
CHOMP [4], and STOMP [6] are executed for 100 itera-
tions, while MPPI [30] is evaluated using its standard online
planning configuration. All experiments are repeated over five
random seeds while using the same obstacle configuration
and optimization setup across seeds. Performance is evaluated
using success rate, runtime, path length, and average jerk. A
trajectory is counted as successful if it remains collision-free
throughout the trajectory horizon. Average jerk is computed
from successful trajectories only.

Table II summarizes the quantitative results. The proposed
method achieves the highest success rate among the baselines,
consistently discovering feasible trajectories despite the frag-
mented feasible region. In contrast, local trajectory optimiza-
tion methods, e.g., CHOMP [4] and STOMP [6], frequently
fail to enter the narrow feasible corridor, while MPPI [30]
occasionally discovers feasible solutions but produces trajec-
tories with substantially larger jerk. Although some baselines
achieve lower jerk values in individual successful trials, the



TABLE II: Comparison with the baseline planners in the
synthetic box-avoidance scenario.

Method Success Rate ↑ Time ↓ Path Length ↓ Avg Jerk ↓
(%) (s) (m) (m/s3)

NFG (Ours) 100.0 0.73 ± 0.03 10.06 ± 1.25 90.91 ± 33.43
STOMP [6] 20.0 0.63 ± 0.01 10.62 ± 0.00 34.67 ± 0.00
CHOMP [4] 20.0 0.02 ± 0.00 10.82 ± 0.00 43.52 ± 0.00
MPPI [30] 60.0 0.37 ± 0.00 7.68 ± 0.43 621.22 ± 86.07

proposed method maintains a more consistent balance between
feasibility and trajectory regularity across repeated runs.

B. Simulation Experiments in Cabinet Environments

We next evaluate the proposed method on robotic manipula-
tion tasks in cluttered cabinet environments with progressively
constrained geometry. The experiments study trajectory gen-
eration under narrow collision-free clearances, where feasible
motions require stable trajectory deformation near the inser-
tion region. We first describe the cabinet environments and
optimization setup (§VI-B1), followed by the execution-level
evaluation protocol (§VI-B2) and quantitative comparisons
against representative planning and trajectory optimization
baselines (§VI-B3).

1) Environment Setup: We evaluate the proposed method
using a Franka Research 3 manipulator in a cabinet insertion
task. The robot inserts a cylindrical object into a cabinet while
avoiding collisions with surrounding obstacles and cabinet
walls. Because the insertion region contains limited geometric
clearance, small trajectory deviations near the cabinet opening
can induce collision during execution. To study performance
under progressively constrained geometry, we consider four
environments with increasing levels of difficulty: free space,
fully open, quarter-closed, and half-closed, as illustrated in
Fig. 1. The free space environment is included as a sanity-
check setting without cabinet constraints, while the remain-
ing environments introduce progressively narrower cabinet
openings around the insertion region. All environments share
the same initial and final joint configurations, allowing the
effect of geometric constraints on trajectory generation to be
evaluated consistently across environments.

The trajectory objective combines collision avoidance with
joint-space motion regularization. Collision costs are com-
puted from penetration depth and contact information obtained
during simulation, while an additional path-length regulariza-
tion term penalizes excessive joint-space motion along the
trajectory horizon. This formulation encourages trajectories
that avoid collision while limiting unnecessarily aggressive
configuration changes during execution. All methods are ini-
tialized using the same joint-space linear interpolation trajec-
tory between the start and goal configurations and evaluated
under the same simulation and execution settings.

Following the synthetic narrow-passage experiment, the
proposed method uses a squared exponential (SE) kernel to
generate smooth trajectory perturbations in function space.
The kernel variance is set to g2 = 1.0, and the length-
scale is chosen as half of the trajectory horizon. Trajectory

Fig. 1: Cabinet insertion environments with increasing geo-
metric constraints: (a) free space, (b) fully open, (c) quarter-
closed, and (d) half-closed.

optimization is performed over a fixed 5 s horizon discretized
at 100Hz using 100 sampled trajectories per optimization step
with Npow = 20. Each optimization run is executed for at most
30 iterations or 300 s and terminates early once a collision-free
trajectory is found.

We compare the proposed method against representative
motion planning and trajectory optimization baselines, includ-
ing BiTRRT [31], CHOMP [4], STOMP [6], and cuRobo [7].
These methods cover sampling-based planning, gradient-based
trajectory optimization, stochastic trajectory optimization, and
GPU-accelerated motion generation, respectively. All base-
lines are evaluated using the same start and goal configu-
rations, trajectory discretization, and execution settings. For
each cabinet environment, all methods are evaluated over
five random seeds under the same environment geometry
and task configuration. Additional implementation details and
evaluation settings are provided in the supplementary material.

2) Unified Execution Evaluation: The compared planners
employ different internal trajectory representations, optimiza-
tion strategies, and collision models. Some methods generate
sparse geometric waypoints [31], while others directly opti-
mize discretized joint trajectories [4, 6] or rely on planner-
specific collision approximations during optimization [7]. As
a result, the native outputs of different planners are not directly
comparable under a shared execution setting without additional
trajectory processing and validation.

To enable a consistent comparison, all generated trajectories
are converted into a unified time-parameterized joint-space
trajectory and resampled at a fixed execution frequency of
100Hz. The resampled trajectories are then evaluated in the
MuJoCo simulator using the same collision-checking and
execution settings across all methods. A rollout is consid-
ered successful if the resampled execution trajectory remains
collision-free throughout the full trajectory horizon.

In addition to success rate, we report total optimization
time and average jerk computed from the executed trajectories.
Average jerk is reported only for successful trajectories and is
used to evaluate trajectory regularity during execution.

3) Quantitative Results: Table III summarizes the quanti-
tative results across the cabinet environments. We report suc-
cess rate, total optimization time, and average jerk measured
from the executed trajectories after trajectory resampling and
simulation-based validation. A trajectory is counted as suc-
cessful if the resampled execution trajectory remains collision-
free throughout the full trajectory horizon. Average jerk is
reported only for successful trajectories and is used to evaluate



Fig. 2: Joint trajectories for the fully open cabinet environment. The top and bottom rows show the joint positions (rad) and
joint velocities (rad/s) of the Franka Research 3 manipulator, respectively. STOMP [6] fails to generate a feasible trajectory.

TABLE III: Comparison with baseline planners across cabinet
environments.

(a) Success Rate (↑, %)

Method Free Space Fully Open Quarter-Closed Half-Closed

NFG (Ours) 100.0 100.0 100.0 100.0
BiTRRT [31] 100.0 40.0 13.3 16.7
STOMP [6] 100.0 0.0 0.0 0.0
CHOMP [4] 100.0 100.0 0.0 0.0
cuRobo [7] 100.0 100.0 100.0 100.0

(b) Optimization Time (↓, s)

NFG (Ours) 0.31 ± 0.01 4.10 ± 2.89 103.68 ± 75.29 166.10 ± 91.63
BiTRRT [31] 0.19 ± 0.02 0.30 ± 0.04 0.51 ± 0.29 0.82 ± 0.18
STOMP [6] 0.00 ± 0.00 - - -
CHOMP [4] 0.13 ± 0.01 0.31 ± 0.10 - -
cuRobo [7] 0.01 ± 0.00 0.020 ± 0.01 14.24 ± 0.17 128.87 ± 0.18

(c) Average Jerk (↓, rad/s3)

NFG (Ours) 461.61 ± 178.53 461.61 ± 178.52 694.06 ± 275.11 840.40 ± 370.27
STOMP [6] 0.82 ± 0.18 - - -
CHOMP [4] 57.62 ± 0.05 109.21 ± 6.39 - -
cuRobo [7] 1141.31 ± 39.28 859.73 ± 11.19 1219.58 ± 54.75 1177.27 ± 79.62

trajectory regularity during execution.
In the free space and fully open cabinet environments, mul-

tiple planners, including the proposed method, BiTRRT [31],
and cuRobo [7], are able to generate collision-free trajectories
under the shared execution setting. Because the geometric
constraints are relatively mild in these scenarios, feasible
motions can often be discovered without substantial trajectory
deformation. As the cabinet opening becomes smaller, how-
ever, the feasible region becomes increasingly narrow, making
feasible trajectory generation significantly more difficult in the
quarter-closed and half-closed environments.

Under these more constrained settings, the proposed method
maintains successful trajectory generation across all cabi-
net configurations while producing lower average jerk than
cuRobo [7]. The joint trajectories in Fig. 2 exhibit gradual
configuration changes throughout the insertion motion without
abrupt transitions near the constrained region. In contrast,
sampling-based and optimization-based baselines show re-
duced success rates as the cabinet opening becomes narrower.

cuRobo [7] also achieves high feasibility across the eval-
uated cabinet environments while demonstrating substantially
faster optimization times. However, the resulting trajectories
exhibit larger execution jerk under the shared evaluation
setting. Overall, the results suggest that the proposed method
provides stable trajectory generation in cluttered manipulation
environments while maintaining smooth trajectory evolution
near narrow geometric constraints.

C. Real-World Robotic Demonstration

We further evaluate the proposed method on a real-world
manipulation task using a Doosan Robotics A0912 manipula-
tor in a cluttered bookshelf environment. The task requires the
robot to transfer a cylindrical object from a second-level shelf
to a target placement region located inside a narrow compart-
ment on the third level of the bookshelf. Because the target
region is partially enclosed by surrounding shelf structures,
feasible motions require accurate trajectory generation near
constrained workspace boundaries.

The initial and final robot configurations are determined
from inverse kinematics solutions corresponding to the grasp
pose and target placement pose of the cylindrical object, re-
spectively. Trajectory optimization is initialized using a joint-
space linear interpolation trajectory between the initial and
final configurations. The optimized trajectories are generated
over a fixed 5 s horizon discretized at 100Hz and executed
directly on the robot using the same temporal discretization.

Figure 3 shows representative snapshots from the real-world
experiment. The robot successfully completes the transfer
and insertion task while maintaining stable motion near the
constrained shelf geometry. These results demonstrate that the
proposed method can generate feasible and smooth motions
in cluttered real-world manipulation environments.

VII. DISCUSSION AND LIMITATIONS

This work demonstrates that natural functional gradient
optimization provides a practical framework for trajectory
generation in constrained robotic manipulation environments.
By operating directly in function space and applying Gaussian
smoothing, the proposed method generates smooth trajectory



Fig. 3: Real-world robotic manipulation in a cluttered environment with a narrow box constraint.

perturbations while remaining compatible with zeroth-order
optimization and black-box trajectory evaluation. The resulting
framework allows feasibility and trajectory regularity to be
handled within a unified optimization procedure, particularly
in environments with narrow geometric clearances and frag-
mented feasible regions.

Table IV summarizes conceptual differences between the
proposed method and representative planning and trajectory
optimization approaches. Unlike methods that rely on geo-
metric primitives or approximated collision representations,
the proposed framework directly incorporates simulator-based
contact evaluation during optimization. This allows trajectory
updates to be computed using the same simulation environ-
ment employed during execution without requiring additional
analytical approximations of collision geometry. The formula-
tion also operates as a unified framework that jointly handles
smooth trajectory generation and collision-aware optimization
while remaining compatible with parallel rollout-based evalu-
ation.

The primary limitation of the proposed approach is the
additional computational cost introduced by Monte-Carlo es-
timation of the natural functional gradient. Although the
optimization procedure is naturally parallelizable, the required
number of sampled trajectory perturbations can still become
expensive in high-dimensional problems or time-critical set-
tings. Improving sample efficiency and exploiting large-scale
parallel computation, similar to recent GPU-accelerated mo-
tion generation systems [7], remain important directions.

The performance of the method additionally depends on the
covariance operator used to generate trajectory perturbations.
Although fixed squared exponential kernels are effective across
the evaluated tasks, performance can vary depending on the
smoothing scale and covariance structure [24, 25]. Designing
adaptive or task-dependent covariance operators that better
reflect environmental geometry, contact structure, or task con-
straints remains an important open problem.

VIII. CONCLUSION

This paper presented a trajectory optimization framework
that performs geometry-aware updates directly in function
space using natural functional gradients induced by Gaus-
sian smoothing. The proposed method enables zeroth-order

TABLE IV: Comparison of motion planning methods

Method Smooth No Primitive Simulator Single Parallel
Trajectory Approx. Contact Solver Package -izable

Bi-RRT [31] ✓ ✓
STOMP [6] ✓ ✓ ✓
CHOMP [4] ✓ ✓
MPPI [30] ✓ ✓ ✓ ✓
CuRobo [7] ✓ ✓ ✓
Ours ✓ ✓ ✓ ✓ ✓

trajectory optimization with smooth function-space perturba-
tions without relying on analytic gradients or discretization-
dependent smoothness penalties. We additionally analyzed the
Gaussian-smoothed objective directly in Hilbert space and es-
tablished convergence guarantees for the resulting optimization
procedure. Experiments on constrained robotic manipulation
tasks demonstrated that the proposed method improves suc-
cess rate and produces smoother execution trajectories than
representative planning and trajectory optimization baselines
in cluttered environments with narrow geometric clearances.
These results suggest that function-space natural functional
gradient optimization provides a practical framework for
trajectory generation when feasible regions are sparse and
reliable gradient information is difficult to obtain.
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